Chapter 3

Designing OFDM Radar Waveform for Target
Detection Using Multi-objective Optimization
Satyabrata Sen, Gongguo Tang, and Arye Nehorai

Abstract We propose a multi-objective optimization (MOO) technique to design
an orthogonal frequency division multiplexing (OFDM) radar signal for detecting a
moving target in the presence of multipath reflections. We employ an OFDM signal to increase the frequency diversity of the system, as different scattering centers of a target resonate variably at different frequencies. Moreover, the multipath
propagation increases the spatial diversity by providing extra “looks” at the target.
First, we develop a parametric OFDM measurement model for a particular range
cell under test, and convert it to an equivalent sparse-model by considering the target returns over all the possible signal paths and target velocities. Then, we propose
a constrained MOO problem to design the spectral-parameters of the transmitting
OFDM waveform by simultaneously optimizing three objective functions: maximizing the Mahalanobis distance to improve the detection performance, minimizing the
weighted trace of the Cramér–Rao bound matrix for the unknown parameters to
increase the estimation accuracy, and minimizing the upper bound on the sparserecovery error to improve the performance of the equivalent sparse-estimation approach.
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3.1 Introduction
The problem of adaptive waveform design is becoming increasingly relevant and
challenging to modern state-of-the-art radar systems. For many years, conventional
radars have transmitted a fixed waveform on every pulse, and the research efforts
have been primarily devoted to optimally process the corresponding received signals [50]. However, with the recent technological advancements in the fields of
flexible waveform generators and high-speed signal processing hardware, it is now
possible to generate and transmit sophisticated radar waveforms that are dynamically adapted to the sensing environments on a periodic basis (potentially on a
pulse-by-pulse basis) [7, 23, 35, 55, 56]. Such adaptation can lead to a significant
performance gain over the classical (non-adaptive) radar waveforms, particularly in
the defense applications involving fast-changing scenarios.
A comprehensive survey on different waveform-design techniques can be found
in [38, Chap. 1.2] and references therein; here we briefly discuss some of the salient
research work on this topic. Earlier attempts of radar waveform design were to
compute parameters of the radar waveform (amplitude, phase, etc.) and the associated receiver response in order to improve the target-detection performance in
the presence of clutter and interference [19, 42, 43, 51, 53]. The target-matched
illumination techniques are proposed in [22, 25, 41] to optimally design the combination of transmit-waveform and receive-filter for the identification and characterization of targets with known responses. In [5, 29, 44], the information-theoretic
optimization criteria, based on the mutual information between the transmit/receive
waveform and target response, are considered to design the optimal waveforms for
detection, estimation, and tracking problems. Several waveform-optimization algorithms based on the properties of the Cramér–Rao bound (CRB) matrix are presented in [24, 31, 49] for the purpose of target-tracking and parameter estimation.
Recently, various constrained waveform-design methodologies are studied to obtain
more practical radar waveforms, such as constraining the optimal waveform to have
a constant modulus [39], to have a bounded peak-to-average power ratio [14], and
to be similar to another waveform that has the desired autocorrelation function or
ambiguity profile [12, 13, 30, 40].
The waveform-design problems become further intriguing when one needs to simultaneously satisfy two or more optimality criteria, particularly in a multi-mission
radar system [4, 21]. Often, the desirable optimization functions are very different
and even conflicting to each other, which give rise to dissimilar parameter values
for the optimal waveform. To tackle this quandary, the multi-objective optimization
(MOO) procedures are employed that concurrently optimize the various objective
functions in a Pareto-sense [1, 2, 15, 16, 48]. This type of optimality was originally introduced by Francis Ysidro Edgeworth in 1881 [20] and later generalized by
Vilfredo Pareto in 1896 [37].
In this work (see also [47, 48]), we consider a Pareto-optimal waveform-design
approach for an orthogonal frequency division multiplexing (OFDM) radar signal
to detect a moving target in the presence of multipath reflections, which exist, for
example, in urban environments as shown in Fig. 3.1. In [45, 46], we showed that
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Fig. 3.1 Principle of adaptive waveform design in a radar operating in the multipath scenarios

