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ABSTRACT
Transversely isotropic models with a tilted symmetry axis have become standard for
imaging beneath dipping shale formations and in active tectonic areas. Here, we develop a methodology of wave-equation-based image-domain tomography for acoustic
tilted transversely isotropic media. We obtain the gradients of the objective function
using an integral wave-equation operator based on a separable dispersion relation
that takes the symmetry-axis tilt into account. In contrast to the more conventional
differential solutions, the integral operator produces only the P-wavefield without
shear-wave artefacts, which facilitates both imaging and velocity analysis. The model
is parameterized by the P-wave zero-dip normal-moveout velocity, the Thomsen parameter δ, anellipticity coefficient η and the symmetry-axis tilt θ. Assuming that the
symmetry axis is orthogonal to reflectors, we study the influence of parameter errors
on energy focusing in extended (space-lag) common-image gathers. Distortions in the
anellipticity coefficient η introduce weak linear defocusing regardless of reflector dip,
whereas δ influences both the energy focusing and depth scale of the migrated section.
These results, which are consistent with the properties of the P-wave time-domain reflection moveout in tilted transversely isotropic media, provide important insights for
implementation of velocity model-building in the image-domain. Then the algorithm
is tested on a modified anticline section of the BP 2007 benchmark model.
Key words: Wave equation, TTI media, Tomography.

INTRODUCTION
Transversely isotropic (TI) models are widely used for
processing and inversion of reflection data. For complex
geologic environments (e.g. subsalt plays, fold-and-thrust
belts and fault zones), it is essential to properly account for
the tilt of the symmetry axis. However, most existing tilted
TI (TTI) velocity-analysis algorithms are based on ray-theory
techniques such as Kirchhoff migration (e.g. Wang and
Tsvankin 2013a,b) and may not be sufficiently robust in the
presence of strong heterogeneity.
Image-domain tomography (IDT) operates with the
output of wave-equation migration and updates velocity
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models using energy focusing in the extended domain.
Application of reverse-time migration (RTM) allows IDT
algorithms to properly handle structurally complex models.
Current implementations of IDT (Y. Li et al. 2016; V.
Li et al. 2017a) are limited to TI media with a vertical
symmetry axis (VTI). Weibull and Arntsen (2014) present
an IDT algorithm based on the TTI elastic wave equation
but their imaging condition employs a purely isotropic
wave-mode decomposition technique. Also, although elastic
extended images can provide more accurate amplitudes
compared to their acoustic counterparts, they are still
contaminated by aperture-truncation artefacts (Li et al. 2018)
that need to be mitigated prior to back-projecting the image
residuals.
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Here, we extend to tilted transverse isotropy the VTI
IDT algorithm developed by Li et al. (2018), which requires
addressing the following issues:
r wavefield extrapolation;
r computation of the gradient of the objective function;
r analysis of the sensitivity of the objective function to the
TTI parameters.
In principle, wavefield extrapolation for IDT purposes
can be carried out with elastic wave-equation operators.
However, in addition to the high cost of elastic modelling,
it requires either developing a suitable elastic imaging condition or employing expensive and often unreliable modedecomposition techniques. A more practical alternative is
to use acoustic wave-equation operators (Alkhalifah 1998)
based on either differential or integral wave-equation solutions. The latter approach employs the dispersion relation to
compute phase shifts needed for time-stepping the wavefield
(Du, Fowler and Fletcher 2014) and allows one to extrapolate
the P-wavefront without the so-called shear-wave artefacts
(Grechka, Zhang and Rector 2004).
Integral operators can be implemented by employing
either the low-rank approximation or a separable form of
the dispersion relation. A comparative review of anisotropic
acoustic operators can be found in Du, Fowler and Fletcher
(2014). Here, we use the ‘strongly anelliptic’ (i.e. valid for
large absolute values of the anellipticity parameter η) separable dispersion relation derived by Schleicher and Costa (2016).
Following Zhan, Pestana and Stoffa (2012), we obtain the separable TTI formulation by applying the wavenumber rotation
to the VTI equation.
The main challenge in anisotropic velocity modelbuilding is the trade-off between the medium parameters.
Analysis of the parameter signatures can provide useful
insights into model updating and help design a suitable
inversion strategy. The extended-domain signatures of the
zero-dip normal-moveout (NMO) velocity Vnmo (0), δ and
η are related to their influence on the conventional-spread
and non-hyperbolic moveout. Sava and Alkhalifah (2012)
and Li, Tsvankin and Alkhalifah (2016) demonstrate that for
VTI media the contribution of η increases with reflector dip
(because η influences the NMO velocity of dipping events)
and that energy focusing in the extended domain is sensitive
to the lateral variation of δ (but not to δ itself). However, in
TTI media with the symmetry axis orthogonal to interfaces,
the NMO velocity is determined by Vnmo (0) and δ, with no
contribution of η (Tsvankin and Grechka 2011).
Here, we present an RTM-based IDT algorithm for twodimensional acoustic TTI media. We start by introducing
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a separable dispersion relation for strongly anelliptic TTI
models, which is employed in wavefield extrapolation and
in the derivation of the inversion gradients. A review of the
properties of the NMO velocity in TTI media helps explain
the design of the inversion methodology. Then, using a homogeneous TTI model with a dipping interface, we discuss how
the known properties of reflection moveout translate to the
extended domain. Next, we test the obtained gradient expressions and evaluate the influence of the symmetry-axis tilt on
the inversion gradients. Finally, the developed IDT algorithm
is applied to synthetic data from a modified anticline segment
of the BP 2007 benchmark model.

