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Abstract
A direct series method to find exact travelling wave solutions of nonlinear PDEs is applied to

Hirota’s system of coupled KdV equations. The straightforward but lengthy algebraic computations
are carried out with MACSYMA.

1. Introduction

The search for exact solutions of nonlinear PDEs becomes more and more attractive due to the avail-
ability of symbolic manipulation programs (MACSYMA, REDUCE, MATHEMATICA, SCRATCH-
PAD II, DERIVE and the like) which allow to perform the tedious algebra common to direct
methods.

In this paper we generate particular solutions of systems of nonlinear evolution and wave
equations by a direct series method established by Hereman et al [1-4]. This method allows to
construct single and multi-solitary wave solutions and applies to single equations as well as to
coupled systems. The knack of the method is to represent the solutions as infinite series in real
exponentials that satisfy the linearized equations. The coefficients of these series must satisfy a
highly nonlinear coupled system of recursion relations, which can be solved with any symbolic
computer program. The series is then finally summed in closed form and an exact solution of the
given system of nonlinear PDEs is obtained.

In Section 2 we outline the algorithm and in Section 3 we construct a single solitary wave
solution of a system of coupled Korteweg-de Vries (cKdV) equations [5,6].

2. The algorithm

Step 1: Given is a system of two coupled nonlinear PDEs,

F(u, v, ut, ux, vt, vx, utx, ..., umx, vnx) = 0,
G(u, v, ut, ux, vt, vx, utx, ..., upx, vqx) = 0,

(m,n, p, q ∈ IN), (1)

where F and G are supposed to be polynomials in their arguments and where unx = ∂nu
∂xn .

Seeking travelling wave solutions u(x, t) and v(x, t), we introduce the variable ξ = x−ct, where
c is the constant velocity. The system (1) then transforms into a coupled system of nonlinear ODEs
for φ(ξ) ≡ u(x, t) and ψ(ξ) ≡ v(x, t). The resulting equations may be integrated with respect to ξ
to reduce the order. For simplicity, we ignore integration constants and assume that the solutions
φ and ψ and their derivatives vanish at ξ = ±∞.

Step 2: We expand φ and ψ in a power series

φ =
∞∑

n=1

an g
n, ψ =

∞∑
n=1

bn g
n, (2)

where g(ξ) = exp(−K(c)ξ) solves the linear part of at least one of the equations in the system.
Hence, the wave number K is related to the velocity c by the dispersion law of (one of) the linearized
equations. We substitute the expansions (2) into the full nonlinear system (1), rearrange the sums
by using Cauchy’s rule for multiple series [2] and equate the coefficient of gn. This leads to a
nonlinear system of coupled recursion relations for the coefficients an and bn. Quite often, the
relation K(c) and appropriate scales on φ and ψ allow to simplify the recursion relations.

Step 3: Assuming that an and bn are polynomials in n, we determine [2] their degrees δ1 and δ2.
Next, we substitute

an =
δ1∑

j=0

Aj n
j , bn =

δ2∑
j=0

Bj n
j , (3)



into the recursion relations. The sums are computed by using the (factored) expressions of the sums
of powers of integers [2,7], Sk =

∑n
i=1 i

k. For example, S1 = (n+1)n
2 , S2 = n(n+1)(2n+1)

6 , etc. The
algebraic (nonlinear) equations for the constant coefficients Aj and Bj are obtained by setting to
zero the coefficients of the different powers of n. The problem is now completely algebraic and the
unknowns Aj and Bj are readily obtained with e.g. MACSYMA.

Step 4: To find the closed form for φ and ψ we insert (3) in (2). Hence,

φ =
∞∑

n=1

δ1∑
j=0

Aj n
j gn ≡

δ1∑
j=0

Aj Fj(g), ψ =
∞∑

n=1

δ2∑
j=0

Bj n
j gn ≡

δ2∑
j=0

Bj Fj(g), (4)

with Fj(g) ≡
∑∞

n=1 n
jgn, (j = 0, 1, 2, ...). Using the relation [3]: Fj+1(g) = gF ′

j(g), (j = 0, 1, 2, ...),
one can derive any Fj(g) starting from F0(g) = g

1−g . For example, F1(g) = g
(1−g)2 , F2(g) = g(1+g)

(1−g)3 ,
etc. Finally, we return to the original variables x and t and obtain the desired travelling wave
solution of (1).

