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Abstract

Hirota’s bilinear method for finding exact soliton solutions of nonlinear evolution and
wave equations is discussed and illustrated. The explicit code of the MACSYMA pro-
gram HIROTA SINGLE.MAX is included. This program automatically carries out the
lengthy algebraic computations for the symbolic calculation of one-, two- and three-
soliton solutions of bilinear equations of KdV type. The program also allows to test if
three and four-soliton solutions exist for such equations. The MACSYMA program is
tested by constructing exact solutions of various nonlinear partial differential equations
from soliton theory, such as the Korteweg-de Vries equation and its higher order gener-
alizations; the Sawada-Kotera, the Kadomtsev-Petviashvili, the Boussinesq and shallow
water wave equations.



1 Introduction

In the early seventies, Hirota [Hirota, 1971] developed an ingenious method for obtaining
the exact multi-soliton solutions of the KdV equation and derived an explicit expression
for its N -soliton solution. An elegant formulation of this method requires the use of bi-
linear operators, therefore it is called Hirota’s bilinear method. Over the last two decades
this method has been shown to be applicable to a large class of nonlinear evolution equa-
tions, including difference-differential and integro-differential equations [Matsuno, 1984].

Hirota’s bilinear method, which is usually applied to completely integrable equations,
is well suited for partially integrable equations as well. One can indeed conjecture that
all completely integrable nonlinear evolution equations can be put into bilinear form
and will admit N -soliton solutions for any value of integer N . However, the mere fact
that an equation admits a bilinear representation, does not guarantee the existence of
multi-soliton solution of any order. In fact, even the existence of two-soliton solutions
is nontrivial for a completely general bilinear equation. It is widely believed that every
nonlinear PDE that has a four-soliton solution is completely integrable (linearizable by
IST). Furthermore, there are indications [Newell, 1985][Newell & Zeng, 1987] that the
conditions for the existence of multi-soliton solutions are also necessary and sufficient
for the PDE to pass the Painlevé test. In that regard, Hirota’s method incorporates yet
another integrability test.

Hence, there is a need for a straightforward algorithm to test whether or not an
equation in bilinear form admits a N -soliton solution; and if so for which values of N . A
well-documented search for bilinear equations admitting soliton solutions has been done
by Ito [Ito, 1980] and Hietarinta [Hietarinta, 1987a, Hietarinta, 1987b] [Hietarinta, 1987c,
Hietarinta, 1988, Hietarinta, 1990].

Hirota’s bilinear method has been studied and used extensively. The fundamental
idea behind the method is to use some dependent variable transformation to put the
nonlinear PDE in a form where the new dependent variable appears bilinearly. Once the
bilinear form of the equation is found, one introduces a formal perturbation expansion
to construct its solution step by step. If soliton solutions exist this expansion will always
truncate and the then finite series will lead to an exact solution.

The drawback of Hirota’s method is that it requires a great deal of elementary al-
gebra and calculus. These straightforward calculations can easily be performed with
any symbolic manipulation program, such as MACSYMA, REDUCE, MATHEMATICA,
AXIOM, MAPLE and DERIVE.

To our knowledge, there are no symbolic programs available that implement any of
the inverse or direct methods to exactly solve soliton equations. Ito’s program [Ito, 1988]
for soliton solutions is example dependent, requiring step by step interventions by the
user who must enter REDUCE commands. Hietarinta [Hietarinta, 1991] used REDUCE
successfully, but interactively, in his search for soliton equations. In contrast, we devel-
oped a completely algorithmic procedure which is not case specific, and does not require
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user intervention, or modifications.
In this paper, we present a MACSYMA program HIROTA SINGLE.MAX, based

on the algorithm of Hirota’s bilinear method (discussed in Section 2) to carry out the
symbolic calculation of one-, two- and three-soliton solutions for a single bilinear equation
of KdV type. In [Hereman & Zhuang, 1992] we gave a summary of the types of bilinear
equations based on the in-depth study of Hietarinta [Hietarinta, 1987a, Hietarinta, 1987b,
Hietarinta, 1987c, Hietarinta, 1988, Hietarinta, 1990].

This symbolic program, for which a flowchart and the actual code can be found in
Appendices A and C, respectively, also allows to test to see if one-, two-, three- and four-
soliton solutions exist, without having to construct these solutions explicitly. The Hirota
conditions are discussed in Section 3, and a description of the blocks of the program is
given in Section 4.

In Section 5, we give some test results for well-known nonlinear PDEs such as the
Sawada-Kotera (SK) and seventh order KdV equations; the Kadomtsev-Petviashvili
(KP), the Boussinesq and the shallow water wave equations. Output of two of the
test cases is given in Appendix B; output for other test cases can be found in
[Hereman & Zhuang, 1991][Zhuang, 1991].

With the program in place one can start a comprehensive search for nonlinear evo-
lution and wave equations that admit soliton solutions and therefore have some or all of
the remarkable properties shared by completely integrable nonlinear PDEs.

2 Hirota’s Bilinear Method

Hirota’s method has been one of the most successful direct techniques for constructing
exact solutions to various nonlinear PDEs from mathematical physics and soliton theory.
For a review of other direct methods we refer to papers by Hereman [Hereman et al., 1986]
and Hereman and Takaoka [Hereman & Takaoka, 1990].