the target-detection capability can be significantly improved by exploiting multiple Doppler shifts corresponding to the projections of the target velocity on each
of the multipath components. Furthermore, the multipath propagations increase
the spatial diversity of the radar system by providing extra “looks” at the target and thus enabling target detection and tracking even beyond the line-of-sight
(LOS) [28]. To resolve and exploit the multipath components it is common to use
short pulse, multi-carrier wideband radar signals. We consider OFDM signaling
scheme [34, 36], which is one way to use several subcarriers simultaneously. The
use of an OFDM signal mitigates possible fading, resolves multipath reflections,
and provides additional frequency diversity as different scattering centers of a target
resonate at different frequencies [27, 54].
First, we develop a parametric OFDM measurement model for a particular range
cell, to detect a far-field target moving in a multipath-rich environment. We assume
that the radar has the complete knowledge of the first-order (or single bounce) specularly reflected multipath signals. Using such knowledge of the geometry, we can
determine all the possible paths, be they LOS or reflected, from the range cell under test. However, in practice the target responses reach the radar only via a limited
number of paths depending on the position of the target within the range cell. Therefore, considering all the possible signal paths and target velocities, which represent
themselves as varying Doppler shifts at the radar receiver, we convert the OFDM
measurement model to an equivalent sparse model. The nonzero components of the
sparse vector in this model correspond to the scattering coefficients of the target at
the true signal paths and target velocity.
The formulation of a sparse-measurement model transforms a target-detection
problem into a task of estimating the nonzero coefficients of a sparse signal. To
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estimate the sparse vector, we propose a sparse-recovery algorithm based on the
Dantzig selector (DS) approach [8]. The DS approach belongs to the class of convex
relaxation methods in which the 0 norm is replaced by the 1 norm that remains
a measure of sparsity while being a convex function. However, instead of using the
standard DS, in this work we employ a collection of multiple small DS that exploits
more prior structures of the sparse vector and provides improved performances both
in terms of computational-time and estimation-accuracy [48].
Next, we propose to optimally design the spectral-parameters of the transmitting OFDM waveform for the next coherent processing interval in order to improve the system performance. We formulate and solve a constrained MOO problem [11, 17, 33, 57] that simultaneously optimizes three objective functions. The
maximization of the Mahalanobis distance [3, 32] is considered as the first of the
three objective functions. This is because the Mahalanobis distance provides a standard measure to quantify the distance between two distributions associated with two
hypotheses of a detection problem. However, to compute the Mahalanobis distance
in practice, we need to estimate the target scattering-coefficients, velocity, and noise
covariance matrix. We characterize the accuracy of such estimations by calculating
the CRBs for the unknown parameters, because CRB is a universal lower bound
on the variance of all unbiased estimators of a set of parameters [26, Chap. 3].
Therefore, our second objective function tries to minimize a weighted trace of the
resultant CRB matrix. Additionally, if we solve the equivalent sparse-estimation
problem, then we analyze the reconstruction-performance by evaluating an upper
bound on the sparse-estimation error in terms of the 1 -constrained minimal singular value (1 -CMSV) of the sparse-measurement matrix [52]. Compared with the
traditional restricted isometry constant (RIC) [9, 10], which is extremely difficult to
compute for an arbitrarily given matrix, the 1 -CMSV is an easily computable measure and provides more intuition on the stability of sparse-signal recovery. Hence,
as the third objective function, we propose to minimize the upper bound on the
sparse-estimation error for improving the performance of sparse-recovery.
To solve the MOO problem, we apply the well-known nondominated sorting genetic algorithm II (NSGA-II) [18], which belongs to the class of evolutionary algorithms (EAs) and provides a set of solutions known as Pareto-optimal solutions [17].
All the solutions residing on the Pareto-front are considered to be superior to any
other solution in the search space when all objectives are considered. The idea of
finding as many Pareto-optimal solutions as possible motivates the use of EAs that
generate several solutions in a single run. Alternatively, we avoid using the scalarization technique, that transforms a MOO problem into a single-objective one by
pre-multiplying each objective with a scalar weight (as done in [15, 16]), primarily
for two reasons [17, Chaps. 2, 3]: (i) the optimal solution of a scalarization technique can be very subjective in nature, as it is heavily sensitive to the pre-defined
scalar weights used in forming the single-objective function; and (ii) all the Paretooptimal solutions may not be found by a scalarization approach for the nonlinear
and nonconvex optimization problems.
We demonstrate the performance improvement due to the adaptive OFDMwaveform design with several numerical examples. We observe that the Paretooptimal solutions provide a set of compromised solutions that varies in between
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Fig. 3.2 A schematic
representation of the
multipath scenario

two extrema that are approximately equal to the individual solutions of the objective functions when solved separately. We found that all the Pareto-optimal solutions produce better performances than the fixed waveform, in terms of the Mahalanobis distance and weighted trace of CRB matrix; whereas only a smaller set of
the Pareto-optimal solutions has improved performance with respect to the upper
bound on sparse-error. Assuming that the noise powers over different subcarriers
are the same, we infer that the solution of the Pareto-optimal design redistributes
the energy of the transmitted signal by putting the most energy to that particular
subcarrier along which the signal-to-noise ratio is the strongest.
The rest of the chapter is organized as follows. In Sect. 3.2, we first develop a
parametric OFDM measurement model by incorporating the effects of first-order
multipath reflections. Then, in Sect. 3.3, we convert the detection problem to one of
sparse-estimation and present a decomposed DS-based sparse-recovery algorithm.
In Sect. 3.4, we propose the adaptive OFDM-waveform design algorithm based on
the MOO approach. Numerical examples and conclusions are presented in Sects. 3.5
and 3.6, respectively.

3.2 Problem Description and Modeling
Figure 3.2 presents a schematic representation of the problem scenario. We consider
a far-field target in a multipath-rich environment, moving with a constant relative
velocity v with respect to the radar. At the operating frequency, we assume that the
reflecting surfaces produce only specular reflections of the radar signal, and for simplicity we consider only the first-order reflections. We further assume that the radar
has complete knowledge of the environment under surveillance because nowadays
accurate information about the city and building layouts can be obtained from lidar
imaging systems, blueprints at the city hall, and even public tools such as Google
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Maps. Hence, for a particular range cell (the region within the two successive isorange contours of Fig. 3.2) the radar knows the specific paths, through which the target information reaches the radar receiver, in terms of its direction-of-arrival (DOA)
unit-vectors (up , p = 1, 2, . . . , P ). Under this scenario, our goal here is to decide
whether a target is present or not in the range cell under test.
In the following, we first develop a parametric OFDM-measurement model that
includes the effects of multipath reflections in between the radar and target. Then,
we discuss our statistical assumptions on the clutter and noise.

3.2.1 OFDM Signal Model
We consider a wideband OFDM signaling system with L active subcarriers, a bandwidth of B Hz, and pulse width of Tp seconds. Let a = [a0 , a1 , . . . , aL−1 ]T represent

2
the complex weights transmitted over the L subcarriers, and satisfy L−1
l=0 |al | = 1.
Then, the complex envelope of the transmitted signal in a single pulse can be represented as
s(t) =

L−1


al ej 2πlΔf t ,

for 0 ≤ t ≤ Tp ,

(3.1)

l=0

where the subcarrier spacing is denoted by Δf = B/(L + 1) = 1/Tp . Let fc be the
carrier frequency of operation; then a coherent burst of N transmitted pulses is given
by
N −1


j 2πfc t

s(t) = 2 Re
s(t − nT )e
,
(3.2)
n=0

where T is the pulse repetition interval (PRI). We point out here that in Sect. 3.4
while designing the adaptive waveform we choose the spectral-parameters of the
OFDM waveform, al s, in order to improve the system performance.

