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NMO-velocity surfaces and Dix-type formulas in anisotropic
heterogeneous media

Vladimir Grechka∗ and Ilya Tsvankin‡

ABSTRACT

tion raypath. This formalism is particularly simple to
implement for a stack of homogeneous anisotropic layers separated by plane dipping boundaries. Since our
method involves computing just a single (zero-offset)
ray for a given reflection event, it can be efficiently used
in anisotropic stacking-velocity tomography.
Application of the Dix-type averaging to layered
transversely isotropic media with a vertical symmetry
axis (VTI) shows that the presence of dipping interfaces
above the reflector makes the P-wave NMO ellipse dependent on the vertical velocity and anisotropic coefficients ² and δ. In contrast, P-wave moveout in VTI
models with a horizontally layered overburden is fully
controlled by the NMO velocity of horizontal events and
the Alkhalifah-Tsvankin coefficient η ≈ ² − δ. Hence,
in some laterally heterogeneous, layered VTI models
P-wave reflection data may provide enough information
for anisotropic depth processing.

Reflection moveout of pure modes recorded on
conventional-length spreads is described by a normalmoveout (NMO) velocity that depends on the orientation of the common-midpoint (CMP) line. Here, we
introduce the concept of NMO-velocity surfaces, which
are obtained by plotting the NMO velocity as the radiusvector along all possible directions in 3-D space, and use
it to develop Dix-type averaging and differentiation algorithms in anisotropic heterogeneous media.
The intersection of the NMO-velocity surface with
the horizontal plane represents the NMO ellipse that
can be estimated from wide-azimuth reflection data. We
demonstrate that the NMO ellipse and conventionalspread moveout as a whole can be modeled by Dixtype averaging of specifically oriented cross-sections of
the NMO-velocity surfaces along the zero-offset reflec-

INTRODUCTION

special case of a homogeneous isotropic layer, the NMO ellipse
was first obtained by Levin (1971).
The orientation and semi-axes of the NMO ellipse depend
on the spatial derivatives of the slowness vector at the CMP
location. The simplicity and generality of this result arise because NMO velocity governs the wavefront curvature at zero
offset (Shah, 1973); therefore, its azimuthal variation has to
be a quadratic function in the spatial coordinates. Grechka,
Theophanis, and Tsvankin (1999) extended the equation of the
NMO ellipse to mode-converted waves in horizontally layered
anisotropic models with a horizontal symmetry plane in each
layer.
The elliptical azimuthal dependence of the NMO-velocity
function was used to develop efficient algorithms for azimuthal
stacking-velocity analysis and moveout correction in wideazimuth 3-D surveys (e.g., Corrigan et al., 1996; Grechka and

Normal-moveout (NMO) velocity estimated from reflection
traveltimes recorded in common-midpoint (CMP) geometry
provides valuable information about the velocity field and
anisotropic parameters of the subsurface (Tsvankin, 2001). Although the relationship between the measured moveout velocity and elastic parameters becomes rather complicated if the
model is heterogeneous and anisotropic, the azimuthal dependence of NMO velocity has a simple explicit form. Grechka and
Tsvankin (1998) examined pure-mode reflection traveltimes
recorded at a fixed CMP location along different azimuths α in
the horizontal plane and showed that the NMO velocity typically varies as an ellipse in the horizontal plane. [Vnmo (α) may
have a different form only if CMP traveltime decreases (i.e.,
reverse moveout) with offset in one or more directions.] In the
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Tsvankin, 1999b). Even more importantly, the equation of the
NMO ellipse provides a foundation for moveout inversion in
arbitrary anisotropic media. For models with a horizontally layered overburden above a dipping reflector, the NMO ellipse at
the surface represents a Dix-type average of the interval NMO
ellipses (Grechka, Tsvankin, and Cohen, 1999). This equation,
which generalizes the classical Dix (1955) result and its extensions for isotropic media (Shah, 1973; Hubral and Krey,
1980), can be used to reconstruct interval NMO ellipses from
surface data and then invert them for the anisotropic parameters. The parameter-estimation methodology based on this
approach was successfully implemented for several common
anisotropic models including orthorhombic media (Grechka
and Tsvankin, 1999a) and transverse isotropy with a vertical
(Grechka and Tsvankin, 1998), horizontal (Contreras et al.,
1999) and tilted (Grechka and Tsvankin, 2000) symmetry axis.
The papers on parameter estimation listed above, however,
consider only laterally homogeneous models above the reflector. Although Grechka, Tsvankin, and Cohen (1999) outlined
an approach for computing NMO ellipses in arbitrary heterogeneous media, their algorithm is purely numerical and is difficult to apply in interval parameter estimation. The correction
of NMO ellipses for lateral velocity variation introduced by
Grechka and Tsvankin (1999b) is restricted to horizontal layers with a horizontal symmetry plane.
Here, we relax the assumption of Grechka and Tsvankin
(1998) that the CMP line belongs to the horizontal plane and
examine the NMO velocity measured along an arbitrary direction L in 3-D space. (One can imagine, for instance, recording
reflection arrivals along an oblique or vertical borehole.) If the
vectors Vnmo (L) are plotted from the CMP location, their ends
form the NMO-velocity surface, and the NMO ellipse is the
intersection of this surface with the horizontal plane.
Even though under normal circumstances we cannot count
on measuring Vnmo along many different directions in space,
this new theory naturally leads to a concise Dix-type representation of NMO ellipses in heterogeneous anisotropic media.
As an example, we construct Dix-type formulas for a stack of
homogeneous anisotropic layers separated by plane dipping interfaces. In the practically important case of non-elliptical VTI
(traversely isotropic with a vertical symmetry axis) media, the
influence of dipping interfaces above the reflector may make
the P-wave NMO ellipses measured at the surface dependent
on the interval vertical velocities and Thomsen’s coefficients
² and δ, thus affording opportunities for reconstructing the
model in depth using P-wave moveout data.
NMO-VELOCITY SURFACES IN HETEROGENEOUS
ANISOTROPIC MEDIA

General formulation
We consider the NMO velocity of a pure-mode reflected
wave that was recorded along an arbitrary oriented CMP line
L in heterogeneous anisotropic media. It is assumed that the
traveltime of the selected reflection event is uniquely defined
for each (moderate compared to the reflector depth) sourcereceiver offset. If the traveltime becomes multivalued, as in
the vicinity of shear-wave cusps, the moveout function usually
requires a more elaborate approximation than the hyperbolic
equation parameterized by NMO velocity.
The exact function Vnmo (L) is derived in Appendix A as [see
equation (A–16)]

−2
Vnmo
(L) = L U LT ,

(1)

where L = [L1 , L2 , L3 ] is a unit row vector, LT is a unit column
vector, and U is a 3 × 3 symmetric matrix with the elements

Ukm = τ0

∂ 2 τ (x)
∂ pk (x)
≡ τ0
,
∂ xk ∂ xm
∂ xm

(k, m = 1, 2, 3).