THEORY
Wavefield extrapolation operator
The dispersion relation for tilted transversely isotropic (TTI)
models with the symmetry axis in the [x, z]-plane can be obtained by applying a wavenumber rotation to the corresponding VTI expression (Schleicher and Costa 2016) that includes
linear and quadratic terms in the anisotropy coefficients:
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where kx and kz are the horizontal and vertical wavenumbers, k̂x and k̂z are the corresponding wavenumbers in the
rotated coordinate system and θ is the tilt of the symmetry axis. The Padé coefficients q1 and q2 in equation (65) of
Schleicher and Costa (2016) are set to 0.5 and 0.25, respectively; their coefficient g is set to unity, which means that the
shear-wave velocity in the symmetry-axis direction is equal
to zero.
Implementation of the dispersion relation (equation (1))
in wavefield extrapolation requires separating the tilt θ from
the wavenumber components. Zhan, Pestana and Stoffa
(2012) derive a linearized separable approximation that
contains only the three leading terms of equation (1). Although being sufficiently accurate for weakly anisotropic
TTI media and possibly suitable for deriving image-domain
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Image-domain tomography gradients

(a)

The gradients of the objective function for image-domain tomography (IDT) or full-waveform inversion can be efficiently
computed using the adjoint-state method (Plessix 2006). The
quality of focusing in extended images is typically evaluated
with the differential semblance optimization (DSO) (Symes
and Carazzone 1991) or image-power (IP) operators (Chavent
and Jacewitz 1995; Zhang and Shan 2013). The general sequence of steps for deriving the IDT gradients in VTI media is
described in Li et al. (2017b). Here, we extend their results to
TTI models parameterized by Vnmo (0), δ, η and the symmetryaxis tilt θ . Note that the expressions for the inversion gradients
are valid for arbitrary orientation of the symmetry axis. The
gradients listed below are obtained directly from equation (1)
rather than its more complex separable form, which significantly facilitates the derivation:
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Figure 1 P-wavefront in a homogeneous TTI medium computed using
(a) the ‘strongly anelliptic’ dispersion relation (equation (A2)) and
(b) the ‘weakly anelliptic’ approximation (equation (A1)). (c) The
difference between the wavefronts on plots (a) and (b).

tomography gradients, this approximation can be improved
by retaining the entire dispersion relation in equation 1 (see
the Appendix). Separable formulations of equation (1) for
weakly and strongly anisotropic TTI media (equations (A1)
and (A2), respectively) are obtained by collecting all terms
with the same wavenumber components.
Figure 1 shows that even for TTI media with moderate
anisotropy coefficients (δ = 0.1, η = 0.15), equation (A2)
produces a more accurate wavefront at oblique angles with the
symmetry axis than the linearized approximation (equation
(A1)).
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where J is the IDT objective function, m is the modelparameter vector, τ is the correlation lag, e is the experiment
(shot) index, δ(τ ) is the Dirac delta function, ‘ ’ denotes crosscorrelation, ui and ai are the forward and adjoint wavefields,
respectively and i denotes the source (s) or receiver (r) side.
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The only difference between the gradients of the DSO and
IP objective functions is in the adjoint wavefields ai that are
computed using the corresponding penalty functions. If the
symmetry axis is vertical (θ = 0◦ ), equation (2) reduces to the
VTI form presented by Li et al. (2017b).

