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The solitary wave solution is given for nolllinear equations, generalizing the 
standard and modified Korteweg-de Vries and Schamel equations, as 
m:eatly investigated by Xiao. A search for conservation laws of a slightly 
morc general class of nonlinear evolution equations reveals that tbe gener
aJized Schamel equations can have no morc than three polynomial invari
ants. The metbod is based on obtaining suitable building blocks for 
conserved densities under scalings wbicb leave the evolution equations 
invariant. 

I. IDtrcMIuetion 

In view of the fundamental role played by integrable 
systems in nonlinear science, many new paradigms have 
been proposed to generate and study exactly solvable 
systems. Many of the new models are inspired by the com
plete integrability of the standard and modified Korteweg
de Vries (KdV and mKdV) equations [1]. Recently Xiao 
[2] has reported on the integrability of the nonlinear evolu
tion equation 

(1)lOOt + 30u1
/
2u" + Ux.x:a; = o. 

In fact, this is a rescaled version of the Schamel equation 
[3]. 

(2) 

governing the propagation of ion-acoustic waves in a cold
ion plasma where some of the electrons do not behave iso
thermally during the passage of the wave but are trapped in 
it. The square root in the nonlinear term then translates to 
lowest order some of the kinetic effects, associated with elec
tron trapping, which dominate over the ftuid effects giving 
rise themselves to the well-studied KdV or mKdV equa
tions. 

Equation (1) is a special case of what we shan call the 
generalized Schamel (OS) equation, given by Xiao [2] as 

(3) 

where n is a positive integer. Obviously, for n = 4 (3) reduces 
to the scaled Schamel equation (1). Upon a trivial rescaling 
of the coefficients, the KdV equation is obtained for n = 2, 
and the MKdV equation follows for n = 1. 

Moreover, the nonlinear equations mentioned so far, with 
KdV -like dispersion but different nonlinearities, are special 

cases of generalized KdVequations 

U, + (a + hll)lIu" + dux.x:a; = 0, (4) 

for which Hereman and Takaoka [4] constructed a solitary 
wave solution in closed form, via a systematic approach 
detailed earlier in Hereman et al. [S]. 

From Painleve analysis, Xiao [2] concluded that (1) can 
be classed as integrable, but that was promptly disputed by 
Ramani and Grammaticos [6]. For values of n other than 1, 
2, or 4 the analysis of (3) was not carried through anyway, 
and no statements about integrability were made. However, 
in view of the remarks by Ramani and Orammaticos con
cerning Xiao's treatment of the original Schamel equation 
(1), complete integrability of (3) is doubtful. 

Nevertheless, for the OS equation it is straightforward to 
derive by direct integration a single solitary wave solution 
of the typical sech-form, which depends on the coordinate 
e= x - vt, for a frame of reference travelling at speed v. For 

. u(x, t) = u(e) we find from (3) that 

-vn2 u' + u'" + (n + lXn + 2)u2/"u' = 0, (5) 

denoting derivatives of u with respect to eby primes. Equa
tion (5) can be integrated twice. Under the usual assump
tions that u and its derivatives vanish at infinity we get 

(6) 

with the solution 

u = (Jv)ft sechft [Jv(x - vt) + ~. (7) 

For n = 1 and n = 2 we recover the usual solitary wave 
solution ofthe mKdV and KdVequation. For n = 4 we find 

u v2 sech4 [Jv(x - vt) + b], (8) 

a solitary wave solution of the Schamel equation as studied 
by Xiao [2]. Again, (7) is a special case of the solution of (4) 
given by Hereman and Tahoka [4], Weinstein [7], and 
most recently by Conte and Musette [8]. 