3.2.2 Measurement Model
For a single-pulse, single-carrier transmitted signal 
sl (t) = 2 Re{al ej 2πfl t }, where
fl = fc + lΔf is the lth subcarrier frequency, the received signal along the pth path
(represented by the DOA unit-vector up ) and at the same carrier-frequency fl can
be written as



ylp (t) = xlp
sl γp (t − τp ) +
elp (t),
(3.3)
where xlp is a complex quantity representing the scattering coefficient of the target
along the lth subchannel and pth path; γp = 1 + βp where βp = 2v, up /c is the

3 Designing OFDM Radar Waveform Using Multi-objective Optimization

41

relative Doppler shift along the pth path and c is the speed of propagation; τp is the
roundtrip delay between the radar and target along the pth path; 
elp represents the
clutter and measurement noise along the lth subcarrier and pth path. Therefore, the
received signal over all P paths due to an L-carrier OFDM signal is given by
L−1 P

L−1
P


j 2πfl γp (t−τp )

y (t) =

ylp (t) = 2 Re
al xlp e
+
e(t),
l=0 p=1

= 2 Re

l=0 p=1

L−1 P



al xlp e−j 2πfl γp τp ej 2πfl βp t ej 2πfl t

+
e(t),

(3.4)

l=0 p=1

and hence the corresponding complex envelope at the output of the lth subchannel
is
yl (t) =

P


al xlp e−j 2πfl γp τp ej 2πfl βp t + el (t).

(3.5)

p=1

Next, we assume that the relative time gaps between any two multipath signals
are very small in comparison to the actual roundtrip delays, i.e., τp ≈ τ0 for p =
1, 2, . . . , P . This assumption holds true when the path lengths of multipath arrivals
differ little (e.g., in a narrow urban canyon where the down-range is much greater
than the width). Further, we consider that the temporal measurements from a specific
range gate (denoted by the roundtrip delay τ0 ) are collected at every t = τ0 + nT
instants. Therefore, corresponding to a specific range cell containing the target, the
complex envelope of the received signal at the output of the lth subchannel is
yl (n) =

P


al xlp e−j 2πfl γp τ0 ej 2πfl βp (τ0 +nT ) + el (n).

(3.6)

p=1

Defining
φlp (n)  e−j 2πfl τ0 ej 2πfl βp nT ,

(3.7)

yl (n) = al φ l (n)T xl + el (n),

(3.8)

we can rewrite (3.6) as

where φ l (n) = [φl1 (n), φl2 (n), . . . , φlP (n)]T and xl = [xl1 , xl2 , . . . , xlP ]T are two
P × 1 vectors respectively containing the Doppler information and the scattering
coefficients of the target at the lth subchannel over all P multipath.
Then, stacking the measurements of all L subchannels into one column vector of
dimension L × 1, we get
y(n) = A(n)x + e(n),
where

(3.9)
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• y(n) = [y0 (n), y1 (n), . . . , yL−1 (n)]T ;
• A = diag(a) is an L × L complex diagonal matrix that contains the transmitted
weights a;
• (n) = blkdiag(φ 0 (n)T , φ 1 (n)T , . . . , φ L−1 (n)T ) is an L × LP complex rectangular block-diagonal matrix;
• x = [xT0 , xT1 , . . . , xTL−1 ]T is an LP × 1 complex vector;
• e(n) = [e0 (n), e1 (n), . . . , eL−1 (n)]T is an L × 1 vector of clutter returns, measurement noise, and co-channel interference.
Finally, concatenating all the temporal data columnwise into an LN × 1 vector, we
obtain the OFDM-measurement model as follows:
y = x + e,

(3.10)

where
• y = [y(0)T , y(1)T , . . . , y(N − 1)T ]T ;
•  = [(A(0))T . . . (A(N − 1))T ]T is an LN × LP matrix containing the
Doppler information of the target;
• e = [e(0)T , e(1)T , . . . , e(N − 1)T ]T is an LN × 1 vector comprising clutter returns, noise, and interference.

3.2.3 Statistical Assumptions
In our problem, the clutter could be the contribution of undesired reflections from
the environment surrounding or behind the target, or random multipath reflections
from the irregularities on the reflecting surface (e.g., windows and balconies of the
buildings in an urban scenario), that cannot be modeled as specular components.
In (3.9), the noise vector e(n) models the clutter returns, measurement noise, and
co-channel interference at the output of L subchannels. We assume that e(n) is
a temporally white and circularly symmetric zero-mean complex Gaussian vector,
correlated between different subchannels with positive definite covariance matrix .
This assumption implies that the OFDM measurements in (3.10) are distributed as
y ∼ CNLN (x, IN ⊗ ).

(3.11)

3.3 Sparse-Estimation Approach
In this section, we reformulate the detection problem of the previous section to a
sparsity-based estimation task. Using our knowledge of the geometry, we can determine all the possible signal paths in between the radar and the range cell under test,
and subsequently can understand the possible extent of the Doppler variations at the
radar receiver. In general, depending on the problem-scenario and target-velocity, a
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set of such Doppler shifts could be very large. However, restricting our operation to
a narrow region of interest (e.g., an urban canyon where the range is much greater
than the width) and a few classes of targets that have comparable velocities (e.g.,
cars/trucks within a city environment), we can limit the extent of viable Doppler
shifts to a smaller quantity.
In the following, we first convert the OFDM-measurement model of (3.10) to a
sparse model that accounts for a set of finely discretized Doppler shifts. Then, we
present an efficient sparse-recovery approach that employs a collection of multiple
small DS in order to utilize more prior structures of the sparse vector.