(2)

Here τ0 is the one-way traveltime from the zero-offset reflection point to the CMP location, and pk (x) are the components of the slowness vector p(x) = [ p1 (x), p2 (x), p3 (x)] corresponding to rays excited at the zero-offset reflection point
and recorded at location x. The derivatives in equation (2) are
evaluated at the common midpoint.
Azimuthally dependent NMO velocity in the horizontal
plane (usually an ellipse) described by Grechka and Tsvankin
(1998) can be viewed as the intersection of the NMO-velocity
surface U with the horizontal plane. Substituting a horizontal unit vector Lhor = [cos α, sin α, 0] into the general expression (1) yields the NMO ellipse as a function of the azimuth α:
−2
Vnmo
(α) = U11 cos2 α + 2U12 sin α cos α + U22 sin2 α.

(3)

The 2 × 2 matrix W introduced by Grechka and Tsvankin
(1998) to define the NMO ellipse (3) coincides with the upper
left submatrix of U:

Wi j = τ0

∂ pi (x)
= Ui j ,
∂x j

(i, j = 1, 2).

(4)

Possible shapes of NMO-velocity surfaces
Equation (1) indicates that the function Vnmo (L) defines a
centered quadratic surface in 3-D space. The shape of this surface is determined by the eigenvalues of the matrix U, which
have to be real because U is real and symmetric. Using equation (4), U can be written in the form



W11

U = W12
U13

W12
W22
U23


U13

U23  .
U33

(5)

Equation (5) allows us to use the known properties of the matrix W (Grechka and Tsvankin, 1998; Grechka, Tsvankin, and
Cohen, 1999) to make several important observations about
the matrix U. First, if the NMO ellipse W has been found from
moveout data, we need to determine only three quantities Uk3
to reconstruct the whole NMO-velocity surface U. Below, we
show that the elements Uk3 can be computed by differentiating
the Christoffel equation at the CMP location. Second, since
for homogeneous anisotropic media the elements Wi j were
obtained in an explicit form [Grechka, Tsvankin, and Cohen,
1999, their equations (7) and (8)], the matrix U as a whole
can be found explicitly as well. Third, the cross-section of the
NMO-velocity surface U along the horizontal plane is elliptical because the matrix W typically represents an ellipse in the
horizontal plane (Grechka and Tsvankin, 1998).
There are only three distinct types of quadratic surfaces
which have elliptical cross-sections symmetric with respect to
the CMP: ellipsoids, elliptical cylinders, and one-sheeted hyperboloids (Figure 1). (Note that a hyperboloid and a cylinder may also have a nonelliptical intersection with the horizontal plane, as illustrated below.) Since the NMO-velocity
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surface is quadratic, it may have other shapes, such as those of a
two-sheeted hyperboloid, an imaginary elliptical cylinder, a hyperbolic cylinder, etc. However, this may happen only if the
matrix U has at least two nonpositive eigenvalues and reflection traveltime does not increase with offset in two or more
directions in space. Although such cases are not prohibited by
the theory, their occurrence is expected to be rare.
Note that if the NMO-velocity surface has the form of a
cylinder, the NMO velocity along the axis of the cylinder is infinite, which implies that the traveltime in this direction does
not change with offset. A numerical example below shows that
both elliptical cylinders and one-sheeted hyperboloids can be
encountered in realistic subsurface models; a more comprehensive discussion of cylindrical NMO-velocity surfaces is presented below.
Example of NMO-velocity surfaces
To investigate the shape of NMO-velocity surfaces for typical seismological models, we computed the matrix U for an
isotropic medium with a constant vertical-velocity gradient
[the velocity function is defined as V (x3 ) = V0 + vx3 ]. For this
model, the one-way traveltime τ (x) from the origin of the coordinate system to point x = [x1 , x2 , x3 ] can be found analytically
(Slotnick, 1959):

"

τ (x) =

¡

+ +
v
1
cosh−1 1 +
v
2V0 (V0 + vx3 )
2

x12

x22

x32

¢#
.

(6)

Using equations (2) and (6), we derived explicit expressions
for the matrix U in terms of V0 , v, and the depth and dip of the
reflector.
Figure 1 displays the NMO surfaces, along with computed ray
trajectories (circular arcs), for reflectors beneath this constantgradient isotropic medium. Depending on reflector dip, the
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NMO-velocity surface can take any of the three shapes discussed above (an ellipsoid, a cylinder, and a hyperboloid).
Numerical tests for other isotropic models, where velocity
monotonically increases with depth, indicate that NMOvelocity ellipsoids correspond to reflector dips below 90◦ ,
cylinders to vertical reflectors, and hyperboloids to dips exceeding 90◦ (overhangs).
COMPUTATION OF NMO-VELOCITY SURFACES

Heterogeneous arbitrary anisotropic media
The matrix U contains six quantities [e.g., equation (5)] including three components of the matrix W responsible for the
NMO ellipse. Computation of W was described by Grechka,
Tsvankin, and Cohen (1999) and is further discussed below. The
remaining elements U3k of the matrix U depend on the spatial
derivatives of the vertical slowness component p3 , which can be
obtained by combining Wi j with the solution of the Christoffel
equation at the common midpoint. Indeed, the slownesses
at each spatial location x are related to each other by the
Christoffel equation, which can be written as

F(p, x) = 0,

(7)

where p is the slowness vector at the spatial location x (e.g.,
Grechka, Tsvankin, and Cohen, 1999). Equation (7) contains
a separate contribution of the coordinates x because of the
spatial dependence of the stiffness coefficients ci j in heterogeneous media. At a fixed location x, equation (7) allows us to
express the vertical slowness p3 through the horizontal slownesses p1 and p2 . Since the elements U3k depend on p3 , they can
be found as functions of the derivatives ∂ p1 /∂ xk and ∂ p2 /∂ xk
that determine the NMO ellipse W. A complete derivation
given in Appendix B leads to the following expression for the
matrix U [equation (B-9)]:

FIG. 1. NMO-velocity surfaces (a)–(c) and trajectories of the zero-offset rays (d) in an isotropic medium with a constant vertical-velocity gradient. Reflector dip is (a) 60◦ , (b) 90◦ , and (c) 120◦ . The zero-offset reflection point D is located at a depth of 1 km;
the parameters of the velocity function V (x3 ) = V0 + vx3 are V0 = 2.0 km/s and v = 0.6 s−1 .
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W11

U= •
•

W12
W22
•


±
q,1 W11 + q,2 W12 − τ0 Fx Fq
±

q,1 W12 + q,2 W22 − τ0 Fx Fq
.
¡
¢±
2
2
q,1 W11 + 2q,1 q,2 W12 + q,2 W22 − τ0 q,1 Fx + q,2 Fx + Fx Fq
1