In Section 2 we outline a simple strategy to construct 
conserved densities, and apply it to KdV ·like equations. 
Returning to the GS equation (3) in Section 3, we prove that 
for n "" 1,2 there are no more than three conserved densities 
of polynomial type. Finally, some conclusions are drawn in 
Section 4. 
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1. A direct search for COoservatioD laws 

In this Section we extend some of the work by Coffey [9] on 
Schamel's equation, which was shown to possess at least 
three conservation laws. Recall that the completely integra
ble KdV (n = 2) and mKdV (n = 1) equations possess infin
ite sequences of conserved densities, and this property is 
used as the criterion to characterize complete integrability. 
The generalized KdV and Schamel equations are of the 
form 

14, + f(u)u" + au""" =0, (9) 

with feu) sufficiently smooth to assure the existence of its 
first few derivatives or integrals. 

Now we discuss in detail how the scaling or symmetry 
properties of the equations can be used to obtain informa
tion about both the number of polynomial conserved den
sities, and the building blocks they are made off. The scaling 
of (9) is such that 

a2 
f(u) .... ax2' 

a a3 
at"" ax3' (10) 

Let F(u) be a primitive off(u), ie. 

feu) =~u), (11) 

then (9) can be written as a conservation law 

Ur + (F(u) + au"J" = O. (12) 

In general, for any density P such that there exists an associ
ated flux J obeying 

f

P, + J" =0, (13) 

one finds that 

+OO 

P = _ '" P dx =constant, (14) 

provided J vanishes at infinity. Regarding (12). it is clear 
that PI = 14 is a first conserved density. The trivial conserva
tion law (12) expresses conservation of momentum, and is 
well known for most of the nonlinear evolution equations 
studied so far. 

Next comes 

(15) 

where we now also need 9'"(14), the second primitive off(u), 

2
feu) =dF(u) = d 9'"(u). 

du2 (16)du 

Hence, P2 = 142 is a second conserved density associated 
with the conservation of energy. For the special case 
feu) = 14- 1 (IS) has to be replaced by 

(17) 

The existence of other conserved densities is less obvious 
and their construction is less trivial. Ifone looks at the ordi
nary KdV equation, for whichf(u) =14, the third conserved 
density is [10] P3 = 143 - 3exu;, up to an irrelevant numeri
cal factor. For the KdV equation one can continue like this, 
for every order there is a conserved density of the structure 
PIt = u" + ... + fJU~-2)Jr;' Note that all the terms in each of 
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the conserved densities agree with the scaling 

a2 

f(u)=u --2' (18)ax 
We may restrict ourselves to building blocks which belong 
to the same class under the mentioned scaling, since for any 
mixed conserved quantity which one could derive, the 
f~om implied in the scaling would split that quantity in 
several conserved quantities, each with building blocks of 
the same scaling. Thus there is a straightforward and logical 
way to construct invariant quantities [10]. 

Starting with the density containing the building block 14
3

, 

one has three factors u. Keeping the scaling in mind, this is 
equivalent to two factors 14 and two derivations (to be dis
tributed over these factors), or one factor 14 and four deriva
tions (obviously uxxxJ. Two factors 14 and two derivations 
can be written in two ways: either as 1414"" or as 14;. But 1414"" 

can be integrated by parts to yield (uuxl" - 14;. Without loss 
of generality, we may remove any density (or part thereof) 
that is a total x-derivative, for these are trivially conserved. 
Doing so, only 14; is to be considered as the next building 
block. As a result of the scaling (18) for the KdVequation, 
the conserved density P3 must be a linear combination of 
the building blocks 143 and 14; • It is then straightforward to 
find the appropriate numerical coefficients, resulting in 
P3 = 143 

- 3au; . 
For the mKdV equation, withf(u) = 142, again PI = 14 and 

P2 =ul. The next conserved density is [10] P3 = 144 - 6cxu;. 
Analogous to the KdV-case, for every order there is a con
served density of the structure P. = 14

28 + ... + fJUf,.-I)Jr;' 
where the terms in each conserved density agree with the 
scaling 

(19) 

There is no conserved density starting with 143• More gener
ally, only even powers of 14 give results, with the exception of 
14 itself, which is thus somewhat outside the normal range. 
Starting with the density containing the building block 144 , 

one has either four factors u, or due to the scaling, three 
factors 14 and one derivation, two factors 14 and two deriva
tions, or one factor 14 and three derivations. Rejecting par
tially integrable building blocks, only the building blocks 144 

and 14; remain, leading to P3 = 144 - 6au; . 
Returning now to the scaling (10) and using similar argu

ments, one sees that 14; and u2f(u) must occur together in a 
third conserved density. Indeed, using (9) we obtain 

(2) (f()u2 2au 2 ) 3 df(u)
14",+ 14" + ",u"""-exu"",,= -u,,~, (20) 

(21) 

A linear combination of 14; and u2f(u) will give rise to a 
conserved density provided (i) a linear combination with 
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suitable constant Y. 