The method also allows testing if a certain equation satisfies the necessary require-
ments to admit solitary wave solutions and soliton solutions.

The drawback of Hirota’s method is that the bilinear form of the PDE must be known.
In other words, the technique applies to any equation that can be written in bilinear form,
either as a single bilinear equation or as a system of coupled bilinear equations.

Once the bilinear form is obtained the method becomes algorithmic. Nothing is
needed beyond calculus and algebra. The calculations however become very lengthy
and involved, in particular for PDEs of high order or with highly nonlinear terms. The
complexity of the calculations also drastically increases with the type of soliton solution
one desires to obtain. Single soliton solutions are easy to calculate, even by hand, two-
and three-soliton solutions are barely manageable by hand. Four-soliton solutions are
at the limit of what a symbolic program can do. Once the form of the two- and three-
soliton solutions is known, its structure reveals the form of higher soliton solutions. Using
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mathematical induction, one can then prove whether or not the hypothesized general
solution satisfies the equation. This kind of conjecturing and testing could be greatly
assisted with any symbolic manipulation program.

Needless to say, this type of calculation is very suitable for a large scale symbolic
manipulation program, such as MACSYMA, MATHEMATICA, MAPLE, AXIOM and
REDUCE.

Here we only give a synopsis of the Hirota method which has been discussed in great
detail in the vast amount of literature on soliton theory [Ablowitz & Clarkson, 1991]
[Drazin & Johnson, 1989] [Ablowitz & Segur, 1981] [Matsuno, 1984][Hirota, 1976]
[Hirota, 1980].

In essence, Hirota’s method requires:

(i) a clever change of dependent variable;
(ii) the introduction of a novel differential operator; and
(iii) a perturbation expansion to solve the resulting bilinear equation.

The Auxiliary Function f

Motivated both by the form of the N−soliton solution for the KdV, known from e.g.
the Inverse Scattering Transform Method [Ablowitz & Clarkson, 1991]
[Drazin & Johnson, 1989], and by a transformation for the Burgers’ equation
(i.e. the Cole-Hopf transformation [Ablowitz & Clarkson, 1991][Drazin & Johnson, 1989]
that reduces Burgers’ equation into the linear heat equation), in 1971, Hirota defined a
new function f by

u(x, t) = 2
∂2 ln f(x, t)

∂x2 = 2

(
ffxx − f 2

x

f 2

)
. (1)

This change of dependent variable is quite often revealed by Painlevé analysis of the equa-
tion [Hereman, 1990] [Nozaki, 1987][Newell et al., 1987, Steeb & Euler, 1988]. In many
books [Newell, 1983, Whitham, 1974] [Newell, 1985, Hietarinta, 1990] this function f is
called the τ function because not only does it serve as a means of generating soliton
solutions, but it also plays a crucial role in the theoretical framework behind Hirota’s
method.

The Bilinear Operator

Hirota introduced the differential operator Dx, defined on ordered pairs of functions
f(x) and g(x), as follows

Dx(f ·g) =

(
∂

∂x
− ∂

∂x′

)
f(x) g(x′)

∣∣∣∣
x′=x

. (2)

More general, Hirota defined

Dm
x Dn

t (f ·g) =

(
∂

∂x
− ∂

∂x′

)m (
∂

∂t
− ∂

∂t′

)n

f(x, t) g(x′, t′)
∣∣∣∣
x′=x,t′=t

, (3)
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for non-negative integers m and n. This type of differential operator is called a bilinear
operator, due to the obvious linearity in both its arguments. Bilinear operators Dn

y , Dn
z ,

etc. can be defined in a similar way.
Let us look at how the operators act on simple functions. The following properties

for the bilinear operators in (2) and (3) are easily verified:

Dm
x (f ·1) =

∂mf

∂xm
, (4)

Dm
x (f ·g) = (−1)mDm

x (g·f) , (5)

Dm
x (f ·f) = 0 , for m odd , (6)

Dm
x Dn

t (ek1x−ω1t·ek2x−ω2t) = (k1 − k2)
m(−ω1 + ω2)

ne(k1+k2)x−(ω1+ω2)t . (7)

In particular, the last property will be very useful in the calculation of soliton solutions.
Let P (Dt, Dx) be a polynomial in Dt and Dx. Then it follows from (4) and (7) that

P (Dx, Dt)(e
k1x−ω1t·ek2x−ω2t)=

P (k1−k2,−ω1+ω2)

P (k1+k2,−ω1−ω2)
P (Dx, Dt)(e

(k1+k2)x−(ω1+ω2)t·1) . (8)

These properties will be used extensively in the computer implementation of Hirota’s
method.

The Bilinear Equation

We take the Korteweg-de Vries (KdV) equation [Ablowitz & Clarkson, 1991]
[Drazin & Johnson, 1989]

ut + 6uux + u3x = 0 , (9)

as the leading example to outline the Hirota procedure for a single equation.
Carrying out the dependent variable transformation

u(x, t) = 2
∂2 ln f(x, t)

∂x2 , (10)

and one integration with respect to x, allows us to replace (9) by

ffxt − fxft + ff4x − 4fxf3x + 3f 2
2x = 0 . (11)

This quadratic equation in f can then be written in bilinear form,

P (Dx, Dt)(f ·f)
def
= B(f ·f)

def
=
(
DxDt + D4

x

)
(f ·f) = 0 , (12)

where the new operators Dx and Dt are given in (2) and (3). P should be considered as a
polynomial in its arguments, B abbreviates the bilinear operator for the KdV equation.

