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Notations — Computations on the Jet Space
Independent variables x = (z, vy, z)

Dependent variables u = (v, u® ... w0 . . u)
In examples: u = (u,v,0,h,...)

ak ak—l—l

Partial derivatives wug, = 5%, Ukzly = 5,1 o etc.

Differential functions
Example: f = uvv, + 2?uv, + ugvee for u(z), v(z)

Total derivative (with respect to x)

M M®
Do = o+ Z Us1)s Z Ukt 1)a

8ukx 8@;%

MY is the order of f in u (with respect to z), etc.



Example: f = uvv, + :Bzung + UpVpr
MY =1 and M =2

Total derivative with respect to z=:

Z U(k+1)a

D.f = ‘|_ Z U(k41)x auk

8f 8f—|—u of
(9:1:‘ " Ou Qxaux
af of of

% + V2 50, - U3x iy

= 20Uy + Uy (VUz) + Upe (3T USVy + Vaz)

02 (UVz) + Vaz (UV + T°U2) + Vaga (Us)

c%kx




Conservation Laws

Conservation law in (1 + 1) dimensions

Dip + D,J = 0| (on PDE)

conserved density p and flux J

Example: Korteweg-de Vries (KdV) equation

U + ugy + usy =0

Sample conservation law
Dy (u3 - 3ux2) —

3
D, (Zufl — 6uug’ + 3ulusy + 3usy’ — Gumu3x> =0



Key property: Dilation invariance

Example: KAV equation and its density-flux pairs
are invariant under the scaling symmetry

(z,t,u) — (=, E’AZUJ)’

A IS arbitrary parameter.



3
JB) — Zufl - 6uux2 — 3u2uzx - 3u2x2 — OUL U3

,0(6) — u% —60 u3ug;2 — 30 ux4 + 108 u2u2m2
720 5 648 5 216 5

| U2z~ — —— UU3L~ Ugy
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Conservation law in (3 + 1) dimensions

Dip+V-J =Dyp+ DyJi + DyJs + D.Js = 0] (on PDE)

conserved density p and flux J = (J1, J2, J3)

Example: Shallow water wave (SWW) equations

[P. Dellar, Phys. Fluids 15 (2003) 292-297]

1
u: + (u-V)u+2Q xu+ V(0h) — EhVH =0
ht + V-(uh) = 0

where u(x,y,t),0(x,y,t) and h(x,y,t)



In compone

nts:

1
ut—l—uua;—l—vuy—ZQU—l—ith—l—Hhx:O

0

1
v + uvg + vy + 2 Qu + §h9y + 0hy, =0

_uea:_

ht + hug + why + hvy + vhy = 0

SWW equations are invariant under
(337 Y, t? u, v, ha 97 Q) —
ALz, Ay, A0 A0, A0 e, A%h, APPTT20, A0Q0))

where W (h) =a and W(Q)=b (a,b € Q)



First few densities-flux pairs of SWW system:

o) = p g — [
vh

0@ = po g — v
vh6
ho?

53 = pp2 3@ = [
vho?

u3h + uv?h + 2uh?6

p = (W2 +0v)h+h%20 JW =
v3h + u?vh + 2vh%0

p®) = 0.0 — u, 0 + 290
4Q0ul — 2uuy,0 + 2uv0 — ho0,
4000 4 2vv.:0 — 2vu,0 + h00,






Algorithmic Methods for Conservation Laws
Use Noether's Theorem (Lagrangian formulation)

Direct methods (Anderson, Bluman, Anco, Wolf,
etc.) based on solving ODEs (or PDES)

Strategy (linear algebra and variational calculus)

e Density is linear combination of scaling invariant
terms with undetermined coefficients

e Use variational derivative (Euler operator) to
compute the undetermined coefficients

e Use the homotopy operator to compute the flux
(invert D, or Div)

e \Work with linearly independent pieces in finite
dimensional spaces
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Review of Vector Calculus
Definition: F is conservative if F = V f

Definition: F is irrotational or curl free if
VXF=0

Theorem (gradient test): F=Vfiff VxXF =0
The curl annihilates gradients!

Definition: F is incompressible or divergence free
f V-F=0

Theorem (curl test): F=V xGIiff V-F=0
The divergence annihilates curls!
Question: How can one test that f =V - F7
No theorem from vector calculus!