« d3 Qf(u)

:2 du3 [u 2f(u)] + Ydu = 0, (22) 


allows to remove the bothersome terms in u;. and (iIJ 
UU,.,/2(U) is a perfect x-derivative. 

The second requirement is easy to satisfy. For instance, 
for feu) = u", with p positive rational, one has UU,.,/2(U) = 
u2"+ lU" = 1/'lJ.p + 1) iJ/(iJX)u2(J> + 1). After one integration 
with respect to u, (22) is the Euler equation: 

u2 d 
2
f(u) + 4u Qf(u) + 2(y + «) feu) :: O. (23) 

du2 du (X 

We set the integration constant equal to zero since we reject 
solutions f(u) containing an additive constant, for it would 
lead to a single standing u" term in (9) which could be 
removed via a simple change of coordinates. The ordinary 
differential equation (23) admits solutions feu) = u", with p 
positive rational. provided 

(X 

y = - :2 (p + lXp + 2). (24) 

Hence 

HP3 = u " -:2
(X 

(p + lXP + 2)u; (25) 

is the tbird conserved density, with corresponding flux 

+2
J = u2"+ 2 + ""p + 2)u"+ lU 

3 2(p + 1) "'\ "" 

- a(p + 1XP + 2)u"u; - (Xl(p + 1Xp + 2)u" u""" 

+ t(Xl(p + lXp + 2)u;". (26) 

In conclusion, eq. (9) with feu) = u", p positive rational, has 
always three conserved densities. 

3. AppJication: the generalized Sc:llamel equatiOD 

Our main result in the previous Section is applicable to the 
GS equation. Therefore, (3) has at least three conserved den
sities. Indeed, identification of (3) with (9) gives, after proper 

lscaling of the coefficients, PI = U, Pl = u , and P3 = iu;ft _ (n2/2)uHl/ . 
Another way to derive the tbird conserved density for (3) 

is based on Coffey's ideas [9], originally applied to the 
Schamel equation (1). As a Lagrangian density for (3) one 
can take 

2 1 1 
81 8Hl/ft!l' = ~ 8 8 - - ~ (27)2 :c t 2 :c:c+ 2" , 

where 8 is a potential function such that 8" = u. The corre
sponding Hamiltonian density is 

(28) 

Using (3) and integrating by parts reveals that the Hamilto
nian 

J
+,., 

H= _,., :l't'dx (29) 

is a tbird invariant, with the corresponding flux 

1 [ ~ 1 11( 1) 1 + liftJ 3 ="2 uxu""" - "!u"'" - n + u u"" n 
H4+ (n + lXn + 2)u2/ .. u; - tn2(n + l)lU /"]. (30) 

In total we have three conserved quantities: momentum, 
energy and the Hamiltonian. For n = 1,2,4 these reduce to 
the known invariants for the KdV, modified KdV and 
Schamel equations. For the KdV equation a scaling is 
needed to bring the invariants in their customary form, as 
was the case with the equation itself from (3). 

With the help of the symbolic manipulation program 
MATHEMA TICA, we searched for further conserved den
sities of (3), but these do not seem straightforward to find, if 
they exist at all. Everything we tried indicated strongly that 
the above mentioned three invariants are the only poly
nomial ones in u and its derivatives. This can be inferred as 
follows. 

It is easy to see that (3) implies a scaling of u and x such 
that 

al/" __ 
U

l (31)oxl ' 

HThat scaling puts u 1/11 and u; in the same category, and 
with proper coefficients their combination leads to the con
served density in (28). 