1

Here, q ≡ p3 is the vertical component of the slowness vector, q,i ≡ ∂q/∂ pi = − Fpi /Fq , Fpk ≡ ∂ F/∂ pk , Fq ≡ ∂ F/∂q, and
Fxk ≡ ∂ F/∂ xk . The matrix (8) is symmetric, so the bullets are
used to denote the elements U21 = U12 , U31 = U13 , and U32 = U23 .
The derivatives with respect to the spatial coordinates in
equation (8) (i.e., Fxk ) depend on the medium properties (i.e.,
heterogeneity and anisotropy) near the CMP location. Therefore the NMO-velocity surface as a whole can be reconstructed
from the NMO ellipse W(x) if we know the slowness vector of
the zero-offset ray and local values of the elastic constants ci j (x)
near the common midpoint.
Homogeneous media
Here, we show that the NMO-velocity surface in homogeneous anisotropic media always represents a cylinder with
the axis parallel to the zero-offset ray. The matrix U that describes this cylinder can be obtained in closed form using the
Christoffel equation expressed in terms of the slowness
components.
If the medium is homogeneous, the spatial derivatives Fxk
vanish, and the matrix U from equation (8) simplifies to



W11

Uhom =  •
•

W12
W22
•



q,1 W11 + q,2 W12

q,1 W12 + q,2 W22
.
2
2
q,1 W11 + 2q,1 q,2 W12 + q,2 W22
(9)

To find the shape of the corresponding NMO-velocity surface,
note that the third column of the matrix Uhom is a linear combination of the first two columns:
hom
hom
hom
q,1 Uk1
+ q,2 Uk2
= Uk3
,

(k = 1, 2, 3).

(10)

As follows from equation (10),

det Uhom = 0.

(11)

Since the first and the second columns are generally independent, the matrix Uhom has one zero eigenvalue, so the surface
defined by Uhom has to be a cylinder. For models in which
the matrix W describes an ellipse in the horizontal plane, the
NMO-velocity surface is an elliptical cylinder. This conclusion
is valid for any pure-mode reflections in homogeneous arbitrary anisotropic media.
The axis of the NMO-velocity cylinder is parallel to the
eigenvector e = [e1 , e2 , e3 ] corresponding to the zero eigenvalue
of the matrix Uhom . Substituting the eigenvector e into the first
two rows of the matrix (9) yields


e1
e2

W11 + W12 = −q,1 W11 − q,2 W12 ,
e3
e3
e
1

 W12 + W22 e2 = −q,1 W12 − q,2 W22 .
e3
e3

(12)

Therefore,

ei
= −q,i ,
e3

(8)

2

(i = 1, 2).

(13)

2

3

The meaning of equation (13) can be explained using the
expression for the components of the group-velocity vector g
obtained by Grechka, Tsvankin, and Cohen (1999) [their equation (B-3)]:

gi
= −q,i ,
g3

(i = 1, 2).

(14)

Comparison of equations (13) and (14) shows that e is parallel to the vector g at the CMP location. In other words, the
axis of the cylinder in homogeneous media of any symmetry
points in the direction of the zero-offset ray. According to the
geometrical meaning of the NMO-velocity surface, this result
implies that the NMO velocity on the CMP line parallel to the
zero-offset ray is infinite. Indeed, if sources and receivers are
placed on the (straight) zero-offset ray, the reflected rays travel
along the acquisition line; consequently, the two-way reflection
traveltime in CMP geometry has to be independent of offset
(i.e., Vnmo goes to infinity).
The exact equation of the NMO ellipse W in anisotropic homogeneous media is given by Grechka, Tsvankin, and Cohen
[1999, equation (7)] in terms of the slowness components:

p1 q,1 + p2 q,2 − q
W=
2
q,11 q,22 − q,12

Ã

q,22
−q,12

!
−q,12
,
q,11

(15)

where

q,i j = −

Fpi p j + Fpi q q, j + Fp j q q,i + Fqq q,i q, j
Fq

, (i, j = 1, 2),

Fpi p j ≡ ∂ 2 F/∂ pi ∂ p j , Fpi q ≡ ∂ 2 F/∂ pi ∂q, and Fqq ≡ ∂ 2 F/∂q 2 .
Since all quantities in equation (15) can be obtained explicitly
from the Christoffel equation, equations (9) and (15) indicate
that the whole NMO-velocity cylinder can also be constructed
analytically for a given slowness vector p = [ p1 , p2 , q] of the
zero-offset ray.
P-wave NMO cylinder in a weakly anisotropic VTI layer
According to equation (9), if the NMO-velocity cylinder
Uhom has been reconstructed from seismic data, it should be
possible to find the derivatives q,i in addition to the NMO
ellipse W. Since for some models q,i may depend on medium
parameters not constrained by the NMO ellipse, the NMOvelocity surface may provide valuable information for
anisotropic inversion. This point is illustrated here for the
P-wave NMO-velocity cylinder UVTI from a plane dipping reflector beneath a homogeneous VTI layer.
To simplify the derivation of the matrix UVTI , we assume
that the anisotropy is weak, and the NMO velocity can be linearized in Thomsen’s (1986) anisotropic coefficients ² and δ.
The P-wave NMO ellipse [i.e., the elements Wi j in equation (9)
expressed through the horizontal slowness components p1 and
p2 ] in VTI media is fully controlled by the NMO velocity from
a horizontal reflector

p
Vnmo,P = V P0 1 + 2δ

(16)
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and the “anellipticity” coefficient η defined as

²−δ
,
η≡
1 + 2δ

(17)

where V P0 is the P-wave vertical velocity (Alkhalifah and
Tsvankin, 1995; Grechka and Tsvankin, 1998). Hence, it is instructive to express our results in terms of Vnmo,P , η, and one of
the generic Thomsen parameters (e.g., δ) instead of the more
conventional parameter set [V P0 , ², δ].
Selecting the coordinate frame in which the reflector normal
lies in the vertical plane [x1 , x3 ], so that the zero-offset slowness
component p2 = 0 (Figure 2a), we use equations (9) and (15)
to obtain
VTI
VTI
U11
≡ W11
=

1
2
Vnmo,P

− p12 [1 + 2η(4y 2 − 9y + 6)], (18)

VTI
VTI
≡ W22
= 0,
U12

1
− 2ηp12 (2 − y),
2
Vnmo,P
p
·
¸
p1 1 − y
8y 2 − 15y + 8
VTI
=−
1 + δ − ηy
U13
,
Vnmo,P
1−y
VTI
VTI
U22
≡ W22
=

(19)
(20)
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(TI) media with a horizontal symmetry axis (HTI) given by
Contreras et al. (1999). Note that the vertical symmetry axis
a in Figure 2a becomes horizontal after rotating the whole
plot by 90◦ around the coordinate axis x2 . Hence, this rotation
transforms the VTI model in Figure 2a into the HTI model in
VTI
VTI
and U33
determine the NMO
Figure 2b. The quantities U22
ellipses in both the vertical [x2 , x3 ]-plane of the original VTI
model and the horizontal [x2 , x̃3 ]-plane of the new HTI model.
The results of Contreras et al. (1999) show that the HTI ellipse
WHTI is a function of δ as well as of Vnmo,P and η.
Although the discussion of NMO velocities measured outside the horizontal plane may seem purely academic (unless
vertical or oblique boreholes are available), intersections of
the NMO-velocity surface with nonhorizontal planes play an
important role in Dix-type averaging of NMO velocities in heterogeneous anisotropic media. As we demonstrate below, the
information contained in the matrix elements Uk3 can be extracted from the surface NMO ellipse in the presence of lateral
heterogeneity above the reflector (such as intermediate dipping interfaces). It is known, though, that this is not possible
for media with elliptical anisotropy, where η = 0 (Dellinger and
Muir, 1988).