3. Example: The coupled Korteweg-de Vries (cKdV) equations

We consider [5,6],

ut − α(6uux + u3x) − 2βvvx = 0, (7a)
vt + 3uvx + v3x = 0, (7b)

where α, β ∈ IR. These equations describe the interaction of two long waves with different dispersion
laws in a nonlinear medium.

One can prove that both u(x, t) and v(x, t) travel with the same velocity c, hence φ(ξ) ≡ u(x, t)
and ψ(ξ) ≡ v(x, t) with ξ = x− ct. After one integration with respect to ξ, (7) becomes

cφ+ 3αφ2 + αφ2ξ + βψ2 = 0, (8a)
−cψξ + 3φψξ + ψ3ξ = 0, (8b)

ignoring integration constants.
Substitution of g = exp(−K(c)ξ) into the linear parts of (8) leads to two dispersion laws,

c = −αK2 and c = K2. The solutions φ and ψ can only be built up from the same real exponential
if α = −1, which turns out to be a special case. A detailed study of all the cases reveals that
either one of the dispersion laws will lead to the same result. Therefore, we may proceed with
K =

√
c, c > 0.

Upon substitution of the conveniently scaled expansions,

φ =
c

3

∞∑
n=1

an g
n, ψ =

c√
3|β|

∞∑
n=1

bn g
n, (9)

into (8), we get the coupled recursion relations:

(1 + α n2) an +
n−1∑
l=1

(α al an−l + e bl bn−l) = 0, (10a)

n (n2 − 1) bn +
n−1∑
l=1

l bl an−l = 0, (10b)

for n ≥ 2 and with (1 + α)a1 = 0, b1 arbitrary, and where e = ±1 if |β| = ±β. We have to
distinguish two cases:
CASE 1: α �= −1

Since a1 = 0 it follows that a2n−1 = 0, and b2n = 0, (n = 1, 2, ...). We compute [2] the degrees
δ1 = 1 and δ2 = 0 of a2n and b2n−1, respectively, and we solve for the coefficients A1, A0 and B0



occurring in a2n = A1n+A0; b2n−1 = B0, (n = 1, 2, ...). This calculation can be done by hand or
with a symbolic program such as MACSYMA. The result is

a2n = 24 n (−1)n+1 a0
n, (11a)

b2n−1 = (−1)n−1 b1 a0
n−1, (11b)

for n = 1, 2, ... and with a0 = −eb12/24(4α+ 1) > 0. Hence, β and 4α+ 1 must have opposite signs.
Substituting (11) in (9) and using the formulae for F0 and F1 following (4), we obtain

φ = 8 c
∞∑

n=1

(−1)n+1 n (a0 g
2)n =

8 c a0 g
2

(1 + a0 g2)2
, (12a)

ψ =
c√
3|β|)

∞∑
n=0

(−1)n b1 a0
n g2n+1 =

c b1 g√
3|β|)(1 + a0 g2)

. (12b)

Returning to the original variables gives

u(x, t) = 2 c sech2[
√
c(x− ct) + δ], (13a)

v(x, t) = ±c
√

−2(4α+ 1)
β

sech[
√
c(x− ct) + δ], (13b)

with δ = 1
2 ln |24(4α+ 1)/b12|. Note that the cKdV equations remain indeed invariant for reversing

the sign of v. For α = −1
4 , clearly bn = 0, (n = 0, 1, ...); so v = 0 and the cKdV equations reduce to

the KdV with α = 6. For the special case α = 1
2 the cKdV equations are known to pass the Painlevé

test, the system is completely integrable and an N-soliton solution can be constructed [5,6].
CASE 2: α = −1

Apparently a1 is arbitrary and so is b1. Recursively, one can calculate all an and bn in the hope
to obtain a general closed form, which is not known yet. All attempts failed so far, it seems only
possible to obtain a closed form solution provided b12 = a1

2/2 and β > 0 (i.e. e = 1), in which case
we obtain

an = 12 n (−1)n+1 a0
n, (14a)

bn
2 =

an
2

2
= 72 n2 a0

2n, (14b)

for n = 1, 2, ..., and with a0 = a1/12. Substitution of (14) into (9) leads, upon return to the original
variables, to

u(x, t) = c sech2[
1
2
√
c(x− ct) + δ], (15a)

v(x, t) =
3√
6|β| u(x, t) =

3 c√
6|β| sech2[

1
2
√
c(x− ct) + δ], (15b)

with δ = 1
2 ln |12/a1|. Observe that for v(x, t) = 3√

6β
u(x, t) both equations in (7) become identical

to the KdV equation with α = 3.
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