3.3.1 Sparse Model
Suppose we discretize the extent of feasible Doppler shifts into Nβ grid points as
{βi , i = 0, 1, . . . , Nβ − 1}. Then, we can remodel (3.8) as
φ l (n)T ζ l + el (n),
yl (n) = al 

(3.12)

where
• 
φ l (n) = [φl0 (n), φl1 (n), . . . , φl(Nβ −1) (n)]T represents an equivalent sparsitybased modeling of φ l (n);
• ζ l = [ζl0 , ζl1 , . . . , ζl(Nβ −1) ]T is an Nβ × 1 sparse vector, having P ( Nβ )
nonzero entries corresponding to the true target scattering coefficients, i.e.,
ζli =

xlp
0

if i = p,
otherwise.

(3.13)

Using the formulation of (3.12) and following the approach presented in Sect. 3.2.2
to obtain (3.10) from (3.8), we deduce a sparse-measurement model as
 + e,
y = ζ

(3.14)

where
T . . . (A(N
 = [(A(0))


• 
− 1))T ]T is an LN × LNβ sparse-measurement
matrix containing all the viable Doppler information in terms of the L × LNβ

dimensional matrices (n)
= blkdiag(
φ 0 (n)T , 
φ 1 (n)T , . . . , 
φ L−1 (n)T );
T
T
T
T
• ζ = [ζ 0 , ζ 1 , . . . , ζ L−1 ] is an LNβ × 1 sparse-vector that has LP nonzero entries representing the scattering coefficients of the target along all the P received
paths and L subcarriers.

3.3.2 Sparse Recovery
The goal of a sparse-reconstruction algorithm is to estimate the vector ζ from the
noisy measurement y of (3.14) by exploiting the sparsity. One of the most popular
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approaches of sparse-signal recovery is the Dantzig selector [8], which provides an
estimate of ζ as a solution to the following 1 -regularization problem:
min

LN
z∈C β

z

1

subject to

 H (y − z)



∞

≤ λ · σ,

(3.15)

where λ = 2 log(LNβ ) is a control parameter that ensures that the residual
√
 is within the noise level and σ = tr()/L.
(y − z)
However, from the construction of ζ in (3.14), i.e., from ζ = [ζ T0 , ζ T1 , . . . , ζ TL−1 ]T
we observe that each ζ l , l = 0, 1, . . . , L − 1, is sparse with sparsity level P . Fur in (3.14) can be expressed as
thermore, the system matrix 
 = [
0


1


 L−1 ],


...

(3.16)

where each block-matrix of dimension LN × Nβ is orthogonal to any other blockH

matrix, i.e., 
l1  l2 = 0 for l1 = l2 .
To exploit this additional structure in the sparse-recovery algorithm, we propose
T
T
T
a concentrated estimate ζ = [ζ 0 , ζ 1 , . . . , ζ L−1 ]T which is obtained from the individual solutions, ζ l s, of the L small Dantzig selectors:
min
zl ∈C

Nβ

zl

1

subject to

H


l (y −  l zl )

∞

≤ λl · σ

for l = 0, 1, . . . , L − 1,

(3.17)
where λl = 2 log(Nβ ). As (3.17) exploits more prior structures of the sparse vector, it provides improved performances over (3.15) both in terms of computationaltime and estimation-accuracy [48].

3.4 Adaptive Waveform Design
In this section, we develop an adaptive waveform design technique based on a multiobjective optimization (MOO) approach. To improve the detection performance,
we propose to maximize the Mahalanobis distance which quantifies the distance
between two distributions involved in the detection problem. However, in practice, the computation of the Mahalanobis distance requires estimations of the target scattering-response, target velocity, and noise covariance matrix. So, in addition to maximizing the Mahalanobis distance, we intend to increase the estimationaccuracy by minimizing a weighted trace of the CRB matrix computed for the unknown parameters. Furthermore, the formulation of sparse-measurement model allows us to construct and solve another optimization problem that minimizes the
upper bound on the sparse-estimation error for improving the efficiency of sparserecovery. In the following, we first present in detail these three single-objective functions and then describe the MOO problem.
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3.4.1 Maximizing the Mahalanobis Distance
To decide whether a target is present or not in the range cell under test, the standard
procedure is to construct a decision problem that chooses between two possible hypotheses: the null hypothesis H0 (target-free hypothesis) or the alternate hypothesis
H1 (target-present hypothesis). The problem can be expressed as
H0 : y = e,
H1 : y = x + e,

(3.18)

and the measurement y is distributed as CNLN (0, IN ⊗ ) or CNLN (x, IN ⊗ ).
To distinguish between these two distributions, one standard measure is the squared
Mahalanobis distance, defined as
d 2 = xH  H (IN ⊗ )−1 x
=

N
−1


xH (n)H AH  −1 A(n)x.

(3.19)

n=0

Then, to maximize the detection performance, we can formulate an optimization
problem as

N
−1

(1)
H
H H −1
x (n) A  A(n)x
subject to aH a = 1. (3.20)
a = arg max
a∈CL

n=0

After some algebraic manipulations (see [48, App. C]) we can rewrite this problem
as

N
−1



(1)
H
H
H T
−1
a = arg max a

(n)xx (n)
a subject to aH a = 1.
a∈CL

n=0

(3.21)
Hence, the optimization problem reduces to a simple eigenvalue-eigenvector problem, and the solution of (3.21) is the eigenvector corresponding to the largest eigenvalue of

N
−1



H
H T
−1
(n)xx (n)

.
n=0

However in practical scenarios, to obtain a(1) by solving (3.21), we need to estimate
the values of v, x, and .