(21)

VTI
U23
= 0,

(22)

VTI
= p12 [1 + 2δ − 4ηy(1 − 2y)],
U33

(23)

2
where y ≡ p12 Vnmo,P
.
Equations (18)–(20) describe the NMO ellipse WVTI with
axes pointing in the dip and strike directions of the reflector.
The dip component of the P-wave NMO velocity [Alkhalifah
VTI
in
and Tsvankin, 1995, their equation (7)] is defined by W11
VTI
gives the strike
equation (18), whereas equation (20) for W22
component [Grechka and Tsvankin, 1998, their equation (11)].
Clearly, the NMO ellipse WVTI as a whole is governed by Vnmo,P
and η, with no dependence on δ; this conclusion holds for strong
anisotropy as well (Grechka and Tsvankin, 1998).
Equations (21)–(23), which specify the additional components of UVTI needed to build the NMO-velocity cylinder,
indicate that the Vnmo in nonhorizontal directions depends on
all three parameters (Vnmo,P , η, and δ). This result also follows
from the equation of the NMO ellipse in transversely isotropic

DIX-TYPE FORMULAS IN HETEROGENEOUS
ANISOTROPIC MEDIA

The NMO-velocity surfaces U(x) can be called “effective”
because, just as for effective NMO velocities, they incorporate the influence of the medium properties along the whole
ray path between the zero-offset reflection point and the CMP
location. Here, we devise Dix-type formulas for building the effective NMO-velocity surfaces from interval (or local) surfaces
in heterogeneous anisotropic media.
General considerations
Let us assume that the projection of the slowness vector p
onto a certain plane P is preserved along the segment L of
the zero-offset ray. That will be the case, for example, if the
ray crosses homogeneous layers separated by plane parallel
interfaces P. For simplicity, suppose that this segment starts
at the zero-offset reflection point. To find the NMO-velocity
surface U at the end of the segment L, it is convenient to rewrite
equation (2) in the vector form,

FIG. 2. Dipping reflectors beneath VTI (a) and HTI (b) media. The HTI model is obtained by rotating the symmetry axis a of the
VTI model by 90◦ around the strike direction x2 .
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∂x
.
∂p

τ0 U−1 =

(24)

Constructing the intersection of the surface U with the plane
P, we obtain the NMO ellipse WP = U ∩ P, which satisfies

τ0 [WP ]−1 =

¯
∂xP ¯¯
.
∂p ¯pP

(25)

The superscript “P” in xP and pP emphasizes that the
derivatives of the ray coordinates x are taken in the plane
P (xP = x ∈ P) with respect to the projection of the slowness
vector p onto this plane (Grechka, Tsvankin, and Cohen, 1999).
Next, we divide the segment L into a number of smaller
intervals ` and define the interval zero-offset traveltimes τ0,`
and NMO ellipses WP` . The interval NMO ellipses correspond
to nonexistent reflectors orthogonal to the slowness vector of
the zero-offset ray. Applying equation (25) to each interval
yields

£

¤−1
τ0,` WP`

¯
∂xP` ¯¯
=
.
∂p ¯pP

(26)

Summing up equation (26) over the segment L and taking into
account that xP = 6` xP` and τ0 = 6` τ0,` , we find

[WP ]−1

X
`

τ0,` =

X
`

£
¤−1
τ0,` WP`
.

(27)

Equation (27) is identical to the generalized Dix formula of
Grechka, Tsvankin, and Cohen (1999) derived for horizontally
layered media (i.e., for a horizontal plane P) above a dipping
reflector. Note, however, that the plane P in equation (27) can
have arbitrary orientation.
The derivation above can be repeated for the segment L
located anywhere on the zero-offset ray. To obtain the intersection of the NMO-velocity surface U with the plane P at the
end of L we have to compute τ0 [WP ]−1 at the beginning of
the segment and add it to the right-hand side of equation (27).
Therefore, if the projection of the slowness vector pP onto the
plane P is preserved along the segment L, the contribution of
this segment to the intersection of the effective NMO-velocity
surface with P can be obtained using Dix-type averaging of the
corresponding intersections WP` of the interval NMO-velocity
surfaces U` .
Below, we demonstrate how the effective NMO velocity in
heterogeneous anisotropic media can be obtained by integrating the interval NMO ellipses along the zero-offset ray.

where τ0 is the traveltime along the ray, and H ≡ H (p, x) is
the Hamiltonian of some particular form, which does not need
to be specified here. Equation (29) indicates that the slowness p changes in the direction dp/dτ0 as we move along the
ray. Hence, the projection of the slowness vector onto the tangent plane P(τ0 ) ⊥ dp/dτ0 (i.e., the plane P(τ0 ) is orthogonal
to the vector dp/dτ0 ) is locally preserved (Figure 3). [The case
of curved interfaces requires a separate treatment and is discussed by Grechka et al. (2000b).] Therefore, equation (27)
can be applied to the NMO ellipse WP(τ0 ) (τ0 ) = U(τ0 ) ∩ P(τ0 )
at the infinitesimal ray segment corresponding to the interval
traveltime 1τ0 to produce the ellipse WP(τ0 ) (τ0 + 1τ0 ).
To account for the fact that P(τ0 + 1τ0 ) generally differs
from P(τ0 ) (Figure 3), we reconstruct the whole NMO surface
U(τ0 + 1τ0 ) [using the Christoffel equation] and find its intersection with the plane P(τ0 + 1τ0 ) (see Appendices C and D):

WP(τ +1τ ) (τ0 + 1τ0 ) = U(τ0 + 1τ0 ) ∩ P(τ0 + 1τ0 ).
0

0

The resulting NMO ellipse WP(τ0 + 1τ0 ) (τ0 + 1τ0 ) can be continued along the next time interval, starting at τ0 + 1τ0 .
Using this formalism, the NMO surface can be built by integrating the local NMO ellipses while solving the ray-tracing
equations in heterogeneous anisotropic media. A more detailed mathematical description of this procedure is given in
Appendices C and D. On the whole, the results above show
that it is possible to model NMO ellipses in heterogeneous
anisotropic media by tracing a single (zero-offset) ray.
Homogeneous layers separated by plane dipping interfaces
The theory of the Dix-type averaging of NMO-velocity surfaces yields relatively simple results for the practically important special case of piecewise homogeneous media composed
of anisotropic layers (or blocks) separated by plane dipping
interfaces. In such a medium, the projection of the zero-offset
slowness vector onto each interface is preserved due to Snell’s
law (i.e., p` × z` = p`+1 × z` at the `th interface with the normal z` ; see Figure 4). Therefore, the layer boundaries play the
role of the planes P that determine the intersections WP to be

Heterogeneous anisotropic media
Suppose the medium is heterogeneous, and all components
of the slowness vector vary in some fashion along the zerooffset ray. The description of rays in heterogeneous anisotropic
media is given by the following system of differential equations
(e.g., Červeny et al., 1977):

∂H
dx
=
dτ0
∂p

(28)

1 ∂H
dp
=−
,
dτ0
2 ∂x

(29)

and

FIG. 3. If the projection of the slowness vector p(τ0 ) onto the
plane P(τ0 ) [P(τ0 ) is orthogonal to dp/dτ0 ] is locally preserved,
the intersection of the NMO-velocity surface with P(τ0 ) at the
end of the ray segment corresponding to 1τ can be found from
the Dix-type equation (27).