P-wave normal-moveout velocity for tilted transverse
isotropy
The extended-domain signatures of the TTI parameters play a
key role in the sensitivity analysis and can help in optimizing
the inversion strategy. Those signatures are governed by the
properties of P-wave reflection moveout in the time domain.
For a homogeneous TTI medium with the symmetry axis orthogonal to the reflector, the exact P-wave normal-moveout
(NMO) velocity is given by (Tsvankin 2012):
Vnmo (θ ) =

V (0)
Vnmo (0)
=  nmo
,
cos θ
2
1 − p2 VP0
√
Vnmo (0) = VP0 1 + 2δ ,
p=

sin θ
,
VP0

(3)

where VP0 is the P-wave symmetry-direction velocity and p
is the horizontal slowness (ray parameter) of the zero-offset
ray. Note that p (unlike θ ) can be determined from P-wave
reflection traveltimes because it is equal to the time slope on
the zero-offset (or stacked) section. Hence, it is possible to
estimate both VP0 and δ if Vnmo (0) can be obtained from horizontal events (e.g. for a bending TTI layer; see Tsvankin and
Grechka 2011). However, if the TTI parameters vary laterally, NMO-velocity inversion cannot be performed without
additional information.
Equation (3) shows that, in contrast to VTI media, η
does not influence the P-wave NMO velocity regardless of
reflector dip. Therefore, errors in η will only influence nonhyperbolic moveout and imaging of far-offset data (Tsvankin
and Grechka 2011). The parameter δ, however, does contribute to Vnmo ( p), if the medium is parameterized by Vnmo (0),
δ and η. This means that δ-errors in TTI media should cause
not only a depth shift in the migrated domain but also defocusing in extended images, which is confirmed by the synthetic tests.

is valid for strongly anelliptic media. Similarly to Li et al.
(2018), parameter updating is carried out by focusing energy
in extended least-squares reverse-time migration (LSRTM)
images. Application of LSRTM helps reduce kinematic
artefacts in the extended domain and improve the robustness
of model updating. As a linear inverse problem, LSRTM can
be efficiently implemented using a conjugate-direction algorithm (Claerbout 1992). The convergence of LSRTM can be
expedited by applying non-stationary matching filters to the
LSRTM gradient (Guitton 2017; Li et al. 2018). The matching filters approximate the inverse Hessian of the data-misfit
objective function and produce so-called ‘pseudoinverse’
images.
Extension of the algorithm described in Li et al. (2017a)
to tilted transverse isotropy requires adjustments in the objective function and inversion strategy. For dipping events in TTI
models, the normal-moveout (NMO) velocity is controlled by
its zero-dip value Vnmo (0) and δ. However, especially in the
presence of lateral heterogeneity, it is not feasible to reliably
constrain both Vnmo (0) and δ from only P-wave reflection traveltimes. Therefore, we incorporate vertical δ-profiles at available boreholes into the image-domain objective function (Li
et al. 2018) as follows:
J = (1 − β)(JDSO − α JIP ) + β ||δ − δref ||,

(4)

where δref is the reference δ-field obtained from imageguided interpolation between the boreholes, and α and β are
model-dependent weighting factors. To steer the algorithm towards geologically plausible solutions, image-guided smoothing (Hale 2009; Wang and Tsvankin 2013b) is applied to
the inversion gradients. Model updating is carried out by the
L-BFGS inversion algorithm. The symmetry axis is assumed
to be orthogonal to reflectors, and its tilt is found from the
interface dips in the LSRTM images.
Because Vnmo (0) and δ influence the NMO velocity in
TTI media, these parameters can be constrained prior to updating η (hereafter, for brevity we denote Vnmo (0) simply as
Vnmo ). Therefore, parameter estimation can be performed sequentially by first fitting conventional-spread moveout (via
updates in Vnmo and δ) and then non-hyperbolic moveout (via
updates in η). This sequence (see also Wang and Tsvankin
2013b; Pattnaik et al. 2016) is repeated until further iterations no longer reduce the objective function.