Many single equations from soliton theory can be transformed into a single new
equation in bilinear form [Matsuno, 1984]. But not all!
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Hirota’s Direct Method

Our task is to solve the bilinear equation. To make matters clear, let us continue
with the KdV case in (12). Introducing a bookkeeping parameter ε, we look for a formal
series solution

f = 1 +
∞∑

n=1

εn fn , (13)

for unknown functions f1(x, t), f2(x, t), etc.. Substituting (13) into (12) and equating to
zero the powers of ε, yields

O(ε0) : B(1·1) = 0 , (14)

O(ε1) : B(1·f1 + f1·1) = 0 , (15)

O(ε2) : B(1·f2 + f1·f1 + f2·1) = 0 , (16)

O(ε3) : B(1·f3 + f1·f2 + f2·f1 + f3·1) = 0 , (17)

O(ε4) : B(1·f4 + f1·f3 + f2·f2 + f3·f1 + f4·1) = 0 , (18)

O(εn) : B

 n∑
j=0

fj·fn−j

 = 0 , with f0 = 1 . (19)

Of course, (14) is trivially satisfied. This scheme is general whatever the explicit expres-
sion of the bilinear operator B is. For the KdV equation the operator B is defined in
(12).

It is well-known [Ablowitz & Segur, 1981][Drazin & Johnson, 1989] that if the origi-
nal PDE admits a N -soliton solution then (13) will truncate at level n = N , provided f1

is the sum of precisely N simple exponential terms. In the sense that the series truncates,
the Hirota method is very different from any traditional perturbation expansion where
the series would contain infinitely many terms.

The simplest solution of the KdV equation is the one-soliton solution (N = 1) gener-
ated from

f1 = exp θ = exp(kx− ω + δ) ,

where k, ω and δ are constant, equation (15) determines the dispersion law,

ω = k3 , (20)

and (16) allows to set f2 = 0. Consequently, we can take fi = 0 for i > 2. Let ε = 1 and
we have

f = 1 + f1 = 1 + exp θ = 1 + exp(kx− ωt + δ) .

Substituting f in (10) with (20), we thus obtain

u(x, t) = 2
∂2 ln f(x, t)

∂x2 = 2

(
ffxx − f 2

x

f 2

)

=
1

2
k2sech2 1

2
(kx− k3t + δ) .
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Setting k = 2K, we get
u = 2K2sech2K(x− 4K2t + δ) ,

i.e. the well-known pulse shaped solitary wave solution of the KdV equation.
To construct the two-soliton solution (N = 2) of the KdV equation we start with

f1 = exp θ1 + exp θ2

= exp(k1x− ω1 + δ1) + exp(k2x− ω2 + δ2) ,

where ki, ωi and δi are constant and i = 1, 2, Again (15) determines the dispersion law

ωi = k3
i , i = 1, 2 . (21)

The terms generated by B(f1·f1) in (16) justify the choice

f2 = a12 exp(θ1 + θ2)

= a12 exp [(k1 + k2) x− (ω1 + ω2) t + (δ1 + δ2)]

and (16) allows to calculate the constant a12. With (21) one then obtains

a12 =
(k1 − k2)

2

(k1 + k2)
2 . (22)

Subsequently, (17) allows to verify that indeed f3 = 0, and (18) allows to take fi = 0 for
i ≥ 4. Set ε = 1 in (13) to get

f = 1 + exp θ1 + exp θ2 + a12 exp(θ1 + θ2) , (23)

Upon substitution of f in (10), with (21), and upon selecting

eδi =
c2
i

ki

ekix−ωit+∆i for i = 1, 2 ,

f̃ =
1

4
fe−

1
2
(θ̃1+θ̃2) where θ̃i = kix− ωit + ∆i , for i = 1, 2 ,

we obtain

ũ(x, t) = 2
∂2 ln f̃(x, t)

∂x2 = 2
∂2 ln f(x, t)

∂x2 = u(x, t) .

If we take c2
i =

(
k2 + k1

k2 − k1

)
ki for i = 1, 2, then

f̃(x, t) =
(

1

k2 − k1

)(
k2 cosh

θ̃1

2
cosh

θ̃2

2
− k1 sinh

θ̃1

2
sinh

θ̃2

2

)
,
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and u(x, t) can be rewritten in a nice form as

u(x, t) = ũ(x, t) = 2
∂2 ln f̃(x, t)

∂x2

=

(
k2

2 − k2
1

2

) k2
2cosech2 θ̃2

2
+ k2

1sech
2 θ̃1

2

(k2 coth θ̃2

2
− k1 tanh θ̃1

2
)2

 .