Dix Formulas in Anisotropic Media

averaged by the Dix-type equation. Note that, as shown in
equation (9), NMO-velocity surfaces in piecewise homogeneous media always have a cylindrical shape.
Figure 4 schematically illustrates the 3-D process of constructing the NMO-velocity cylinders in layered media with
dipping interfaces. Assuming that the slownesses p` and traveltimes τ0,` have already been obtained from ray tracing, the
Dix-type averaging can be performed as follows:
1) Using equations (9) and (15), compute the NMO-velocity
cylinder U1 in the layer ` = 1 immediately above the
reflector; the slowness vector p1 is parallel to the reflector normal. The interval cylinder U1 is equal to
the “effective” cylinder U(1) in the first layer. If the
layer number ` > 1, the cylinder U(`) (dashed lines in
Figure 4a) is obtained from the continuation procedure
described here.
2) Apply equation (D-7) to determine the intersection W(`)
(gray line in Figure 4a) of the cylinder U(`) with the `th
interface that has the normal z` .
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3) Compute the interval cylinder U`+1 (dashed lines in
Figure 4b) using equations (9) and (15) for the slowness vector p`+1 . Find the intersection W`+1 (gray line in
Figure 4b) of the cylinder U`+1 with the `th interface.
4) Obtain the cross-section W(` + 1) of the effective cylinder U(` + 1) at the top of the ` + 1th layer (gray line in
Figure 4c) from the Dix-type formula (27):

[W(` + 1)]−1 =

τ0 (`)[W(`)]−1 + τ0,`+1 [W`+1 ]−1
,
τ0 (` + 1)
(30)

where τ0 (`) = 6`=1 τ0, .
5) Reconstruct the cylinder U(` + 1) (dashed lines in
Figure 4d) using equations (D-12) and (9).
6) Repeat step 2 for the next layer.
The sequence described above makes it possible to compute
NMO ellipses for layered media with plane dipping interfaces
without multi-azimuth, multi-offset ray tracing. Our Dix-type

FIG. 4. Dix-type averaging of the NMO-velocity cylinders over a stack of homogeneous anisotropic layers separated by plane
dipping interfaces. The cross-section W(`) (a) of the effective cylinder U(`) at the top of the `th layer and the interval cross-section
W`+1 (b) in the ` + 1th layer are averaged using equation (30) to produce the cross-section W(` + 1) (c) of the effective cylinder
U(` + 1) (d) at the surface. Note that W(` + 1) is the intersection of U(` + 1) with a plane parallel to the `th interface. The vector
z` is orthogonal to the `th interface.
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averaging procedure was used by Grechka et al. (2000a, b)
to devise an efficient algorithm for P-wave stacking-velocity
tomography in piecewise homogeneous VTI media.
Numerical example
To verify the accuracy of Dix-type averaging in layered media with dipping interfaces, we computed the NMO ellipses at
the horizontal surface for a model composed of three TI layers with a tilted symmetry axis (Table 1). Figure 5 displays the
NMO ellipses for the reflection from the bottom of the model
determined from the Dix-type averaging procedure (solid) and
3-D anisotropic ray tracing (dotted). The ellipses almost coincide, thus confirming that the Dix-type equations give an
adequate description of reflection moveout on conventionallength spreads. The small difference of up to 1.6% between the
theoretical and ray-traced ellipses in Figure 5 can be attributed
to the influence of nonhyperbolic moveout, which is not taken
into account by our NMO-velocity equations. However, the

Table 1. Relevant parameters of the layered TI model with
a tilted symmetry axis used in the numerical test. Parameters
ν and β are the tilt and azimuth of the symmetry axis, respectively; φ1 and φ2 are the dip and azimuth of the reflector (all
in degrees), respectively.
Reflector
depth
(km)
1.0
2.0
3.0

V P0
(km/s)

²

δ

ν

β

φ1

φ2

0.5
1.0
2.0

0.20
0.10
0.15

0.10
0.07
0.10

10.0
20.0
30.0

60.0
50.0
40.0

20.0
40.0
30.0

20.0
60.0
0.0

FIG. 5. NMO ellipses computed for the P-wave reflection from
the deepest interface in the TTI model from Table 1. Solid line
is the ellipse calculated from the Dix-type formulas; dotted line
is the ellipse reconstructed from the best-fit moveout velocities
obtained using ray-traced traveltimes in six azimuths separated
by 30◦ . The maximum offset X = 3 km is equal to the distance
between the CMP and the reflector.

errors due to nonhyperbolic moveout are small (at least, for
P-waves) when the maximum offset does not exceed roughly
the distance between the CMP and the reflector. This conclusion holds for P-wave data in a wide variety of anisotropic
models of different complexity (e.g., Tsvankin and Thomsen,
1994; Grechka and Tsvankin, 1999a; Tsvankin, 2001).
DISCUSSION

General results
This work introduces the concept of NMO-velocity surfaces
in anisotropic heterogeneous media and applies the new theory
to devise Dix-type averaging procedures for effective NMO
velocity. Since the NMO-velocity surface is quadratic, it depends on six generally independent elements of a symmetric
matrix Ukm , which include both effective quantities averaged
between the reflector and CMP location, and local quantities
defined at the common midpoint. If the medium near the CMP
is homogeneous, the NMO-velocity surface always represents a
cylinder, irrespective of the complexity of the model as a whole.
Other shapes that may be encountered even in isotropic media
are an ellipsoid and a one-sheeted hyperboloid.
The surfaces U provide the most general description of
conventional-spread normal moveout because they can be used
to determine NMO velocity in any direction in 3-D space. One
important practical example is the NMO ellipse formed by
NMO velocities plotted in all possible azimuths within a certain plane. Since the NMO ellipse can be viewed as a crosssection of the NMO-velocity surface U, all properties of NMO
ellipses examined by Grechka and Tsvankin (1998) can be derived from the general expressions of U given here. Analysis
of NMO-velocity surfaces also helps to reveal new properties
of NMO velocity, which are hidden at a less general level.
Application of these concepts leads to Dix-type formulas
for effective normal-moveout velocity that involve averaging
of specific cross-sections of the NMO-velocity surface along the
zero-offset ray in heterogeneous anisotropic media. To implement this Dix-type formalism, we derived analytic expressions
for computing the NMO-velocity surface and its cross-sections,
as well as reconstructing the surface from a single cross-section.
It should be emphasized that our averaging procedure does not
require any of the slowness components of the zero-offset ray
to be preserved between the reflector and the surface. (It is
assumed, however, that surfaces of constant slowness, such as
boundaries between layers, are locally plane at each point of
the ray trajectory.)
Although there exists an alternative way of building the
NMO ellipses in heterogeneous media using dynamic raytracing equations (Grechka, Tsvankin, and Cohen, 1999), the
methodology developed here is much more suitable for obtaining closed-form analytic solutions for NMO velocity (it also
lends itself to geometrical interpretation). For instance, the
Dix-type averaging becomes a purely analytic procedure for
the important model composed of homogeneous anisotropic
layers separated by plane arbitrary dipping interfaces.
Implications for anisotropic parameter estimation
The main results of our Dix-type formulation which have
important implications in the estimation of anisotropic parameters from reflection data can be summarized as follows:

Dix Formulas in Anisotropic Media

1) The Dix-type equations operate with the intersections
WP of the NMO surfaces U with generally nonhorizontal
planes P determined by either dipping interfaces along
the ray (Figure 4) or the derivative of the slowness vector
dp/dτ0 (Figure 3).
2) The intersections WP = U ∩ P can depend on the
anisotropic parameters that are not constrained by the
NMO ellipses in the horizontal plane.
Thus, certain types of lateral heterogeneity may actually help
in anisotropic inversion by tilting the planes P encountered by
the zero-offset ray. For example, nonhorizontal cross-sections
of the P-wave NMO-velocity surface in VTI media depend
on the individual values of the vertical velocity V P0 and the
anisotropic parameters ² and δ, whereas the NMO ellipse in
the horizontal plane is controlled by just their combinations
Vnmo,P and η [equations (18)–(23)]. As a result, the vertical velocity, which determines the depth scale of the model, may be
obtained from surface–reflection P-wave data acquired over a
certain class of laterally heterogeneous VTI models. An example corroborating this conclusion for a two-layer model containing a VTI layer separated by a dipping interface from an
isotropic layer was presented by Le Stunff et al. (2001).
Grechka et al. (2000a, b) used the Dix-type equations presented here to develop algorithms for P-wave stacking-velocity
tomography in piecewise-homogeneous VTI media. Their results show that the presence of irregular interfaces may also
aid anisotropic parameter estimation in depth (e.g., using reflection tomography) by increasing the angle coverage of reflected rays. A complex subsurface structure, on the other hand,
may produce trade-offs between the anisotropic velocity field
and the shape of the reflector and intermediate interfaces. Understanding of the properties of NMO-velocity surfaces should
help in analyzing these trade-offs and searching for practical
ways to overcome them.
CONCLUSIONS

1) The pure-mode NMO velocity Vnmo , treated as a function of the direction L in 3-D space, forms a quadratic
surface that usually is an ellipsoid, an elliptical cylinder,
or a one sheeted hyperboloid. If the medium near the
common midpoint is homogeneous, the NMO-velocity
surface there always has the shape of a cylinder.
2) The NMO ellipse examined by Grechka and Tsvankin
(1998) is the intersection of the NMO-velocity surface
with the horizontal plane.
3) The effective NMO ellipse at the surface can be obtained by Dix-type averaging of specifically oriented
cross-sections of the NMO-velocity surfaces along the
zero-offset ray. This formalism can be applied to any (P
or S) pure-mode reflection event.
4) The NMO-velocity surface in each anisotropic layer or
block encountered by the ray usually depends on more
anisotropic parameters than does the intersection of this
surface with a horizontal plane (i.e., the NMO ellipse). If
the subsurface contains dipping interfaces above the reflector or other types of lateral heterogeneity, these additional parameters contribute to reflection traveltimes
measured at the surface and, in some cases, can be estimated using the Dix-type formulas given here (Grechka
et al., 2000a, b; Grechka et al., 2001; Le Stunff et al.,
2001). This conclusion is valid for arbitrary anisotropy in
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each layer, although the parameter-estimation procedure
becomes more complicated for lower symmetries.
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APPENDIX A
DERIVATION OF THE NMO-VELOCITY SURFACE

Here, we generalize the work of Grechka and Tsvankin
(1998) on the NMO ellipse by developing a small-offset approximation for the squared reflection traveltime t 2 recorded
on a straight CMP line parallel to an arbitrary unit vector L.
The derivation is based on expanding the traveltime in a Taylor
series in half-offset h near the CMP location (h = 0). The traveltime field is assumed to be smooth enough for all needed
derivatives to exist at zero offset.
If the coordinate of the common midpoint O is denoted
by y (Figure A-1), the coordinates of the source S and receiver
R are y − x and y + x, where

x ≡ [x1 , x2 , x3 ] = hL ≡ h[L1 , L2 , L3 ].

t(y, x, r) = t(y, x, r0 ) = τ (y − x, r0 ) + τ (y + x, r0 ).
Hence, for a given reflection event and a fixed CMP location
(constant y and r0 ), t is a function of the one-way traveltime
from the zero-offset reflection point:

t(x) = τ (−x) + τ (x).

¯
¸
3 ·
X
∂τ
∂τ
dt ¯¯
=
+
−
Lk = 0.
dh ¯h=0 k=1
∂ xk
∂ xk

(A-3)

Taking into account equation (A-1), the first derivative of
the traveltime with respect to the half-offset h is given by

(A-5)

Differentiating equation (A-4) again yields
3
X
d 2t
∂ 2t
=
Lk Lm .
dh 2
∂ xk ∂ xm
k,m=1

(A-6)

Therefore, at zero offset

¯
¯
3
X
d 2 t ¯¯
∂ 2 t ¯¯
=
Lk Lm
dh 2 ¯|x|=h=0 k,m=1 ∂ xk ∂ xm ¯h=0
¯
∂ 2 τ ¯¯
=2
Lk Lm .
∂ xk ∂ xm ¯h=0
k,m=1
3
X

(A-2)

Since reflection-point dispersal (i.e., the deviation of r from
r0 in Figure A-1 for |x| 6= 0) does not change NMO velocity
(e.g., Hubral and Krey, 1980; Goldin, 1986), we assume that
nonzero-offset rays are reflected at point r0 :

(A-4)

Using equation (A-3), we find the derivative (A-4) at zero offset as

(A-1)

The pure-mode two-way reflection traveltime t depends on
the positions of the source and receiver and on the coordinate
r = r(y, x) of the reflection point. Summing up the one-way
traveltimes τ corresponding to the downgoing and upgoing
rays yields

t(y, x, r) = τ (y − x, r) + τ (y + x, r).