3.4.2 Minimizing the Weighted Trace of CRB Matrix
To characterize the accuracy of the estimation process, we compute the CRBs on
the target velocity, v, and scattering-parameters, x. For mathematical simplicity, we
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assume here that the noise covariance matrix, , is known. The motivation behind
considering the CRB as the performance measure is that it represents a universal
lower bound on the variance of all unbiased estimators of a set of parameters. If
an estimator is unbiased and attains the CRB, then it is said to be efficient in using the measured data. Alternatively, even if there is no unbiased estimator that
attains the CRB, finding this lower bound provides a useful theoretical benchmark
against which we can compare the performance of any other unbiased estimator [26,
Chap. 3].
Considering a ground-moving target with v = vx î + vy jˆ, we define two sets of
vectors gl (n)s and hl (n)s, for l = 0, . . . , L − 1, n = 0, . . . , N − 1, respectively as
gl (n) = (j 4πfl nT /c)[ux,1 , ux,2 , . . . , ux,P ]T ,
hl (n) = (j 4πfl nT /c)[uy,1 , uy,2 , . . . , uy,P ]T ,
where {ux,p , uy,p } are the components of up , i.e., up = ux,p î + uy,p jˆ for p =
1, 2, . . . , P . Then, denoting the unknown parameter-vector as θ = [ηT , xT ]T , where
η = [vx , vy ]T , we get the partial-derivative matrices as


∂ ∂
∂(x)
=
Dη 
x
x ,
∂η
∂vx ∂vy
Dx 

(3.22)

∂(x)
= ,
∂x

(3.23)

where
∂
=
∂vx


A

∂(0)
∂vx

T

 

∂(N − 1) T T
... A
,
∂vx


T

T 
∂(n)
= blkdiag φ 0 (n)  g0 (n) , . . . , φ L−1 (n)  gL−1 (n) ,
∂vx

(3.24)

and
∂
=
∂vy


A

∂(0)
∂vy

T

 

∂(N − 1) T T
... A
,
∂vy


T

T 
∂(n)
= blkdiag φ 0 (n)  h0 (n) , . . . , φ L−1 (n)  hL−1 (n) .
∂vy

(3.25)

Subsequently, we calculate the CRB on θ as

CRB(θ ) =

CRBηη
CRBxη

 
CRBηx
J
= ηη
CRBxx
Jxη

Jηx
Jxx

−1
,

where the elements of the Fisher information matrix (FIM) are expressed as

(3.26)
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−1
Jηη = 2 Re DH
η (IN ⊗ ) Dη
N
−1




H



H

∂(n) ∂(n)
x
x
∂vx
∂vy
n=0


−1
Jηx = 2 Re DH
η (IN ⊗ ) Dx
=

∂(n) ∂(n)
x
x
∂vx
∂vy
n=0


−1
= 2 Re DH
x (IN ⊗ ) Dη
=

Jxη

N
−1


2 Re

=

N
−1


2 Re

2 Re (n)H AH  −1 A

n=0



AH  −1 A



∂(n) ∂(n)
x
x
∂vx
∂vy


, (3.27)


AH  −1 A(n) ,

(3.28)


,

(3.29)

∂(n) ∂(n)
x
x
∂vx
∂vy

−1
 N



−1
=
(I
⊗
)
D
2 Re (n)H AH  −1 A(n) . (3.30)
Jxx = 2 Re DH
N
x
x
n=0

Now, to obtain a scalar objective function that summarizes the CRB matrix, several
optimality criteria can be considered. For example, A-optimality criterion employs
the trace, D-optimality uses the determinant, and E-optimality computes the maximum eigenvalue of the CRB matrix [6, Chap. 7.5.2]. However, due to the different
physical characteristics of η and x, the variances of their estimators may differ in
several orders of magnitude and units. Therefore, we construct an objective function
to design the OFDM spectral-parameters that minimizes a weighted summation of
the traces of individual CRBs on η and x as
a(2) = arg min cη tr(CRBηη ) + cx tr(CRBxx )
a∈CL

subject to aH a = 1, (3.31)

where cη and cx are the weighting parameters.

3.4.3 Minimizing the Upper Bound on Sparse Error
 have been proposed to analyze the perforMany functions of the system matrix 
mance of methods used to recover ζ from y, the most popular measure being the
restricted isometry constant (RIC). However, for a given arbitrary matrix, the computation of RIC is extremely difficult. Therefore, in [52] we proposed a new, easily
 to
computable measure, 1 -constrained minimal singular value (1 -CMSV) of ,
assess the reconstruction performance of an 1 -based algorithm. According to [52,
 as
Def. 3], we define the 1 -CMSV of 
 =
ρs ()

min

ζ =0,s1 (ζ )≤s

 2
ζ
,
ζ 2

for any s ∈ [1, LNβ ],

(3.32)
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and
s1 (ζ ) 

2
1
2
2

ζ
ζ

≤ ζ

(3.33)

0.

Then, the performance of our decomposed Dantzig selector (DS) approach in (3.17)
is given by the following theorem:
Theorem 3.1 [48] Suppose ζ ∈ CLNβ is an LP -sparse vector having an additional
structure as presented in (3.14), with each ζ l ∈ CNβ being a P -sparse vector, and
(3.14) is the measurement model. Then, with high probability, the concentrated soT
T
T
lution ζ = [ζ 0 , ζ 1 , . . . , ζ L−1 ]T of (3.17) satisfies
ζ −ζ

2


L−1

≤ 4
l=0

λ2l P σ 2
,
l )
a 4 ρ 4 (

(3.34)

4P

l

 l of (3.16) as 
 l = al 
l is related with 
l . More specifically, if λl =
where 
2(1 + q) log(Nβ ) for each q ≥ 0 is used in (3.17), then the bound holds with
probability greater than 1 − L( π(1 + q) log(Nβ ) · (Nβ )q )−1 .