Consider the case of a three-soliton solution (N = 3). Then,

f1 =
3∑

i=1

exp(θi) =
3∑

i=1

exp (ki x− ωi t + δi) , (24)

where ki, ωi and δi are constants. Whereas (15) determines the dispersion law for the
KdV equation,

ωi = k3
i , i = 1, 2, 3 . (25)

The terms generated by B(f1·f1) in (16) justify the choice

f2 = a12 exp(θ1 + θ2) + a13 exp(θ1 + θ3) + a23 exp(θ2 + θ3)

= a12 exp [(k1 + k2) x− (ω1 + ω2) t + δ1 + δ2]

+ a13 exp [(k1 + k3) x− (ω1 + ω3) t + δ1 + δ3]

+ a23 exp [(k2 + k3) x− (ω2 + ω3) t + δ2 + δ3] , (26)

and (16) allows the calculation of the constants a12, a13 and a23. With (25) one obtains

aij =
(ki − kj)

2

(ki + kj)
2 , i, j = 1, 2, 3 with i < j . (27)

Then, B(f1·f2 + f2·f1) in (17) motivates the particular solution

f3 = b123 exp(θ1 + θ2 + θ3)

= b123 exp [(k1+k2+k3)x−(ω1+ω2+ω3)t+(δ1+δ2+δ3)] , (28)

and one calculates

b123 = a12 a13 a23 =
(k1 − k2)

2 (k1 − k3)
2 (k2 − k3)

2

(k1 + k2)
2 (k1 + k3)

2 (k2 + k3)
2 . (29)

Subsequently, (18) allows us to verify that indeed f4 = 0. In the sixth equation of the
scheme B(f2·f3 + f3·f2) should equal zero in order to assure that f5 = 0. If so, it will be
possible to take fi = 0 for i ≥ 6. Finally, setting ε = 1 in (13), we obtain

f = 1 + exp θ1 + exp θ2 + exp θ3

+ a12 exp(θ1 + θ2) + a13 exp(θ1 + θ3) + a23 exp(θ2 + θ3)

+ b123 exp(θ1 + θ2 + θ3) , (30)
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which upon substitution in (10) generates the well-known three-soliton solution of (9).
There is no simple formula like (24) for the three-soliton solution of KdV equation.

The construction of N -soliton solutions [Ablowitz & Clarkson, 1991]
[Ablowitz & Segur, 1981][Drazin & Johnson, 1989]
[Hietarinta, 1987a, Hietarinta, 1987b, Hietarinta, 1987c]
[Hietarinta, 1988, Hietarinta, 1990, Hirota, 1976, Hirota, 1980] with N ≥ 3 is tedious
and the necessary algebraic simplifications and factorizations are bound to fail if carried
out by hand. Hence the need for a symbolic program that relieves us of the elaborate
calculations. Before we enter the arena of symbolic manipulation we will discuss the
conditions under which Hirota’s method can be applied and would lead to exact soliton
solutions.

3 The Hirota Conditions

In this section we will use Hirota’s method to investigate whether or not a bilinear
equation of KdV type has the required properties to admit one-, two- or three-soliton
solutions. This type of testing inherently allows us to verify if an equation is completely
integrable, provided the bilinear form is known. Completely integrable means that the
Inverse Scattering Transformation Method would be applicable and that the equation
could be linearized and therefore solved. The linear equations that result from the Inverse
Scattering Transform Method are integral equations of Gelfand-Levitan-Marchenko type.
More details about the connection between Hirota’s and the Inverse Scattering Transform
methods can be found in [Gibbon et al., 1985, Rosales, 1978].

Following ideas of Newell [Newell, 1985], we also address quick ways to compute the
coupling coefficients aij and b123 that show up in the auxiliary function f.

Consider any bilinear equation of KdV type,

P (Dx, Dt)(f ·f) = 0 . (31)

To obtain a single soliton solution we take

f = 1 + eθ , (32)

with
θ = kx− ωt + δ , (33)

and where k, ω and δ are constant parameters.
This f is a solution of (31), provided the parameters k and ω satisfy the dispersion

relation,
P (k,−ω) = 0 . (34)

It is obvious that the polynomial P in (31) must be even,

P (Dx, Dt) = P (−Dx,−Dt) , (35)
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and without a constant term,
P (0, 0) = 0 . (36)

A one and also a two-soliton solution can always be constructed for (31) if the conditions
(35) and (36) are satisfied. To obtain a two-soliton solution we start with

f = 1 + eθ1 + eθ2 + a12e
θ1+θ2 (37)

where
θi = kix− ωit + δi , i = 1, 2 . (38)

For f to satisfy (31) the dispersion law (34) should hold for each pair (ki, ωi) and coeffi-
cient a12 should be chosen as

a12 = −P (k1 − k2,−ω1 + ω2)

P (k1 + k2,−ω1 − ω2)
. (39)

This technique of constructing a one and two-soliton solution works for all nonlinear
equations that can be cast in the bilinear form (31). Apart from (35) and (36) there
are no further constraints on P. Furthermore, using the polynomial P gives a fast and
elegant way of calculating the coefficients a12, without having to use the bilinear operator
explicitly. Needless to say that is what we will use in the computer implementation of
the method.

Let us turn to the construction of the N -soliton solution and the related conditions
for P .