Adhering to the scaling (31), the next classes then consist 
of 

u3 + 2/11 and uu;, (32) 

U4 +1/11 and ulu;, (33) 

and 

U
l +4

''', ul'''u; and u;,., (34) 

Ul +6/n , .,-4'·u;, ul/ftu;" and u!..... (35) 

For polynomial invariants we restrict ourselves to building 
blocks which belong to the same class under the mentioned 
scaling, as explained already before. There is thus a logical 
way to anticipate and also build conserved densities. 

Some care should be taken in collecting members of the 
same family linked under the scaling. Clearly, (32) and (34) 
should be joined for n = 2, that is for the KdV equation, 
whereas (33) and (34) belong together for n = I, correspond
ing to the mKdV equation. For other values of n, like n =4 
(Schamel's equation), (32) then combines with (35), etc. 
Upon testing whether a linear combination of those terms 
can give a conserved quantity, one finds this is only possible 
for n = 1 or n = 2, yielding the fourth invariants for the 
mKdV and KdV equations, respectively. 

If one tries to go higher up in the families of building 
blocks, one quickly generates, upon taking the time deriv
atives of these terms, many more remainders. Some of these 
unwanted terms occur only once among the derivatives of 
building blocks of the same family under the scaling. Fur
thermore, those remaining terms cannot be rewritten as 
total space derivatives. Thus, there is no hope that they 
could be balanced by terms coming from other members of 
the same family. As one can easily check, the problem 
becomes worse with increasing degree of u in the family, 
even for Schamel's equation 'where n = 4. We can conclude 
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that all hope is lost to find other polynomial invariants. To 
illustrate the above argument. we show what happens for 
the Schamel equation. For simplicity we set IX = 1 in (2). 

The ordinary Schamel equation has conserved densities u, 
,r and U5/2 - 15u;/8. It is readily verified that U

3/2 bas no 
corresponding buliding blocks and is not conserved. The 
building blocks (34) come next. specifically u\ U 

1/2
U; and 

u;"'. If we compute their total time derivatives separately, 
and for economy of notation only indicate those parts 
which cannot be written as total space derivatives, we get 

(36) 

(37) 

( 2) () 3u; 5u% u;% (38)U"" r + ... % = 16u5/2 - 2U1/ 2 • 

The irreducible terms in u; and u% u;'" only occur in (37) and 
(38), with coefficients which prevent their simultaneous 
elimination via linear combination. Although the terms in 
u~ in (36) and (37) can easily be got rid of, there still is no 
conserved density at this stage. 

The following step is to consider the building blocks from 
(32) and (35), namely u7/2, uu;, U1/2U;'" and u;;u;. An argu
ment similar to the one just above yields equally disappoint
ing results: 

(U7/2\ + ( ... ) = _ 105 u1/2u3 (39)
h % 16 "" 

{40) 

7uxu~ 7u%u~ 
(42)-	 2u3/2 - 2u1/2 • 

By going higher up in the families of building blocks like 
this. the number of irreducible remainders increases rapidly. 
Some of these occur only once among the derivatives of 
building blocks of the same family, thus, it is impossible to 

obtain conserved densities. As we have checked for a couple 
of more orders by symbolic manipulation, the problem 
becomes worse and worse. No other polynomial invariants 
except the known three can be found. 

4. 	CoaelusiollS 

In this paper we have given the extension of the invariants 
derived by Coffey [9] for the Schamel equation to gener
alized Schamel equations, which include the class of KdV
like equations with broken nonlinearities studied by Xiao 
[2]. We also derived a solitary wave solution to these equa
tions. We argued that the Schamel equations and its gener
alizations can only have three polynomial invariants, by 
referring to the building blocks needed to construct con
served densities that are invariant under the scaling which 
leaves the original equations invariant. As a final remark, it 
is not known nor readily seen whether the OS equations 
possesses a two-solitary wave solution. Soliton solutions are 
unlikely, for the equations have only three polynomial con
servation laws, in contrast to soliton equations with an 
unlimited number of conserved densities. 
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