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Abstract. The propagatormatrix is one ingredientin exacttheoriesof multiple scattering.
It occursin the addition theorem(or translationformula) for expandinga sphericaloutgoing
multipole, singular at one point, in terms of regular sphericalsolutions about anotherpoint.
It also occursin the two-centreexpansionof the free-spaceGreen’sfunction (or free-particle
propagator).Many methodshave beerdevisedfor computingthe propagatomatrix, but one of
the mostefficient, numerically,is basedon a formula obtainedin 1990 byRehrand Albers and
by Fritzsche.A clearderivationof this formulais given. The formulais alsosimplified, leading
to an expansiorin inversepowersof kb, wherek is the wavenumbeandb is the spacing.This
leadsto consistentapproximationswhich are asymptoticaskb — oo.

1. Intr oduction

‘Multiple scattering’meansdifferentthingsto different scientists,but a generaldefinition
might be ‘the interactionof fields with two or more obstacles’. For example,a typical
multiple-scatteringproblemin classicalphysicsis the scatteringof soundwavesby two
rigid spheres. Furtherexamples,such as the scatteringof sphericalelectronwavesby a
clusterof atoms,canbe found in condensed-mattgrhysics[9, 20].

The problemof acousticscatteringby two spheresan be solvedexactly by a method
thatgoesbackto Lord Rayleigh. Supposehatthe spheresare centredat O, and O,. Write
the scatteredield » as a superpositiorof outgoingmultipoles " (separatedolutionsof
the Helmholtzequationin sphericalpolar coordinates)pnesetsingularat O; andthe other
setsingularat Oa:

W=y (ayyy(ry) + by (ra)).
(Precisedefinitions will be given later.) Then, determinethe coeficients ' and b by
applying the boundarycondition on eachspherein turn: thisArequiresthe expansionof
Y (rp) in termsof regularsphericalsolutionscentredon Oy, ¥ (r1). Thus,we needthe
additiontheoem

Y (ra) = Spb)Pl(r)

Vi

which is valid for r; < b, wherer; = |r1|, b = |b] andr, = r1 + b.

The matrix § = (S,) is calledthe separationmatrix or the translationmatrix or the
propagatormatrix. It alsoappearsn the two-cente expansionof the fundamentabkolution
(or free-particlepropagator’). Thus,with R = a + b + ¢, we have[9, p 494]

gr o
R =)D CUIS @@ (1.1)
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whereR = |R| andthe overbardenotessomplexconjugation;this formulais certainlyvalid
if a+c <b.

Exactexpression$or S have beeknownfor over40years;seefor exampld4, 1]. The
standardexpressiorinvolvesa sumof min(z, v) terms,eachof which containsa multipole
¥, (b) and a Gauntcoeficient. (Gauntcoeficients can be written as the productof two
Clebsch—Gordanoeficientsor asthe productto two Wigner 3-j symbols,apartfrom trivial
factors.)

However,in numericalapplicationspneoftenwantsto computes,,* for manyvaluesof
n andv; the standardcexpressions inefficient for this purpose.Consequentlymanyauthors
havedevelopedvariousalgorithmsfor computingS. Someof theseprovide efficient ways
of evaluatingthe standardexpressionperhapsby recursivetechniques;see,for example,
the papersby Chew[2], Kim [11] andXu [19]. Howeveri,it is knownthatsomerecurrence
relationsare numericallyunstablein certaincircumstance$l3].

Someauthorsbeginby obtainingnew expressiongor .S, or goodapproximationgo S.
Two suchapproacheareworthy of note. First, therearemethodshasedon diagonalization
Thesewere developedor usein fastmultipolemethodswhich provide efficient numerical
methodsfor solving the boundaryintegral equationsof acoustic-scatterintheory. See,for
example,papersby Coifmanet al [3], Rokhlin [17], Epton and Dembart[6] and Rahola
[15] for moreinformation.

Secondthereare methodshasedon separation Theseusea formula of the form

kb .
mip _ mM uM
Sl (®) = — NZA:/ISHN bS" (b) 1.2)
wherethe dependencen (n, m) and (v, ) is separatedSucha formula was obtainedby
Rehrand Albers [16] and by Fritzsche[7], andis the focus of this paper.

It is known that many publishedapproximationgo S canbe obtainedby truncatingthe
seriesin (1.2); seg[7, 16]. Numerically,oneoftenretainsonly afew terms,butthis canlead
to seriouserrors,especiallyif kb is not large [8]. Neverthelessit hasbeendemonstrated
by Sébilleau[18] that, when properly truncated,(1.2) gives a very efficient and accurate
algorithmfor computingS. Moreover,he hasalsoderivedrecursiorrelationsfor calculating
thetermsin (1.2).

With this asbackgroundwe havere-examined1.2) andits derivation. First, we show
in section3 that one of the summationsn (1.2) can be evaluatedanalytically. This leads
to anexplicit formulafor S in inversepowersof kb: consistentasymptoticapproximations
of S canthenbe obtainedby truncatingthis expansion.

Secondjn section4, we give a clearderivationof (1.2). We do this mainly becausehe
existingderivationsaredefectiveor sketchy.Giventhe efficacy of (1.2), andits widespread
usein condensed-mattgrhysics,it seemswvorthwhile to give sucha derivation. Moreover,
we hopeto bring the methodto the attentionof thoseworking on relatedmultiple-scattering
problemsin otherbranchesf physics.