METHODOLOGY

SIGNATURES OF MEDIUM PARAMETERS

Wavefield extrapolation is performed with the integral operator based on the dispersion relation in equation (A2), which

We analyse the parameter signatures in the extended domain for a reflector dipping at 30◦ beneath a homogeneous
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(a)

Figure 2 Conventional RTM image for a model with a dipping
reflector beneath a homogeneous TTI medium (Vnmo = 2.7 km/s,
η = δ = 0.15; the symmetry axis is orthogonal to the reflector). The
vertical blue line marks the location of the common-image gather
(CIG) displayed in Figs. 3– 6.

(b)

(a)

(c)

(b)

Figure 4 Space-lag CIGs for the model in Fig. 2 computed with:
(a) η = 0, (b) η = 0.15 (actual value) and (c) η = 0.3.

(c)

Figure 3 Space-lag CIGs for the model in Fig. 2 computed with:
(a) Vnmo = 2.4 km/s, (b) Vnmo = 2.7 km/s (actual value) and
(c) Vnmo = 3.0 km/s. The parameters δ and η are kept at their actual values.
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tilted tranversely isotropic (TTI) medium; the symmetry axis is
orthogonal to the reflector. The model parameters are defined
on a rectangular grid, and the data are generated by 51 sources
evenly spaced at the surface. The conventional reverse-timemigration (RTM) image computed with the actual model is
shown in Fig. 2. Application of non-stationary matching filters
suppresses the kinematic artefacts caused by aperture truncation and increases the sensitivity of energy focusing to the TTI
parameters. Space-lag common-image gathers (CIGs) are generated at surface location 2.5 km for a representative range
of the parameters Vnmo , η and δ. We distort one parameter
at a time, keeping the remaining two parameters at their actual values.
The gathers computed with Vnmo distorted by about
±11% show visible defocusing (Fig. 3), which is similar to
the signature of this parameter in isotropic and VTI media.
Errors in η produce residual energy (Fig. 4) that has a linear (V-like) shape that was also observed in extended images
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(a)

(a)

(b)

(b)

(c)

(c)

Figure 5 Space-lag CIGs for the model in Fig. 2 computed with:
(a) δ = 0, (b) δ = 0.15 (actual value) and (c) δ = 0.3.

generated with inaccurate η-values for near-horizontal interfaces in VTI media (Sava and Alkhalifah 2012; Li et al. 2016).
This is explained by the fact that in both cases η influences
only non-hyperbolic (long-spread) moveout.
Distortions in the δ-field lead to both depth shifts and
moderate defocusing, with the latter caused by the influence
of that parameter on the normal-moveout velocity of dipping
events (Fig. 5, see equation (3)). To confirm our interpretation
of the extended-domain signatures, we also use Kirchhoff migration to compute surface-offset CIGs, which clearly show
the residual moveout caused by errors in δ (Fig. 6).

GRADIENT COMPUTATION
Next, we compute the η-gradient in the image domain
for the model in Fig. 2. To evaluate the influence of the
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Figure 6 Surface-offset CIGs computed with Kirchhoff migration for
the model in Fig. 2 using (a) δ = 0, (b) δ = 0.15 (actual value)
and (c) δ = 0.3; hx is the half-offset.

symmetry-axis tilt, we compare the differential semblance
optimization (DSO) and image-power (IP) gradients obtained
from the tilted transversely isotropic (TTI) (Fig. 7) and VTI
(Fig. 8) equations.
For both the DSO (compare Fig. 7a,b with Fig. 8a,b)
and IP (compare Fig. 7c,d with Fig. 8c,d) operators, there
is a noticeable difference between the results for a vertical
and tilted symmetry axis. This confirms that neglecting the
tilt should introduce significant distortions in parameter estimation for dipping interfaces beneath TTI media (Behera
and Tsvankin 2009; Wang and Tsvankin 2013a, 2013b).
Note that the gradients (especially, that for DSO) suffer from
the aperture-truncation artefacts in the extended images, as
mentioned above. These kinematic artefacts need to be mitigated (e.g., by least-squares reverse-time migration) prior
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(a)

(a)

(b)

(b)

(c)

(c)

(d)

(d)

Figure 7 IDT gradients for the model in Fig. 2 computed from the
TTI equations with the DSO (a,b) and IP (c,d) operators. Plots (a,c)
are obtained with the understated η = 0. Plots (b,d) are obtained with
the overstated η = 0.3.