Proof See [48].

To minimize the upper bound on the sparse-estimation error, we formulate an
optimization problem as
a(3) = arg min

a∈CL

L−1

l=0

λ2l P σ 2
l )
a 4 ρ 4 (
l

subject to aH a = 1.

(3.35)

4P

Using the Lagrange-multiplier approach, we can easily obtain the solution of (3.35)
as

λ2 P σ 2
(2αl )1/3
(3)
al = L−1
,
(3.36)
, where αl = 4l
l )
ρ (
(2αl )1/3
4P

l=0

for l = 0, 1, . . . , L − 1.
l ) is difficult with the complex variables.
However, the computation of ρ4P (
l ), defined as
Therefore, we use a computable lower bound on ρ4P (
l ),
ρ8P ( l ) ≤ ρ4P (

(3.37)

where

T
l

l

=

T
1

1

+
0

T
2

2
T
1

0
+
1


T
2

,
2

1

l ,
= Re 

2

l . (3.38)
= Im 
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Then, similar to (3.36), we can obtain the optimal OFDM spectral-parameters as

λ2 P σ 2
(2
αl )1/3
(3)
,
(3.39)
al = L−1
, where 
αl = 4l
ρ8P ( l )
αl )1/3
l=0 (2
for l = 0, 1, . . . , L − 1.

3.4.4 Multi-objective Optimization
From the discussion of the previous subsections, we notice that if the solution of
(3.21) is used we would get an improved detection performance provided that we
know a-priori the values of the target velocity, scattering-response, and noise covariance matrix. Alternatively, by solving (3.31), we could improve the performances
of the underlying estimation problems for the target response and velocity. Furthermore, if we were to use the solution of (3.39), we would achieve an efficient sparserecovery result when we address the detection problem from a sparse-estimation
perspective. Hence, based on these arguments, we device a constrained MOO problem to design the spectral parameters of the OFDM waveform such that simultaneously (i) the squared Mahalanobis distance of the detection problem is maximized,
(ii) the weighted summation of the traces of CRB matrices for η and x is minimized, and (iii) the upper bound on the sparse-estimation error of the equivalent
sparse-recovery approach is minimized. Mathematically, this is represented as
⎧
 −1
−1
H
H T

⎪
arg maxa∈CL aH [ N
⎪
n=0 ((n)ζ ζ (n) )   ]a,
⎪
⎪
⎨
(3.40)
aopt = arg mina∈CL cη tr(CRBηη ) + cx tr(CRBxx ),
⎪
⎪
L−1 λ2l P σ 2
⎪
⎪
⎩ arg mina∈CL l=0 4 4
,
al ρ8P (

l)

subject to aH a = 1.
We employ the standard nondominated sorting genetic algorithm II (NSGA-II)
to solve our MOO problem, after modifying it to incorporate the constraint aH a = 1
that needs to be imposed upon the solutions.

3.5 Numerical Results
In this section, we present the results of several numerical examples to discuss the
solutions of the MOO problem and to demonstrate the performance improvement
due to the adaptive OFDM-waveform design technique. For simplicity, we consider
a 2D scenario, as shown in Fig. 3.3, where both the radar and target are in the same
plane. Our analyses can easily be extended to 3D scenarios. First, we provide a
description of the simulation setup and then discuss different numerical results.
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Fig. 3.3 A schematic
representation of the
multipath scenario considered
in the numerical examples

• Target and multipath parameters:
– Throughout a given coherent processing interval (CPI), the target remained
within a particular range cell. We simulated the situation of a range cell that is
at a distance of 3 km from the radar (positioned at the origin).
– The √
target was 13.5 m east from the center line, moving with velocity v =
(35/ 2)(î + jˆ) m/s.
– There were two different paths between the target and radar: one direct and
one reflected, subtending angles of 0.26◦ and 0.51◦ , respectively, with respect to the radar. Hence, the target manifests two relative speeds of v, up  =
24.86 and 24.53 m/s at the radar receiver.
– The scattering coefficients of the target, x, were varied to simulate two scenarios having different energy-distributions across different subchannels. For example, Scenario I had the strongest target-reflectivity on the second subcarrier
(1)
(1)
with xl,d = [2, 4, 1]T and xl,r = [1, 2, 0.5]T representing the scattering coefficients along the direct and reflected paths, respectively. On the other hand, in
Scenario II we considered the strongest target-reflectivity along the first sub(1)
(1)
carrier with xl,d = [3, 1, 2]T and xl,r = [1.5, 0.5, 1]T .
However, for the purpose of a fair comparison, we scaled the targetscattering coefficients to ensure a constant signal-to-noise ratio (SNR), defined
as
SNR =

x 2
.
tr()

(3.41)

Hence, a stronger target-reflectivity along a certain subcarrier implied that there
would be some other subcarriers with very poor target-reflectivities.
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• Radar parameters:
–
–
–
–
–
–
–
–

Carrier frequency fc = 1 GHz;
Available bandwidth B = 10 MHz;
Number of OFDM subcarriers L = 3;
Subcarrier spacing of Δf = B/(L + 1) = 2.5 MHz;
Pulse width TP = 1/Δf = 400 ns;
Pulse repetition interval T = 4 ms;
Number of coherent pulses N = 20;
√
All the transmit OFDM weights were equal, i.e., al = 1/ L ∀l.