When the ansatz (37) is extended to three or more solitons we get stringent conditions
for the polynomial P. For the N -soliton solution, Hirota [Hirota, 1980] starts with a
generalization of (37) and writes f in the form

f =
∑

µ=0,1

exp

(N)∑
i<j

Aijµiµj +
N∑

i=1

µiθi

 , (40)

where the θi are as in (38) for i = 1, 2, . . . , N . The summation
∑

µ=0,1 is over all com-

binations of µ1 = 0, 1, µ2 = 0, 1, . . . , µN = 0, 1. The summation
∑(N)

i<j stands for all
possible combinations under the condition 0 < i < j ≤ N . For example, for N = 3, (40)
will be given by

f = 1 + eθ1 + eθ2 + eθ3 + a12e
θ1+θ2 + a13e

θ1+θ3 + a23e
θ2+θ3 + b123e

θ1+θ2+θ3 ,
µ1 = 0 µ1 = 1 µ1 = 0 µ1 = 0 µ1 = 1 µ1 = 1 µ1 = 0 µ1 = 1
µ2 = 0 µ2 = 0 µ2 = 1 µ2 = 0 µ2 = 1 µ2 = 0 µ2 = 1 µ2 = 1
µ3 = 0 µ3 = 0 µ3 = 0 µ3 = 1 µ3 = 0 µ3 = 1 µ3 = 1 µ3 = 1

where under each term we gave the corresponding µ values and where

aij = exp Aij and b123 = a12a13a23 .
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When (40) is substituted into (31) we get at first order in eθ the condition (34) for the
constants ki, ωi, i = 1, 2, . . . , N . The constants aij or equivalently Aij are determined at
second order in eθ by the analog of (39),

aij = exp Aij = −P (ki − kj,−ωi + ωj)

P (ki + kj,−ωi − ωj)
, i < j . (41)

At higher orders, Hirota [Hirota, 1980] obtained the conditions

S[P, n] =
∑

σ=±1

P

(
n∑

i=1

σiki,−
n∑

i=1

σiωi

) (n)∏
i<j

P (σiki − σjkj,−σiωi + σjωj)σiσj = 0 (42)

for each n = 2, 3, . . . , N . Where
∑

σ=±1 indicates the summation over all possible com-

binations of σ1 = ±1, σ2 = ±1, . . . , σn = ±1 and
∏(n)

i<j means the product over all
possible combinations of n elements under the condition i < j, and all ki, ωi subject to
(34). The explicit proof of the N -soliton condition (42) is given in [Matsuno, 1984]. For
n = 2 the condition (42) is satisfied automatically provided that (35) holds. The first
nontrivial condition (42) occurs for n = N = 3.

One can use the MACSYMA program HIROTA SINGLE.MAX to check the condition
(42) with n = 3, 4, for the KdV bilinear equation (12) and go on to construct the three
soliton solution. Here we list the results: S[P, 3] = 0, and

f = 1 + eθ1 + eθ2 + eθ3 + a12 eθ1+θ2 + a13 eθ1+θ3 + a23 eθ2+θ3 + b123 eθ1+θ2+θ3 ,

with
θi = kix− ωit + δi ,

ωi = k3
i , i = 1, 2, 3 ,

and with coefficients

aij =
(ki − kj)

2

(ki + kj)2
, i, j = 1, 2, 3 for i < j ,

b123 = a12 a13 a23

=
(k1 − k2)

2(k1 − k3)
2(k2 − k3)

2

(k1 + k2)2(k1 + k3)2(k2 + k3)2
. (43)
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4 MACSYMA Program for the Hirota Method

In this section we discuss some of the features used in the symbolic program, called
HIROTA SINGLE.MAX, that carries out the calculations for Hirota’s algorithm and
thus constructs multi-soliton solutions.

The symbolic program calculates the one-, two- and three-soliton solutions of a PDE,
provided the PDE can be transformed into a single bilinear equation of KdV type for the
new variable f . Several well-known soliton equations fall into this category
[Hereman & Zhuang, 1992], such a the Boussinesq equation, the Sawada-Kotera equa-
tion, the shallow water wave equation, and many others.

The program is written in such a way that the extension to the N -soliton would be
straightforward. The structure of the program should also allow to ‘translate’ it into the
syntax of e.g. MATHEMATICA, MAPLE or REDUCE.

The program requires little interaction from the user, who must provide the bilinear
operator for the original PDE and specify which soliton solution (one, two or three) should
be calculated. The user can also control the execution of the condition test discussed
below.

A flowchart of the program HIROTA SINGLE.MAX is given in Appendix A.

4.1 Special Features Used in the Programs

The effectiveness and speed of computer algorithm for the Hirota method strongly de-
pends on the implementation of and the computations with the operators (2). After
testing several alternatives, we concluded that there is no need to use the definitions (2)
and (3) for the Hirota operators Dn

x and Dm
x Dn

t . Instead, one could use the following
equivalent but much simpler expressions:

Dn
x(f ·g) =

n∑
j=0

(−1)(n−j)n!

j!(n− j)!

∂jf

∂xj

∂n−jg

∂xn−j
, (44)

Dm
x Dn

t (f ·g) =
m∑

j=0

n∑
i=0

(−1)(m+n−j−i)m!

j!(m− j)!

n!

i!(n− i)!