Tools from the Calculus of Variations
Definition: a differential function f is exact iff
f=D,F
Theorem (exactness test): f = D, F iff

(0) _ .
L:’u,(J)(:B)f:O’ ]—1,2,...,N
Definition: a differential function f is a divergence
If f =DivF

Theorem (divergence test): f = Div F iff
(0) _ .
£u(3>(x)f:(), 3—1,2,...,N



Tools from the Calculus of Variations

Definition: a differential function f is exact iff
f=D.,F

Theorem (exactness test): f = D, F iff

(0) _ .
L:u(])(x)f:O’ ]—1,2,...,N

Definition: a differential function f is a divergence
If f =DivF

Theorem (divergence test): f = DivF iff
(0) _ .
£u(3)(x)f:(), 3—1,2,...,N

T he Euler operator annihilates divergences!



Formulas for Euler operators (variational derivatives):

M

o
£ =Y (-Do)—
( ) =i 8“1?:2
. o , 0 ; 0
T 0u Tl ol )
Méj) M?Sj) 5
(00)  _ A Ves (T VR
Lum(w,y) — S: S:( Dz)™(~Dy) o)
k:=0 ky=0 krx kyy
o o o
=55 P " Py 5
oul ouy’ 8u£
+D2a -D,D, a..DQa—DSa

8ué x) 8u§gjy) 8u<3 ) ﬁug‘g



+ D7 8(.) -D; 8(.) - D 8(.)
Ous; 8u2‘; Ous.
+D.D, 8(.) - DD, 8(.) | DyDz% —
8ux‘7y Oy Guy‘é



Application: Testing Exactness

Consider, for example,

3

2 sin u — 6vv Cos U + 2Ug U2, COS U + Uy V2

f = 3uzv’sinu — u
for u(xz) and v(x)
f Is exact

After integration by parts (by hand):

F:/fdaszélfui—l—ui cosu — 3v? cosu



Exactness test with Euler operator:

3

f = 3uxv2 SN U—u;, SIN U—6VV, COS U+H2U U2, COS UHBVL V2

Ly f——f—Dxaf p2 Y

“(5’3 ou OU, Ou9o,

= Ju, v? cosu — u?c cosu + 6v v, sinu — 2U, U9, SIN U

—D,[3v* sinu — 3u’ sinu 4 2ug; cosu] + DZ[2u; cos u]

= 3U, v? cosu — u:?; cosU + 6v v, sinu — 2U, U2, SIN U

2 cosu + 6v v, sinu — Sui cosu — 6u u9,; SIn U

—[Bugv
—2Ug U2y Sin U + 2u3; COS Ul

+[—2us, cos u — 6uy Uz sinu + 2uz, cosu] = 0

Similarly, £}, f =0



Inverting D, and Div

Problem Statement
In 1D:

Example: For u(x) and v(x)

f= 3u$v2 sin u—ui SIN U—6VV, COS U+ 2U, U2, COS UFEVL V24

Find F:/fdat so, f = D,F
Result (by hand):

F = 4v2 +u® cosu — 3v* cosu



Inverting D, and Div

Problem Statement
In 1D:

Example: For u(x) and v(x)

f= Sumqﬂ Sin u—ui Sin u—0vVV,; COS U+ 2U, U9 COS UV, V2

Find F:/fda? SO, f=D,F
Result (by hand):
F = 4v2 +u® cosu — 3v* cosu

Mathematica cannot compute this integral!



~

F = (uvy — ugvy, —uvg + Ugvy)



In 2D or 3D:

Example: For u(z,y) and v(z,y)
I = uzgVy — U2z:Vy — UyVgp + Uy Vs

Find F=Div'! f so, f=DivF
Result (by hand):

~

F = (uvy — UgUy, —UvUz + Ug¥y)

Mathematica cannot do this!
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In 2D or 3D:

Example: For u(z,y) and v(z,y)
I = uzgVy — U2z:Vy — UyVgp + Uy Vs

Find F=Div'! f so, f=DivF
Result (by hand):

~

F = (uvy — UgUy, —UvUz + Ug¥y)

Mathematica cannot do this!
Can this be done without integration by parts?

Can this be reduced to single integral in one variable?