Figure 8 IDT gradients for the model in Fig. 2 computed from the
VTI equations with the DSO (a,b) and IP (c,d) operators. Plots (a,c)
are obtained with the understated η = 0. Plots (b,d) are obtained with
the overstated η = 0.3.

to back-projecting the image residuals for model-updating
purposes.

a factor of two, which reduces the symmetry-axis tilt by approximately the same factor. The data for the BP model are
recomputed with our acoustic wavefield simulator and include
120 ‘streamer’ arrays with the maximum offset of 6 km.
The initial model is elliptic and laterally invariant (1D). It
is obtained by interpolating the left-most profile of the actual
Vnmo -field (Fig. 9) over the entire section. We assume that δ
is known at a single borehole location (x = 18.5 km), and

TEST ON BP MODEL
The inversion methodology described above is applied to synthetic data from a modified anticline segment of the BP 2007
model. The depth scale of the original model is squeezed by
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(a)

(a)

(b)

(b)

(c)

(c)

(d)

(d)

Figure 9 Parameters of the modified BP model: (a) Vnmo , (b) δ, (c) η
and (d) tilt θ (the symmetry axis is orthogonal to the reflectors). The
vertical black line on plot (a) marks the ‘borehole’ location where a
δ-profile is available. A total of 120 sources (one of them is marked
by a red dot) are evenly spaced at the surface between 10 and 28 km.
For each source, the data are recorded by a ‘streamer’ array (yellow
line) with a maximum offset of 6 km.

obtain the initial field of this parameter from image-guided
interpolation. Image-domain tomography (IDT) is performed
using the cascaded iterative inversion scheme described
above. Because the data are noise-free and produced with an
acoustic modeling operator, matching filters are applied just
to precondition the reverse-time migration (RTM) image.
At the first inversion stage, we update only Vnmo and δ.
Because the image-power operator requires an accurate background model, the factor α in the objective function (equation
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Figure 10 Inverted parameters for the model from Fig. 9 (the tilt θ
is estimated from the final LSRTM image): (a) Vnmo , (b) δ, (c) η and
(d) θ .

(4)) is initially set to 0.5, which emphasizes the differential
semblance optimization term; the factor β is set to 0.85. Two
iterations of IDT help refine the Vnmo - and δ-fields and reduce
the objective function by about 50% (Fig. 10a,b). At the second stage, designed to update only η, we assign equal weights
to the terms JDSO and JIP (α= 1). Image-guided smoothing
is applied to the η-gradient, which is set to zero in the water layer as well as below 3 km, where η cannot be reliably
constrained within the available offset range.
One IDT iteration constrains the η-field on the right side
of the anticline (Fig. 10c) and reduces the objective function
by 10%. However, η is not well recovered to the left of the

2019 European Association of Geoscientists & Engineers, Geophysical Prospecting, 67, 2358–2367

2366 V. Li et al.

dips and surface offsets. Errors in η cause only relatively weak
linear (V-like) defocusing regardless of reflector dip, which is
explained by the fact that η influences only long-spread (nonhyperbolic) moveout. The model-updating methodology was
tested on a modified segment of the BP 2007 model. Although
the initial model was highly inaccurate, the algorithm reconstructed the long-wavelength components of the parameters
Vnmo , δ and η and noticeably improved the quality of the migrated section.