∂i+jf

∂ti∂xj

∂n+m−i−jg

∂tn−i∂xm−j
. (45)

The observant reader will recognize these as the Leibniz formula for the derivatives
of products, up to an alteration in signs. Needless to say, the above expressions are very
easy to implement in any symbolic language.

The implementation of Hirota’s perturbation scheme given in (14)-(19) is nontrivial.
Instead of using the scheme as is, we decided to use the explicit form of the N -soliton
solution in (40) to construct two- and three-soliton solutions,

Hirota polynomials associated to the bilinear operators are used to economically com-
pute the dispersion law, and the coefficients aij (via (41)), and b123 = a12a13a23.

In tests on an IBM Risc 6000 model 250 (with 2 GB hard disk and 32 MB of RAM),
we observed that MACSYMA can handle the long expressions of S[P, n] for n = 3 and
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n = 4, but the verification of total cancellation of that polynomial takes a long time.
To show the complexity of this computation, consider the test for the existence of a
three-soliton solution for the KdV equation. In that still fairly simple case, the computer
has to check that the sum of 8 × 52 × 3 × 9 = 11232 terms vanishes. Similarly, for a
four-soliton solution to exist, the sum of 16× 52× 6× 9 = 44928 terms must vanish.

For more complicated equations, MACSYMA would take hours to verify the exis-
tence conditions (42) for three and four soliton solutions. Instead of checking that the
polynomial in the wave numbers ki (and li if we have 2 dimensional problem) identically
vanishes, we assign (constrained) random integers to the ki (and li), and compute the
numerical result. To avoid pathological cases, the assignment of the random integers
(< 100) is constrained as follows: none of the ki should equal zero or one, none of the
pairs |ki − kj| should equal zero or one, never should |ki| = |kj|, or should any of the
possible combinations |ki − kj| be equal. The user can select how many random tests
should be performed.

Notwithstanding the above drastic simplification, the user can still opt to explicitly
verify the Hirota conditions (42) for n = 3 and 4, without assignment of random integers
to the ki (and li).

The code of HIROTA SINGLE.MAX is optimized for speed and reliability by using
block structures, assignment rules, pattern matching, and special properties, all available
within MACSYMA. To completely circumvent case dependency and the use of interactive
tools, our program does not use Wronskians and Young diagrams as implemented in Ito’s
program [Ito, 1988].

4.2 The Algorithm of HIROTA SINGLE.MAX

There are 10 blocks (functions) in the program HIROTA SINGLE.MAX.
We will discuss them briefly. The complete code of the program is given in Appendix C.

• Block 1: commentinter(name).
This block gives a friendly user interface.

• Block 2: dispersion(P).
It calculates the dispersion relation for each of the wave numbers ki (and li) and
angular frequencies ωi via the polynomial P , i.e. P (k, l,−ω) = 0.

• Block 3: condition(P,N,RANDOM).
It tests for the existence of a N -soliton solutions based on Hirota’s conditions
S[P, N ]. When RANDOM is set to TRUE, the condition is verified for (constrained)
random integers, otherwise, the test is calculated symbolically. If the polynomial
P satisfies the condition, the block returns TRUE else FALSE.

• Block 4: condition 1 2soliton(P).
It tests for the existence of one- and two-soliton solutions via Hirota’s condition, i.e.
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it verifies whether P is an even function without constant term. If the polynomial
P satisfies both conditions, the block returns TRUE else FALSE.

• Block 5: a ij(P).
This block calculates the coefficient aij via the formula (41).

• Block 6: b 123(P).
This block calculates b123 = a12a13a23.

• Block 7: hirota op(B).
This block constrains the definitions of Hirota’s operators Dn

x and Dm
x Dn

t as in
(44) and (45). The operator Dn

y is also defined in this block. Furthermore, the
polynomial P corresponding to the bilinear operator B is automatically computed.

• Block 8: n random(n).
This block picks (constrained) random integers in the interval [0,100] for ki (and li
if needed), subject to the rules given in Section 4.1.

• Block 9: hirota(B,name,N,Rtest 3soliton,Rtest 4soliton, test 3soliton,test 4soliton).
This block is the main program. B stands for the bilinear operator B(f, g) for the
given PDE.
A name can be assigned to the PDE, e.g. name: Korteweg de Vries.
The N refers to the N -soliton solution that will be computed. N is either one, two
or three.

Rtest 3soliton needs to be a positive integer. The number specifies how many times
the random test for the existence of a three-soliton solution should be repeated.
Rtest 4soliton controls how many times the random test for a four-soliton solution
will be repeated. These random tests will skipped by setting either Rtest 3soliton =
0 or Rtest 4soliton = 0 or both. For efficiency, the program stops any further testing
of the Hirota conditions as soon as one of the random tests fails. In particular, if
any of the random tests for the three-soliton solution already fails, the program
will not even start tests to determine the existence of a four-soliton solution.