Yes! With the Homotopy operator



Tools from Differential Geometry

Higher Euler Operators

In 1D (with variable z):

VL %,
ul )("L') ; (z) aul(gjw)
Examples for component u(x):
u(z) Ou Ou9, ousy Ou4,
o, o, o, O

Bl D) -6D2_—— — 10D? -

u(z) Ou2y Ou3y ! OU4y ! Ousy
® = 9% _up, 9 paop2? _gop3 4.

u(@) aUSx OUgy au&n 8u6$



In 2D (with variables x and y):

(tasiy)
Lui (o)™

M(J) M(J)

-5 5 (o

=tz Ky =1y

Examples for component u(x,y):

(1,0) _ 0 — 2D, 4 —D g - 3D?2 0 |

u(:r;,y) au;g auQaj 7 8ugjy 5 auBCB

0y _ 9  op 9 _D, 7 - 3D? 7 |

u(a:',y) auy J a’u,Qy aUygj Y aUSy

wTY) " Guy, Oty Ouzay Ouszy
r@0 _ 4 — 3D, 0 — 2D 7 - 6D 7 |

u(z,y) DUy OU3gy U212y OUsry




In 3D (with variables z,y, and z):

M(J) M(J) M(J)

L) = EZ EZiZI( X:)( )

1z
_/I'{,U y—'lwy —’I/z

(D)t (=D, )i (= D)

T heorem:
[Kruskal et al, J. Math. Phys. 11 (1970) 952-960]

f=DLF iff 5523)( Jf=0fori=0,1,...,r—1,
7=1,...,N



Integration by Parts with Homotopy Operator

Theorem (integration with homotopy operator):

e In 1D: If f is exact then

e In 2D: If f is a divergence then

- |
F=Div " f=(H u(x,y fv Hu(m,y)f)

e In 3D: If f is a divergence then

_Div-1f_ (@ )
F=Div"f=MH,,,»H o H xyz)f)

u(z,y,z)




Homotopy Operators

In 1D (with variable x):

1 N d\
Hu(a:)f — Z(IU(J)JC)[)‘“] N
0 i A
with integrand
MY
L i () pGt+L)
Iu(J)f_ ZO Da: (’LL Lu(j)(m)f)

N is the number of dependent variables and
(L, f)|Au] means that in I f one replaces
u(z) — Au(x), ug(x) — duz(x), etc.



and

= 5w (o)




In 2D (with variables x and y):

with

M(j)—l M(j) 14
G- 3 N )D”DW glnins)

1z=0 14=0 1 + ZCE + Zy

Analogous formulas for H ,f and 1 (])f



In 3D (with variables z,vy, and z):

<:c> (1@ 2
with

() ¢ _
Lot =

M(J) 1M(=7) M(J) .
T 1 o TN Y 2 (1—|—zw,z ,zw)
> % (i )( T

1z=0 14=01,=0 Y T 2z

Analogous formulas for H vyt H yz)f,
qu)f» and [uf:?)f



Simplified Formula for Homotopy Operator

Homotopy Operator in 1D (with variable x)

1 N d\
Hu@)f = | Y Lo f)[Aul ~
0 =
where
M
Iof = » D (u@) £S<j>1()x)f)
1=0



Application of Homotopy Operator in 1D

Example:

3

> sin u — 6vv, cos u + 2Ug U2, COS U + Uy V2

f = 3uyv’sinu — u

Compute
o, o, 9,
I.f = w / - Uy / — uDy /
= 3uv’sinu — uwu’ sinu + 2uZ cosu



1
= / (3)\2uv2 sin(Au) — Muu? sin(Au) + 2 u? cos(Au)
0

— 6202 cos(Au) + 8Av§) A\

= 4v? 4+ u? cosu — 3v* cosu



Why does this work?

Sketch of Derivation and Proof
(in 1D with variable x, and for one component u)

Definition: Degree operator M

M
- af O f o f of Of
i Do = Ugy Tl g U gy, T UM .

Mf =

i=0
f is of order M in x

Example: f = vPuiu}, (p,q,r non-negative integers)

g=Mf= Zum = (p+q+7) vPulus,

0um

Application of M computes the total degree




Theorem (Inverse operator) M~lg(u) = [ g|

Proof:

M

d 0g|Au] d)\um 1 ag Au
= oDl = S
I z_% ONUiy ) z_% Otir

Integrate both sides with respect to A

| Soalan = ]H=g< ) -

7 9(0
= / ./\/lg)\u — /

Assuming ¢g(0) = 0,

%/\/lg[)\u]

)\u



A=
uPulub  ANPTITT N = vPulus,



Theorem: If f is an exact differential function, then

Proof: Multiply

M
£ = (Do) 5
k=0 Ot

by u to restore the degree.