(a)

(b)
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(c)

Figure 11 LSRTM images for the model from Fig. 9 computed with
the (a) initial, (b) inverted, and (c) actual TTI parameters.

anticline due to the overestimated normal-moveout velocity
in that area and relatively low effective values of η below the
depth of 3 km. Repeating this two-stage inversion does not
measurably reduce the objective function.
It should be mentioned that the IDT algorithm is not sufficiently sensitive to the TTI parameters below 3 km because
the thick water layer and low-velocity overburden reduce the
relative contribution of the deeper layers to the effective reflection traveltimes. Nevertheless, the updates in the TTI parameters improve the focusing of the migrated events in the
shallow region (above 4 km) and produce a more accurate
depth scale of the image (Fig. 11).

CONCLUSIONS
To extend image-domain tomography to tilted transversely
isotropic (TTI) media, we derived a separable strongly anelliptic dispersion relation that accounts for the symmetry-axis tilt.
The accuracy of that expression is sufficient for implementing the integral acoustic modelling operator and deriving the
corresponding inversion gradients. We studied the extendeddomain signatures of the parameters Vnmo , δ and η for a homogeneous TTI medium with the symmetry axis orthogonal
to the reflector. In contrast to VTI media, the parameter δ not
only changes the depth scale of the image but, along with Vnmo ,
contributes to the energy focusing for a wide range of reflector
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APPENDIX: SEPARABLE DISPERSION
RELATION FOR TILTED TRANSVERSE
ISOTROPY
Wavenumber rotation applied to equation (1) yields the
“strongly anelliptic” approximation for the tilted transversely
isotropic (TTI) dispersion relation. The symmetry-axis tilt θ
can be separated from kx and kz by collecting all terms with


C

the same wavenumber components. Rotating the wavenumbers in equation (1) and keeping only the terms linear in the
anisotropy coefficients, we obtain the following expression:

k4
2
2
ω = VP0 (kx2 + kz2 ) + (2ε cos4 θ + 2δ sin2 θ cos2 θ ) 2 x 2
kx + kz
+ (2ε sin4 θ + 2δ sin2 θ cos2 θ )

kx2

+ (4ε sin 2θ cos2 θ − δ sin 4θ)
+ (4ε sin 2θ sin2 θ + δ sin 4θ )

kz4
+ kz2

kx3 kz
+ kz2

kx2

kx kz3
kx2 + kz2

+ (3ε sin2 2θ − δ sin2 2θ + 2δ cos2 2θ)


kx2 kz2
,
kx2 + kz2

(A1)

where VP0 is the P-wave symmetry-direction velocity and ε is
Thomsen’s anisotropy coefficient. In contrast to the result of
Zhan et al. (2012), equation (A1) is consistent with the sign
convention of the rotation matrix in equation 1.
For TTI media with relatively large values of the
anisotropy coefficients, a more accurate approximation can
be obtained by applying wavenumber rotation to the entire
equation (1) and collecting all terms with the same wavenumber components:
ω2 = L +

2 
2( − δ)VP0
kx8 cos4 θ [δ + ε + (ε − δ) cos 2θ ] sin2 θ
3
(kx2 + kz2 )

+ kz8 sin4 θ [δ + ε + (δ − ε) cos 2θ] cos2 θ
+ 2kx7 kz cos3 θ [δ − (2δ + ε) cos 2θ + (δ − ε) cos 4θ ] sin θ
+ 2kx kz7 sin3 θ [δ + (2δ + ε) cos 2θ + (δ − ε) cos 4θ ] cos θ
1
− kx6 kz2 cos2 θ [−10δ − 4ε + (17δ + 3ε) cos 2θ
4
− 14δ cos 4θ + 7δ cos 6θ − 7ε cos 6θ ]
1
+ kx2 kz6 sin2 θ [10δ + 4ε + (17δ + 3ε) cos 2θ
4
+ 14δ cos 4θ + 7δ cos 6θ − 7ε cos 6θ]
1
+ kx5 kz3 sin 2θ [5ε + (5ε − 9δ) cos 2θ
4
+ 7ε cos 4θ − 7δ cos 6θ + 7ε cos 6θ]
1
+ kx3 kz5 sin 2θ [5ε + (9δ − 5ε) cos 2θ
4
+ 7ε cos 4θ + 7δ cos 6θ − 7ε cos 6θ ]
1 4 4
k k [9δ + 15ε + 20(ε + δ) cos 4θ
32 x z

+ 35(δ − ε) cos 8θ] ,

+

(A2)

where L contains all terms on the right-hand side of equation (A1).
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