If test 3soliton is set to TRUE then Hirota’s condition for the existence of the
three-soliton solution will be tested symbolically. The program then verifies if the
polynomial S[P, 3] vanishes identically. If test 3soliton is set to FALSE that test
will be skipped.
The same choices are possible with test 4soliton, again TRUE or FALSE. If the
three-soliton test fails then the program will not waste time in trying to verify
the existence of a four-soliton solution, even if test 4soliton was set to TRUE. In
case the test 3soliton or test 4soliton were set to TRUE, but any of the previously
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described random tests had failed, the program will ignore the request for further
testing.

• Block 10: output(N).
This block outputs the function f for the N -soliton solution. The solution u(x, t) or
u(x, y, t) of the original PDE can then be obtained via the transformation formula

relating f and u. For instance, for the KdV equation one has u(x, t) = 2∂2 ln f(x,t)

∂x2 .
For the KP equation, u(x, y, t) is related to f(x, y, t) via the same formula.

4.3 The Batch Program to run HIROTA SINGLE.MAX

In a batch file the user provides the bilinear operator B, gives a name for the PDE, selects
the value of N (either 1, 2 or 3), assigns positive integers (or zeros) to Rtest 3soliton and
Rtest 4soliton, and sets the Boolean variables test 3soliton and test 4soliton to TRUE
or FALSE.
The batch program we used for the tests and subsequent construction of the three-soliton
solution for the KdV equation contained the following lines:

writefile(”test kdv.out”)$
loadfile(”hirota single.lsp”)$
/* batchload(”hirota single.max”)$ */
N:3$
B(f,g):=Dxt[1,1](f,g)+Dx[4](f,g)$
name:Korteweg de Vries$
hirota(B,name,N,2,5,true,false)$
closefile()$
quit()$

We decided to compile the program HIROTA SINGLE.MAX first, in order to improve the
speed. The compiled version HIROTA SINGLE.LSP is obtained via the save command
in MACSYMA (see the MACSYMA manual [Symbolics, 1993]). Alternatively, one could
simple batchload the program HIROTA SINGLE.MAX itself, this option is commented
out via /* and */ in the above example.

Note that in our example, via the parameters in the function hirota,
namely, hirota(B,name,N,2,5,true,false) we request that

• the program works with B, name and N as specified higher,

• the random test for the existence of a three soliton solution is repeated twice,

• the random test for the existence of a four-soliton solution is carried out five times,

• Hirota’s condition for N = 3 is verified as a symbolic expression, and
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• Hirota’s condition for N = 4 is not tested symbolically.

5 Examples and Test Cases

The program HIROTA SINGLE.MAX has been thoroughly tested. We searched the
literature to find soliton equations that were known to admit three-soliton solutions and
others that only have two-soliton solutions. We also tested some equations that do not
satisfy the criteria for admitting a two- and/or three-soliton solution.

In this Section we give the results for some test cases with HIROTA SINGLE.MAX.
Unless stated otherwise we selected N = 3, Rtest 3soliton= 2, Rtest 4soliton= 3, with
test 3soliton set to TRUE and test 4soliton to FALSE. For the SK and KP equations the
actual computer output is given in Appendix B.

Recall that for one-soliton solutions the function f is

f = 1 + exp θ ,

for two-soliton solutions,

f = 1 + exp θ1 + exp θ2 + a12 exp(θ1 + θ2) ,

and for three-soliton solutions:

f = 1 + exp θ1 + exp θ2 + exp θ3

+ a12 exp(θ1 + θ2) + a13 exp(θ1 + θ3) + a23 exp(θ2 + θ3)

+ b123 exp(θ1 + θ2 + θ3) .

In all the cases we calculated the coefficients aij and b123 via the polynomial form P.

• For the Sawada-Kotera equation [Drazin & Johnson, 1989],

ut + 45u2ux + 15uxu2x + 15uu3x + u5x = 0 ,

the bilinear operator [Hereman & Zhuang, 1991, Zhuang, 1991] is

B(f, g) = Dxt[1, 1](f, g) + Dx[6](f, g) .

With the program we verified that this equation has three- and four-soliton solu-
tions.

In the expansion θi = kix − ωit + δi. The dispersion relation is given by ω = k5.
The coefficients in the three-soliton solution are

aij =
(ki − kj)

2 (k2
i − kikj + k2

j )

(ki + kj)
2(k2

i + kikj + k2
j )
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=
(ki − kj)

3 (k3
i + k3

j )

(ki + kj)
3 (k3

i − k3
j )

, i, j = 1, 2, 3 and i < j ,

b123 = a12 a13 a23

=
(k1 − k2)

3 (k3
1 + k3

2)(k1 − k3)
3 (k3

1 + k3
3)(k2 − k3)

3 (k3
2 + k3

3)

(k1 + k2)
3 (k3

1 − k3
2)(k1 + k3)

3 (k3
1 − k3

3)(k2 + k3)
3 (k3

2 − k3
3)

.

• For a seventh-order KdV equation [Ito, 1980], the bilinear operator is

B(f, g) = Dxt[1, 1](f, g) + Dx[8](f, g) .

In this case there is a two-soliton solution but no three-soliton solution. In the
expansion θi = kix − ωit + δi with ω = k7. The coefficient of the two-soliton
solution is

a12 =
(k1 − k2)

2(k2
1 − k1k2 + k2

2)
2

(k1 + k2)2(k2
1 + k1k2 + k2

2)
2

.