3
X
dt
∂t
=
Lk .
dh
∂ xk
k=1

(A-7)

To obtain the equation for NMO velocity along the CMP
line L, we expand the traveltime t(h) in a Taylor series,

¯
¯
dt ¯¯
d 2 t ¯¯ h 2
t(h, L) = t0 +
h + 2¯
+ ···,
dh ¯h=0
dh h=0 2

(A-8)

where t0 = 2τ0 is the two-way zero-offset traveltime. Substituting equations (A-5) and (A-7) into equation (A-8) leads to

t(h, L) = t0 + h 2

¯
∂ 2 τ ¯¯
Lk Lm + · · · . (A-9)
∂ xk ∂ xm ¯h=0
k,m=1
3
X

Squaring equation (A-9) and keeping quadratic and lowerorder terms with respect to h yields

t 2 (h, L) = t02 + 2t0 h 2

¯
∂ 2 τ ¯¯
Lk Lm .
∂ xk ∂ xm ¯h=0
k,m=1
3
X

(A-10)

Introducing the source-receiver offset

X = 2h,

(A-11)

we rewrite equation (A-10) in its final form

t 2 (X, L) = t02 + (L U LT )X 2 .

(A-12)

Here the superscript T denotes transposition; the 3 × 3 symmetric matrix U is defined as

Ukm ≡ τ0

¯
¯
∂ 2 τ ¯¯
∂ pk ¯¯
=
τ
,
0
∂ xk ∂ xm ¯h=0
∂ xm ¯h=0

(k, m = 1, 2, 3),
(A-13)

FIG. A-1. Reflected rays recorded on a CMP line in 3-D space.
Point r0 is the reflection point of the zero-offset ray originated
at the CMP location O. The ray excited at S and emerging
at R is reflected at a different point r, but the reflection-point
dispersal has no influence on NMO velocity.

and

pk =

∂τ
,
∂ xk

(k = 1, 2, 3)

(A-14)

are the components of the slowness vector p = [ p1 , p2 , p3 ].

Dix Formulas in Anisotropic Media

Comparing equation (A-12) with the conventional definition
of the NMO velocity Vnmo (L) on the CMP line L,

t 2 (X, L) = t02 +

X2
,
2 (L)
Vnmo
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we conclude that

1

(A-15)

2 (L)
Vnmo

= L U LT .

(A-16)

APPENDIX B
CONSTRUCTING THE NMO-VELOCITY SURFACE FROM THE NMO ELLIPSE

Let us assume that the NMO ellipse (matrix W) in the
[x1 , x2 ]-plane has been reconstructed from three or more
moveout-velocity measurements in different azimuthal directions. To build the NMO-velocity surface U from W using equation (5), we need to obtain the matrix elements Uk3 . This can
be done by using the Christoffel equation,

F(p, x) = 0,

k=1

F pk

∂ pk
+ Fx j = 0,
∂x j

( j = 1, 2),

(i, j = 1, 2).

(B-3)

Substituting equation (B-3) into equation (B-2) and solving
for ∂ p3 /∂ x j , we find

U j3

F p W1 j + F p W2 j + τ0 Fx j
∂ p3
≡ τ0
=−
,
∂x j
Fp
( j = 1, 2). (B-4)
1

1

2

3

W11

U= •
•

W12
W22
•

(B-5)

3

At a fixed spatial location x, the Christoffel equation can be
treated as a relationship between the vertical slowness component p3 ≡ q and the horizontal slownesses p1 and p2 . Implicit
differentiation of the Christoffel equation then gives (Grechka,
Tsvankin, and Cohen, 1999)

q, j = −

Fp j
Fq

,

( j = 1, 2),

(B-6)

where q, j ≡ ∂q/∂ p j ≡ ∂ p3 /∂ p j and Fq ≡ ∂ F/∂q ≡ ∂ F/∂ p3 . Using equation (B-6), we rewrite equations (B-4) and (B-5) in
the form

U j3 = q,1 W1 j + q,2 W2 j − τ0

Fx j
Fq

,

( j = 1, 2)

(B-7)

and

U33 = q,1 U13 + q,2 U23 − τ0

2

3



F p U13 + F p U23 + τ0 Fx
∂ p3
=−
.
∂ x3
Fp

(B-2)

where Fpk ≡ ∂ F/∂ pk and Fx j ≡ ∂ F/∂ x j . The partial derivatives
of the horizontal slowness components and the zero-offset traveltime τ0 define the NMO ellipse W [see equations (2) and (4)]:

Wi j
∂ pi
=
,
∂x j
τ0

U33 ≡ τ0

(B-1)

where p = p(x) is the slowness vector of rays generated at the
zero-offset reflection point, and F explicitly depends on the
spatial coordinates x because in heterogeneous media the elastic stiffness coefficients ci j vary in space.
Differentiating equation (B-1) with respect to x1 and x2
yields
3
X

Differentiating the Christoffel equation (B-1) with respect to
x3 and taking into account that ∂ p j /∂ x3 = ∂ p3 /∂ x j because of
the symmetry of U [equations (2) and (5)] lead to the following
expression for U33 :

Fx
.
Fq
3

(B-8)

Substituting equation (B-7) into (B-8), we obtain the final
expression for U33 and the NMO-velocity surface as a whole:


±
q,1 W11 + q,2 W12 − τ0 Fx Fq
±

q,1 W12 + q,2 W22 − τ0 Fx Fq
,
¡
¢±
2
2
q,1 W11 + 2q,1 q,2 W12 + q,2 W22 − τ0 q,1 Fx + q,2 Fx + Fx Fq
1

2

1

2

(B-9)

3

where bullets in the low left-hand corner of the matrix denote
the elements U21 = U12 , U31 = U13 , and U32 = U23 .

APPENDIX C
DIX-TYPE AVERAGING IN HETEROGENEOUS ANISOTROPIC MEDIA

Here, we give a detailed description of the Dix-type procedure for building the NMO-velocity surfaces in heterogeneous
anisotropic media. Suppose we would like to use a known surface U(τ0 ) at the zero-offset traveltime τ0 to construct the surface U(τ0 + 1τ0 ) at the time τ0 + 1τ0 , where 1τ0 is an infinitesimal interval. We assume that the projection of the slowness
vector p(τ0 ) onto the plane P(τ0 ) ⊥ dp/dτ0 is locally preserved

over the ray segment corresponding to 1τ0 (Figure 3). If we
find the intersection of the NMO-velocity surface U(τ0 ) with
the plane P(τ0 ),

WP(τ ) (τ0 ) = U(τ0 ) ∩ P(τ0 ),
0

the intersection at the time τ0 + 1τ0 is given by the Dix-type
equation (27):
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¤−1
WP(τ ) (τ0 + 1τ0 )
¯
¤−1
£
£
¤−1
τ0 WP(τ ) (τ0 )
+ 1τ0 WP(τ ) ¯[τ ,τ +1τ ]
=
.
τ0 + 1τ0

£

0

0

0

0

Here,

0

0

(C-1)