Split off u%. Integrate by parts.

Split off w, auf . Repeat the process.

0
of

8qu )

Lastly, split off wys,



EXxplicitly,

M
of
( k=1 Oz
Of M
k—2 k—2
- U2y — Dy







So,

= = k—(i+1) YJ af
Mf =D, Zum Z —Dy) Dur

k=1+1

Apply M~ and use M~ 'D, =D, ML

M—1 &
fpx( 12“@:1:2( Dy) i+ f)

k=1+1 aukx

Apply D! and use the formula for M1

1 [ M—1 M
F=Dlf= O (Z v Z (—D, )k~ +D Of ) il d;\

8ukx



using

M-—1 |
Lf = Y D (uﬁfj(;?f)
1=0
M—-1 M
_ ; kN, ~ vk—@+1) OF
- 7;2—% o uk;rl (7“ ™ 1>( P QU
M—-1 M

i=0 k=i+1 aukm

T he latter formula provides a fast algorithm to
compute the integrand I, f



Simplified Formula for Homotopy Operator

Homotopy Operator in 2D (with variables x and y)

@ LS @ X
Hu(a:y)f: 0 z;(lu(g)f)[)‘u]T
]:

1 N
() (v) dA
Hetwnd = O z;(ljﬁf)[/\ulj
j:




where

" M1 M MY My (Kerthy i =iy =)
T - ~ N e+ e
Zu(.?)f - >4 >J( - y ,u”Lx.iE’Lyy Z Z (]C +k )
1 =0 14=0 kEr=tr+1 ky=iy ko
i ky—i 0
(=Dg)* = (=Dy) ™ " /
au(J)
kex kyy
and
M9 M M9 M) (km+ky—z'm—iy—1)
7W) f = Z Z zm—l—zy Z Z ky—iy—1
u(JF) - Wizziyy (k +k )
1x=0 14=0 ke=tz ky=1ty+1 ky
ky—iy—1  Of

(—Dy)te " (—Dy)

6ul(fjm)x kyy



Simplified Formula for Homotopy Operator

Homotopy Operator in 3D (with variables z,y, and z)

() - (x) d)\
Hu(x,y,Z)f - 0 Z:l([u(ﬂf)[)‘u] BN
]:

1 N
d\
]:
1 N
HE f= U ]
j=1




where

@

w9 (z,y,7)

MD_q M) pr)

= > D> (T (g

1z=0 14=01,=0

MO M ) (kx—l—ky—l—kz—z’x—iy—iz—l) (ky+kz—7;y—iz)

Z S‘ S‘ ky—iz—1 ky—1y

kr=tz+1 ky=iy k=1, (kx+]]zi+kz) (kyl:_ykz)

of
PG

kex kyy k2

(= D)™ (=Dy) T (= D)

Integrands Ifm))( ’W)f and I((J))( ,y,z)f are similar



Application of Homotopy Operator in 2D
Example: | = uzvy — u2zVy — UyVUsp + UzyUz

Recall (by hand): F — (uvy — UgVy, —UVE + UzVy)

Compute
IFf = u L il of —uD; Of
1 1
+ —uy of —uD, 2
2 “0ugy 2 Ouzy
1 1

= UVy + §uyvx — UgVy + §uv$y



’ 0

1
1 1
— / A (ufuy -+ 5 Uylz — Usly + o Wy — Uy + uwyv) dA
0

1 1 1 1 1 1
— §U’Uy —I— Z'U/y'vx - §umvy _I_ Zuva T 5“,7/0 _I_ 5“’37:9/0



Analogously,

dx
= Ho T / (L9 f +10F ) )5

! 1 1
:/ ()\ (—uvx — iuvzx + 51@%) + X ([uzv — ung)> d\
0

1 1 1 1 1
— —iuvw - Zuvzx + Zug;vx -+ §uxv — iuzazv

So,

1 1 1 1 1 1
o 5 Uy - 1 UyVz — Uz Vy - 7 UVzy — 5UYV -+ 5 UzyV
- 1 1 1

1 1
_§U/Uac — ZUUZJJ + Zuxvx + 5“3@” — §u2xv



~

Let K=F—F then

1 1 1 1 1 1

K—| 2 4 9 A 9

— 2Uvz + TUV2 + SUVe — ULV + FU2V
then DivK =0
Also, K = (D,0, —D.0) with 6 = %uv — iuvx — %uxv
(curl in 2D)

Needed: Algorithm to remove curl terms!