• As an example of a 2D equation, we took the Kadomtsev-Petviashvili equation
[Drazin & Johnson, 1989],

(ut + 6uux + u3x)x + 3u2y = 0 ,

with the bilinear operator [Hietarinta, 1990, Hereman & Zhuang, 1991, Zhuang, 1991]

B(f, g) = Dxt[1, 1](f, g) + Dx[4](f, g) + 3∗Dy[2](f, g) .

We tested that the equation has three and four-soliton solutions. Here θi = kix +

liy − ωit and the dispersion relation is ω =
3l2 + k4

k
, For the coefficients of the

three-soliton solution we obtained

aij =
(kilj − kik

2
j − likj + k2

i kj)(kilj + kik
2
j − likj − k2

i kj)

(kilj − kik2
j − likj − k2

i kj)(kilj + kik2
j − likj + k2

i kj)
, i, j =1, 2, 3 , i<j ,

and
b123 = a12 a13 a23 .

• For the Boussinesq equation [Hereman & Zhuang, 1991, Zhuang, 1991, Hirota, 1980]

u2t − u2x − 3(u2)2x − u4x = 0 ,

the bilinear operator is

B(f, g) = Dxt[0, 2](f, g)−Dx[2](f, g)−Dx[4](f, g) .
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The Boussinesq equation admits three and four-soliton solutions, confirmed during
the test. As for the SK equation θi = kix − ωit + δi . The dispersion relation is
given by ω = −k

√
1 + k2, and the coupling coefficients in the three-soliton solution

are

aij =

√
1 + k2

i

√
1 + k2

j − 2k2
i + 3kikj − 2k2

j − 1√
1 + k2

i

√
1 + k2

j − 2k2
i − 3kikj − 2k2

j − 1
, i, j = 1, 2, 3 and i < j ,

and
b123 = a12 a13 a23 .

• The last example involves the shallow water wave equation [Hereman & Zhuang, 1991,
Zhuang, 1991],

uxxt + 3uut − 3ux

∫
x
ut dx′ − ux − ut = 0 ,

with bilinear operator

B(f, g) = Dxt[3, 1](f, g)−Dx[2](f, g)−Dxt[1, 1](f, g) .

This equation has three and four-soliton solutions. Here again θi = kix− ωit + δi,
We computed the dispersion relation ω = k

(1+k)(1−k)
, and the coefficients of the

three-soliton solution:

aij =
(ki − kj)

2(k2
i − kikj + k2

j − 3)

(ki + kj)2(k2
i + kikj + k2

j − 3)
, i, j = 1, 2, 3 and i < j ,

b123 = a12 a13 a23

=
(k1−k2)

2K12(k1−k3)
2K13(k2−k3)

2K23

(k1+k2)2L12(k1+k3)2L13(k2+k3)2L23

,

where we used the abbreviations Kij = k2
i −kikj+k2

j−3 and Lij = k2
i +kikj+k2

j−3 ,
for i, j = 1, 2, 3 with i < j.

During the design of the program we tested several other examples, including the
KdV equation and several equations taken from [Ito, 1980]. Further details can be found
in [Zhuang, 1991].

6 Conclusion

In this paper we have presented and discussed a symbolic program based on the Hirota
bilinear method. The program automatically constructs one-, two- and three-soliton
solutions of nonlinear evolution and wave equations, for which the bilinear representation
is known to be of KdV type (type I as listed in [Hereman & Zhuang, 1992].
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The program can also be used to test for the existence of multi-soliton solutions of
PDEs in bilinear form. This symbolic computation program can play a significant role
in the search for completely integrable equations and their exact solutions. A useful
feature of the program is that it allows to determine the values of parameters in bilinear
equations for which multi-soliton solutions can exist.

To make that ‘test for existence’ very fast, we used a carefully designed constrained
random test, which can be carried out first, followed by the true test is so desired. For a
fast implementation of Hirota’s bilinear method, we used an equivalent but much simpler
form for Hirota’s bilinear operators.

To our knowledge, there are no symbolic programs available that implement any of
the inverse or direct methods to exactly solve soliton equations. Neither are programs
available that allow to test whether or not evolution and wave equations (in bilinear
form) admit exact soliton solutions, to construct these solutions explicitly, or to search
for nonlinear evolution and wave equations that would admit solitons.

Our future plans include the development of new symbolic programs to calculate
soliton solutions of families of single and coupled bilinear equations, as classified by Hi-
etarinta [Hietarinta, 1988, Hietarinta, 1990, Hietarinta, 1991]
(see also [Hereman & Zhuang, 1992]). The ultimate goal is the development and imple-
mentation of a comprehensive algorithm that could handle all types of bilinear represen-
tations. Once a unified algorithm is in place, one easily could extend Hietarinta’s search
for examples and counter examples of completely integrable equations with variable co-
efficients.

We hope that the availability of sophisticated symbolic programs may accelerate
the study of nonlinear PDEs and may, in the words of Alan Newell, lead to a better
understanding of the connecting links and the miracles of soliton theory [Newell, 1985].
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Appendix A: Flowchart of HIROTA SINGLE.MAX
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Appendix B: Output of Two Test Cases
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Appendix C: Code of HIROTA SINGLE.MAX
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