¯
¯
WP(τ ) ¯[τ ,τ +1τ ] = U¯[τ ,τ +1τ ] ∩ P(τ0 )
0

0

0

0

0

0

0

is the intersection of the local NMO-velocity surface U|[τ0 ,τ0 +1τ0 ]
with the plane P(τ0 ). The local surface U|[τ0 ,τ0 +1τ0 ] can be computed using equations (8) and (15).
The plane P(τ0 + 1τ0 ) ⊥ dp/dτ0 |τ0 +1τ0 at the traveltime
τ0 + 1τ0 generally differs from the plane P(τ0 ), as shown in
Figure 3. In order to account for the rotation of the plane P
along the ray, we reconstruct the NMO surface U(τ0 + 1τ0 )
from its cross-section WP(τ0 ) (τ0 + 1τ0 ) using equations (D-9)
and (D-12) (see Appendix D), and find the intersection of
U(τ0 + 1τ0 ) with the plane P(τ0 + 1τ0 ):

WP(τ +1τ ) (τ0 + 1τ0 ) = U(τ0 + 1τ0 ) ∩ P(τ0 + 1τ0 ).
0

0

Since the slowness components are locally preserved in
the plane P(τ0 + 1τ0 ), we can continue the cross-section
WP(τ0 + 1τ0 ) (τ0 + 1τ0 ) along the next ray segment using equation (C-1) applied to the time interval [τ0 + 1τ0 , τ0 + 21τ0 ].
Thus, NMO-velocity surfaces in heterogeneous anisotropic
media can be computed simultaneously with integrating ray
equations (28).
In summary, continuation of the NMO-velocity surface along
the zero-offset ray involves the following steps:
1) Construct the intersection WP(τ0 ) (τ0 ) [equation (D-7)] of
the given NMO-velocity surface U(τ0 ) with the plane
P(τ0 ) orthogonal to the vector dp/dτ0 , which is specified
by the second equation (28).
2) Continue the cross-section of the NMO-velocity surface over the time interval 1τ0 ; that is, compute
WP(τ0 ) (τ0 + 1τ0 ) from WP(τ0 ) (τ0 ) using equation (C-1).
3) Reconstruct the surface U(τ0 + 1τ0 ) [equations (D-9)
and (D-12)] from its cross-section WP(τ0 ) (τ0 + 1τ0 ).
4) Repeat step 1 for the surface U(τ0 + 1τ0 ).

APPENDIX D
OPERATIONS WITH CROSS-SECTIONS OF NMO-VELOCITY SURFACES

In this appendix, we show how to compute the intersection
WP of the NMO-velocity surface U with an arbitrary plane
P and how to reconstruct the matrix U from its given crosssection WP . Let us denote by z the unit vector in the direction
dp/dτ0 [see equation (28)] normal to the plane P. The vector z
can be specified by two spherical angles φ1 and φ2 :

z = [sin φ1 cos φ2 , sin φ1 sin φ2 , cos φ1 ].

(D-1)

It is straightforward to verify that the unit vectors

b(1) = [cos φ1 cos φ2 , cos φ1 sin φ2 , −sin φ1 ]

(D-2)

and

b(2) = [−sin φ2 , cos φ2 , 0]

(D-3)

are both orthogonal to z and, therefore, lie in the plane P ⊥ z.
Thus, any vector b in P is given by

b = b(1) cos α + b(2) sin α,

(D-4)

where α is the azimuth (within P) with respect to b(1) .
The NMO velocity [equation (1)] within the plane P,

1
2 (b)
Vnmo

= b U bT ,

¯
¯
1
¯ = W P cos2 α + 2W P sin α cos α + W P sin2 α,
22
11
12
2
Vnmo (α) ¯P
(D-6)

where
3
X
k,m=1

Bkm,i j Ukm , (i, j = 1, 2),

Bkm,i j =

¢
1 ¡ (i) ( j)
( j)
bk bm + bk bm(i) , (i, j = 1, 2; k, m = 1, 2, 3).
2
(D-8)

Equations (D-1)–(D-3), (D-7), and (D-8) define the matrix WP
that describes the intersection (i.e., the NMO ellipse) of the
NMO surface U with the plane P defined by the unit normal z.
Next, we show how to reconstruct the whole NMO surface U
from its cross-section WP . This procedure is based on equation
(B-9), which can be written in the form


W11

U=  •
•

W12
W22
•


q,1 W11 + q,2 W12 + A1

q,1 W12 + q,2 W22 + A2
,
2
2
q,1 W11 + 2q,1 q,2 W12 + q,2 W22 + A3
(D-9)

where W is the NMO ellipse in the horizontal plane [x 1 , x2 ],
and the quantities Ai are given by

Ai = −τ0

Fxi
,
Fq

A3 = −τ0

q,1 Fx + q,2 Fx + Fx
.
Fq

(D-5)

can be viewed as the intersection of the NMO surface U with
the plane P. Substituting equations (D-2)–(D-4) into equation
(D-5) yields

WiPj =

and

(D-7)

(i = 1, 2),
1

2

3

The derivatives of F [equation (B-1)], which also determine
the derivatives q,i and q,i j of the vertical slowness component
with respect to the horizontal slownesses [equation (B-6) and
the second equation (15)], are evaluated at point x of the zerooffset ray specified by the one-way traveltime τ0 .
It is evident from equation (D-9) that in order to compute
U we need to know the matrix W because all other quantities
are obtained by differentiating the Christoffel equation (B-1).
Substituting equation (D-9) into (D-7) leads to three linear
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equations relating the matrices W and WP :

WiPj

= Ci j +

2
X
i 0 , j 0 =1

equations (D-10) can be rewritten in a more conventional form,
3
X

Di 0 j 0 ,i j Wi 0 j 0 ,

(i, j = 1, 2). (D-10)

951

k 0 =1

E k 0 k Wk 0 = WkP − Ck ,

(k = 1, 2, 3),

(D-11)

where E k 0 k are the elements of the 3 × 3 matrix



Here,

Ci j = 2A1 B13,i j + 2A2 B23,i j + A3 B33,i j
and

Di 0 j 0 ,i j = Bi 0 j 0 ,i j + q,i 0 B j 0 3,i j + q, j 0 Bi 0 3,i j + q,i 0 q, j 0 B33,i j ,
(i 0 , j 0 , i, j = 1, 2).
To emphasize the fact that equations (D-10) represent a system
of linear equations for the unknown elements Wi 0 j 0 , we replace
the pairs of indices {i j} and {i 0 j 0 } by a single index using the
following convention: {11} → 1, {12} → 2, and {22} → 3. Then,

D11,11

E =  D11,12
D11,22

2D12,11
2D12,12
2D12,22


D22,11

D22,12  .
D22,22

The linear system (D-11) can be solved for the matrix W using
standard techniques:

W = E−1 (WP − C).

(D-12)

Thus, equations (D-9) and (D-12), supplemented with the
Christoffel equation (B-1), make it possible to reconstruct
the NMO-velocity surface U from its intersection WP with
the plane P.