• Simulation parameters:
To apply a sparse estimation, we partitioned the viable relative speeds from
24.5 to 25 m/s with steps of 0.05 m/s. We generated the noise samples from a
CNLN (0, IN ⊗ ) distribution with  = [1, 0.1, 0.01; 0.1, 1, 0.1; 0.01, 0.1, 1].
Hence, for all the results presented in this section we ensured a constant noisepower distribution among all the subchannels.
To solve the MOO problem (3.40), we employed the NSGA-II with the following parameters: population size = 1000, number of generations = 100, crossover
probability = 0.9, and mutation probability = 0.1. The initial population of 1000
different values of a were generated randomly, but ensuring that the total-energy
constraint aH a = 1 was satisfied. Furthermore, at each generation of the NSGAII, we imposed the total-energy constraint on the children-chromosomes by introducing an ‘if-statement’ in the ‘genetic-operator’ portion of the NSGA-II code.
However, satisfying the hard-equality constraint aH a = 1 was difficult to simulate due to the numerical precision errors. That is why we relaxed it with a softer
constraint by considering 0.999 ≤ aH a ≤ 1.001.

3.5.1 Results of the MOO Problem
The results of the MOO problem are depicted in Figs. 3.4, 3.5 and Figs. 3.6, 3.7 for
the target Scenarios I and II, respectively. We maintained a fixed SNR of 0 dB for
these simulations. The initial population of 1000 different values of a were generated randomly. Considering a Cartesian coordinate system with |a1opt |, |a2opt |, and
|a3opt | as the axes, the initial population is represented on the surface of a sphere
restricted to the first octant, as shown by circles in Figs. 3.4(a) and 3.6(a) for the
two different target scenarios. The values of the associated objective functions are
also indicated by circles respectively in Figs. 3.4(b) and 3.6(b), whose coordinate
systems are constructed with the three objective functions representing the axes on
the logarithmic scales.
We represent the Pareto-optimal solutions by squares in Figs. 3.4(a) and 3.6(a)
and the associated Pareto-optimal objective values by squares in Figs. 3.4(b)
and 3.6(b), for the Scenarios I and II, respectively. In Scenario I, when the target
had the strongest reflectivity along the second subcarrier, we got the optimal solutions varying from |aopt | = [0.6189, 0.6691, 0.4119]T to |aopt | = [0, 1, 0]T on an

52

S. Sen et al.

Fig. 3.4 Results of the
NSGA-II in Scenario I:
(a) optimal solutions and
(b) values of the objective
functions at the zeroth and
100th generations are
respectively represented by
circles and squares

Fig. 3.5 Convergence of the
objective functions to the
Pareto-optimal values in
Scenario I

approximately straight-line locus subtended on the surface of a sphere. It is important to note here that if we had solved only (3.39) to minimize the upper bound on the
sparse-error, then the solution would have been |a(3) | = [0.6261, 0.6578, 0.4187]T ;
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Fig. 3.6 Results of the
NSGA-II in Scenario II:
(a) optimal solutions and
(b) values of the objective
functions at the zeroth and
100th generations are
respectively represented by
circles and squares

whereas an effort to obtain the solution of only (3.21) would result in |a(1) | =
[0.0652, 0.9975, 0.0262]T . This implies that Pareto-optimal solutions provide a set
of compromised solutions varying in between two extrema that are approximately
equal to the individual solutions of the objective functions when solved separately.
Similarly, for the Scenario II which had the strongest target-reflectivity along
the first subcarrier, we found that the MOO-solutions lied on an approximately
straight-line locus drawn on the surface of a sphere and varied from |aopt | =
[0.6339, 0.6510, 0.4182]T to |aopt | = [1, 0, 0]T . Comparing with the individual solutions of the objective functions in Scenario II, we noticed that (3.21) resulted
in |a(1) | = [0.9992, 0.0374, 0.0015]T ; whereas the solution of (3.39) still produced
|a(3) | = [0.6261, 0.6578, 0.4187]T because it was a function of the system matrix
 only.

In addition, to assess the speed of convergence to these Pareto-optimal solutions,
in Figs. 3.5 and 3.7 we depict the relative change in values of the three objective
functions at different generation indices for both the target scenarios under con-
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Fig. 3.7 Convergence of the
objective functions to the
Pareto-optimal values in
Scenario II

sideration. If oj (k − 1) and oj (k), for j = 1, 2, 3, k = 2, 3, . . . , 100, denote two
vectors of objective-functions respectively computed at the (k − 1)th and kth generations over the entire population, then their relative changes were calculated as
oj (k) − oj (k − 1) / oj (k) . It is quiet evident from these plots that the Paretooptimal solutions were reached very quickly even within the tenth generation, particularly for the first two objective functions (3.21) and (3.31).

3.5.2 Improvement in Detection and Estimation Performance
We demonstrate the performance improvement due to the adaptive waveform design at several SNR values in terms of the squared Mahalanobis distance, weighted
trace of CRB matrix, and squared upper bound on sparse-error. These results are
shown in Figs. 3.8 and 3.9 for the target Scenarios I and II, respectively. As we
expect, the Mahalanobis-distance measure improved as we increased the SNR values, but the trace of CRB matrix decreased and the upper bound on the sparseestimation error remained unchanged. In each figure, the red-colored lines (in total 1000 of them) represent the variations of the objective-functions, associated
with the entire population of 1000 solutions; whereas the blue-colored line √
shows
their counterparts corresponding to the fixed (nonadaptive) waveform a = 1/ L =
[0.5774, 0.5774, 0.5774]T . In both the target scenarios, we found that all the Paretooptimal solutions produced better performances, in terms of the Mahalanobis distance and trace of CRB matrix, when compared to those with the fixed waveform.
However, with respect to the squared upper bound on sparse-error, only a subset
of the Pareto-optimal solutions was found to show improved performance than that
with the fixed waveform.
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Fig. 3.8 Comparison of performances due to the fixed and adaptive waveforms in Scenario I in
terms of the (a) squared Mahalanobis distance, (b) weighted trace of Cramér–Rao bound matrix,
and (c) squared upper bound on sparse-error, respectively

3.5.3 Redistributions of Signal and Target Energies
To understand the reason behind the performance improvement due to the adaptive waveform design, we looked into the energy-distribution of the transmitted signal and effective target-return across different subchannels both before and after
the waveform design. We used the subset of Pareto-optimal solutions that satisfied all the three objective functions at 0 dB to exemplify the results on energyredistribution for both the target scenarios in Fig. 3.10.
We represent the effective transmit-signal energy at different subchannels as
εS,l = |al |2 ,

for l = 0, 1, . . . , L − 1.