Computation of Conservation Laws for SWW

QuicC

k Recapitulation

Conservation law in (2 + 1) dimensions

Dip+V-J=Dip+ DyJi +DyJo = 0] (on PDE)

conserved density p and flux J = (Ji, J2)

Example: Shallow water wave (SWW) equations

1
ut—l—uug;—kvuy—ZQv—l—ih@x—l—@hx:O

0 -

1
v + uvg + vuy + 2 Qu + §h9y +0hy =0

- 10, -

-v0, =0

ht + hug + why + hvy + vhy = 0






Algorithm
Step 1: Construct the form of the density

The SWW equations are invariant under the
scaling symmetries

(z,y,t,u,v,0,h Q) — N1z, X\ y, A%t A, Av, A0, A, A*Q)
and
(z,y,t,u,v,0,h, Q) — (AN 1z, A y, A%, Au, v, A20, A\°h, A°QQ)
Construct a candidate density, for example,
p = c1€20 + couy 0 4 c3v,0 + caur 0 + c5v.0

which is scaling invariant under both symmetries



Step 2: Determine the constants ¢

Compute £ = —D;p and remove time derivatives
dp dp dp dp dp
<8u$ o Ouy Uty + OV, ol Ovy iy T 59 06 )

= caf(uug + vuy — 2Qu + %hea: + 0hz )

+ co0(uug + vuy, — 2Qv + %hezc + Ohy )y

+ c50(uvy 4+ vuy + 2Qu + %hﬁy + 0hy )z

+ c30(uve + vuy + 2Qu + hoy + Ohy),

. (clﬂ 1+ Co2Uy + C3Vy + CAUL + CSU:I:)(UH:B T vﬁy)

Require that

(0, O) (0,0) (0,0) (0, O) L
Luleyl = Lo P = Loyl = Lreyt =0



Solution: ¢t =2, co=—-1, cs=c4 =0, cg =1 gives

p = 200 — u,0 + v,.0

Step 3: Compute the flux J

E = 0(ugvgy + uveg + U0y + vy + 2Quy,
——%Hmhy — Ugly — Ulgy — UyUy — UyV
+2Qv, — %Hyhx)

+2Qub; + 2Qv0, — uuy,0;

—uyvly, + uv0; + vu,0,

Apply the 2D homotopy operator:

J=(J1, J2) = Div ' E = (H(w() ) HEly()a:,y) )



Uu

I E =y -u

Compute

oOF oOF oF 1 OF 1
O, Ou, Ouzz 2 “Ougy 2

1
= uvg0 + 2Qul + §u29y — ULy 0

Similarly, compute

IWE

1
VU, 0 + 51)299 + uv,0
. 1
Ie( )E — gezhy + 2Qul — uuy0 4+ uv, 0

. 1
IE = 5 00,h




1 1 1
+-0%0y + S0%hy — 5eeyh>)d,\

2 1 1
= 2Qub0— guuye—l— UV 04 gvvye—l— guZHy

1 1 1
4—6v29y — 8heeer Ehﬁ?



Analogously,

J2 H(y)

U(w,y)

2 1 1 1
= 2000 + —vv,0 — vuy 0 — —uu 0 — “ul0, — —v%0,
3 3 6 6

1 1
+-h00, — —h,.0°
6 6
Hence,

1 12Qub — duuy, 0 +6uv,0+ 2vv,0 +u?0, +v*0, — h00,+ h,H°
6\ 12000+ 4vv,0 — 6vuy 0 — 2uu0 — u0, — 120, +hO6, — h,0?






Conclusions and Future Work

Usefulnhess of the homotopy operator

Integration by parts, D!, and Div !

I
To do: Integration of non-exact differential
functions

Example: f = u,v + uv; + wluo,

f fdx = uv + fu2u23,j dx

To do: Integration of parametrized differential
functions

Example: f = auzv + buv,

[ fde =wuv ifa=b



Algorithm to compute conservation laws in
multi-dimensions

To do: various PDEs (other than those of
evolution type)

To do: Full implementation in Mathematica



Implementation in Mathematica & Software

Codes are available via the Internet
URL: http://www.mines.edu/fs_home/whereman /
and via anonymous FTP from mines.edu in directory

pub/papers/math_cs_dept /software/
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