General Relativity HW6 Problems

1. Asawarm-up to the GR case, you will determine the transformation rule for the
electromagnetic gauge field as a result of demanding covariance of the Dirac equation. Don't
worry if a lot of these words don't make sense initially. In fact you will not really need to
understand most of them to do the what | am asking.

a. Consider the equation y#0,y + %1,[) = 0 where P (x*) is a spinor field and y* are the

constant Dirac matrices. The rest of the terms in this equation should be familiar. This equation
is "covariant" under a transformation of the form ¥ — 1’ = e9%y where q and ¢ are
constants. What covariant means is that the entire left hand side of the equation transforms as
yho + %1/} - eiq‘p(yi‘a#z,b + %1,[)) which you can easily verify. Now what we want to do is
make this equation covariant even when we allow ¢ to depend on position, i.e. @ (x*). You can
check that in its current form this equation is not covariant under this "local" transformation
since d, Y — ay(eiqw(X”>lp) and the derivative will now act on both ¢@(x*) and Y (x*). To fix
this, we will make use of a new derivative of the form D,, = 9, + iqA, where A, (x*) will end
up being the electromagnetic 4-vector potential (or gauge field).

Your job is to figure out how the gauge field itself must transform in order for the equation with
the new derivative to be covariant. That is, what does A, (x*) look like in terms of 4, (x*) and

other quantities such that y#D, ¢ + —1/) — elap(xH) D,y +Z= 1/))
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b. Now, turning to GR, derive the transformation rule for the connection ;’1 from insisting that

E)HV" be a tensorial (or "covariant" derivative).
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2. Imagine you have a diagonal metric g,,. Show that the Christoffel connection components are
given by:
A =0
A 1 -1
Fu,u = _E(g/m) a/’lgu,u

Ih = 0,(ny1g1)
Iy = 91(nylgaal)

where in these expressions 4 # v # A and repeated indices are not summed over. Hint: Use the

expression we obtained for the Christoffel components in terms of derivatives of the metric and

assign index values as needed.
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You may be familiar with the gradient V(p and divergence V-Vin spherical polar coordinates
from E&M. As a reminder one can relate Cartesian to spherical polar coordinates via

X = r sinf cos¢

y =71 sinf sing

Z =1 cosl
1 0 O
The metric in Cartesian coordinates, i.e. g, = (O 1 0), then takes the form
0 0 1
1 0 0 _
9 = (0 r? 0 ) The operator V that you saw in your E&M class was secretly just the
0 0 r?sin%6

covariant derivative that we have introduced! Given this, and the form of the metric in spherical
polar coordinates, derive expressions for the gradient of a scalar field V(p and divergence of a
vector field V- V in spherical polar coordinates. Compare your answers to what you see in E&M
textbooks and note any discrepancies. Hint: You can use Mathematica to get the Christoffel
components if you like (download the GREAT package and have a look) or you can use the
results of the previous problem to get them by hand.
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4. Consider the vector field in R3 that corresponds to the electric field of a unit point charge at the

origin in spherical polar coordinates. You may ignore time in this problem. Find expressions in

spherical polar coordinates for:
a) The covariant derivative of the electric field.

b) The directional covariant derivative of the electric field along the path given by x#(1) =

(r(, 6, ¢M) = (22,2, D).
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5. Consider a unit 2-sphere with coordinates (8, ¢») and metric ds? = d8? + sin?6d¢p?.

a) Take a vector with components V#* = (1,0) and parallel transport it once around a circle of
constant latitude. What are the components of the resulting vector as a function of the
polar angle 0 of the circle of constant latitude.

b) Show that lines of constant longitude (¢ = constant) are geodesics, and that the only line of

E)_

constant latitude (8 = constant) that is a geodesic is the equator (6 = .
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= o4
LJc hewe - L-'* \},.)“""-I'k\.);L where U, = y Ug= 2

Show that extremizing the functional [ ds for the space R? in polar coordinates (7, 8) leads to a
set of differential equations for (1) and 6(4) that are the same as the geodesic equations. You

can simply begin with the usual result of extremizing an action, i.e. the Euler-Lagrange
equations.
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