(3.42)

On the other hand, the effective target-returns across different subchannels are considered as
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Fig. 3.9 Comparison of performances due to the fixed and adaptive waveforms in Scenario II in
terms of the (a) squared Mahalanobis distance, (b) weighted trace of Cramér–Rao bound matrix,
and (c) squared upper bound on sparse-error, respectively

εT,l

2
 N −1

1 

T 
=
al φ l (n) xl  ,

N

for l = 0, 1, . . . , L − 1.

(3.43)

n=0

Due to the adaptive design of al s, the set of values of {εS,l } and {εT,l } were different
before and after the optimization process, as both of these quantities depend on the
transmitted signal parameters.

In Fig. 3.10(a), we plot the values of {εS,l } and {εT,l /( L−1
l=0 εT,l )} for the target Scenario I. Noticing the two left-most vertical bars, we observe that the MOOapproach boosted up the transmitted-signal energy on the second subchannel along
which the target-reflectivity was the strongest. Additionally, we found a considerable amount of energy redistribution among different subchannels for the effective target-returns, as shown in the two right-most vertical bars. With the fixed
waveform, we had {εT,l } = {0.1527, 0.7868, 0.0605} before the waveform design;
whereas after we obtained the Pareto-optimal solution, the normalized values of
{εT,l } changed to {0.1075, 0.8752, 0.0173}. Hence, we conclude that the MOObased optimal waveform design puts more signal-energy into that particular sub-
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Fig. 3.10 The normalized
energy distributions of the
transmit-signal and effective
target-returns across different
subchannels in (a) Scenario I
and (b) Scenario II

carrier at which the target response is stronger, and thus makes the effective
target-return more prominent along that subcarrier.
As a further confirmation, we did a similar analysis with values of {εS,l } and

{εT,l /( L−1
l=0 εT,l )} for Scenario II. Results are shown in Fig. 3.10(b). Observing the
two left-most vertical bars, we again notice that the transmitted-signal energy was
amplified along the first subchannel after the waveform design. The two right-most
vertical bars indicate a noticeable redistribution of the effective target-energies
among the different subchannels. After the adaptive waveform design, we found
that the normalized values of {εT,l } changed from {0.5414, 0.0775, 0.3811} to
{0.7447, 0.0775, 0.1779}. This reconfirms our conclusion that the Pareto-optimal
waveform design tries to further enhance the stronger target-returns. Moreover,
since we kept the noise-energy fixed and varied only the target-energy over different subchannels, we can extend our conclusion to assert that the solution of the
Pareto-optimal design redistributes the energy of the transmitted signal by putting
the most energy to that particular subcarrier in which the signal-to-noise ratio is the
strongest.
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3.6 Conclusions
In this chapter, we proposed a multi-objective optimization (MOO) technique to
design the spectral parameters of an orthogonal frequency division multiplexing
(OFDM) radar signal for detecting a moving target in the presence of multipath
reflections. The use of an OFDM signal increased the frequency diversity of our
system, as different scattering centers of a target resonate variably at different frequencies. We first developed a parametric OFDM measurement model for a particular range cell under test, and then converted it to a sparse model that accounted for
the target returns over all possible signal paths and target velocities. In our model,
the nonzero components of the sparse vector were equal to the scattering coefficients of the target at the true signal paths and target velocity. To estimate the sparse
vector, we employed a collection of multiple small Dantzig selectors that utilized
more prior structures of the sparse vector. In addition, we proposed a criterion to
optimally design the OFDM spectral parameters for the next coherent processing
interval based on the MOO approach. We applied the nondominated sorting genetic algorithm II (NSGA-II) to solve a constrained MOO problem that simultaneously optimizes three objective functions: maximizes the Mahalanobis distance to
improve the detection performance, minimizes the weighted trace of the Cramér–
Rao bound matrix for the unknown parameters to increase the estimation accuracy,
and minimizes the upper bound on the sparse-error to improve the efficiency of the
equivalent sparse-estimation approach.
We presented several numerical examples to discuss the solutions of the MOO
problem and to demonstrate the achieved performance improvement due to the
adaptive OFDM-waveform design. As expected, we noticed that the solutions residing on the Pareto-front were compromisable in nature and they varied in between
two extrema that were approximately equal to the individual solutions of the objective functions when solved independently. We found that only a subset of the Paretooptimal solutions produced better performance than a fixed waveform with respect
to the all three objective functions. When the noise powers over different subcarriers were the same, we further inferred that the Pareto-optimal solutions put the
most transmitted signal-energy to that particular subcarrier along which the signalto-noise ratio is the strongest.
In our future work, we will extend our model to incorporate more realistic physical effects, such as diffractions and refractions, which exist, for example, due to
sharp edges and corners of the buildings or rooftops in an urban environment. We
will incorporate other waveform design criteria, e.g., ambiguity function and similarity constraint, into the MOO algorithm. In addition, we will validate the performance of our proposed adaptive waveform design technique with real data.
Acknowledgements This work was supported by the AFOSR Grant FA9550-11-1-0210 and
ONR Grant N000140810849.
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