2. The Rehr-Albers—Fritzsche formula

Let (r, 0, ¢) be sphericalpolar coordinatesat O,. Supposefor simplicity, thatb = bz,
whereb is the position vector of 0; with respectto O, and z is a unit vector along the
z-axis (sothat 01 is at r = b, 6 = 0). (The generalsituation,in which O is not on
the z-axis can be handledby introducing rotation matrices;this was done by Danosand



Multiple scatteringandthe Rehr—Albers—Fritzschiormula 8925

Maximon [4].) It follows that

Sfuu(b‘%) = (_1)”SZlV(kb) Sm//_ (21)
whereg;; is the Kroneckerdelta; the coeficients S} (b) arecalledz-axis propagators The
introductionof the factor (—1)" on the right-handside ensureghat we havethe symmetry
property,

S (kb) = Si (kb).
Moreover,the coeficients S, do not dependon the sign of m, so that, henceforthwe can

v
assumehatm > 0.
Beforegiving anexplicit formulafor S (kb), let usfix our notationandnormalizations.

nv

We definenormalizedsphericalharmonicsby
Y™(#) = Y™, ¢) = (47)"Y2A" P (cosh)e™?

forn=0,1,2,...andm = 0, £1, +2, ..., =n, whereA" is anormalizationfactor, defined
by
— |
A" =~ L [P 2.2)
(n +m)!

and P!" is an associated egendrefunction, definedby
(1 — g2ym/2 gmn
2mpl dpmtr
Then,we definethe outgoingsphericalwavefunctionsby
U (1) = hP (k)Y ()
whereh is a sphericalHankelfunction, and the regularsphericalwavefunctionsby
Ui (r) = ju(kr)Y, (7)
where j, is a sphericalBesselfunction.

We can now state the formula publishedin 1990 by Rehr and Albers [16] and by
Fritzsche[7]. 1t is

P"(t) = (> — 1",

kb w2€+m

m _ min+v gm g —m 14 L+m
Sy (kb) = (=1 AT A = XZ: el dt(w)d"" (w) (2.3)
for m > 0, where
i

Y= 2

and
‘ n + s)lws~*t
df (w) _Z TR (2.4)
Let us make some preliminary commentson (2.3). First of all, it is exact. Second,

all summationsare finite; to be precise, the summationin (2.3) is from ¢ = 0 to
¢ = min(v, n — m) whereasthe summationin (2.4) is from s = ¢ to s = n. Thus,to
evaluate(2.3), a single sum must be calculatedwhereineachterm consistsof the product
of two sums. In fact, we will show (see(3.1) below) that part of this calculationcan be
carriedout analytically, leaving a double sum. Neverthelessthe mostimportant property
of (2.3), numerically,is thatthe dependencen n andv is separatedFinally, (2.3) givesan
expressiorfor S asan exponentialmultiplied by termsinvolving inversepowersof kb;
this leadsnaturallyto variousapproximationdf kb > 1.
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3. Reduction to a double sum

Considerthe summationin (2.3). Explicitly, we have

wttm gt gt+m w't W+ 5! (n+1)!

v¥n _

0@ +m)! Y. DU +m) v—s)ls—=0O!(n—-—0t — £ —m)!

where,in accordancevith Pauli’s ‘law of sloppiness14,p 126], we do not worry unduly
aboutthe summatioriimits. Introducinga newsummatiorvariablej = s+1, theright-hand
sidebecomes

e W+ (14— 9)! 1
]ZwIZ(v—s)! n—j+s)! ZE!(S—E)!(Z—}—m)!(j—s—m—ﬁ)!

4

whereinthe £-sum can be written in termsof binomial coeficientsas

1 S j—s . 1 J
s1(j — 9! ;(»(j—s—m—ﬁ)_s!(j—s)! (j—s—m)'
Hence,

wttm gt gt+m . v+ 5)! n+j —5)!
Z %% i
L1 4 m)! ;w j'XS: m+s!@—s)NG—s—m!G—s)n—j+s!

Thus,apartfrom the summationimits (which will be obtainedater), we havethefollowing
result.

Theoem1.

) eikb n+v i J 51
S™ (kb) = (—1)"%"*”% > <%) > AW, Im) A (n, —|m]) (3.1
j=Im| s=50

for all kb > 0, whereso = max0, j — n), s3 = min(v, j — |m|) and

v+ s)!
(m+ s)lsl(v — s)!

Y et (v + m)! v+ s)!
B 2v+l\/ W —=—m)! (m+s)s!(v—s)!" (3.2)

It is interestingto compare(3.1) with the Rehr—Albers—Fritzschéormula (2.3). Thus,
the dependencen n and v is separatedn both, but (2.3) involves the functions d‘(w)
whereaq3.1) involvesthe coefficients A, (rn, m). Formula(3.1) canalsobe usedto obtain
consistentapproximationdor large kb. Thus,for the leading-ordeapproximation(; = 0),
we musttakem = 0 whencesp = 51 = 0 giving

As(w,m) = (=D"A"

gkt
S™ (kb) ~ (SmO%I”*”\/Zn +1/2v 1 & kb — 00 (3.3)

which is known asthe plane-waveapproximation [12]. If we includetermsof O((kb)~2),
we obtain

S™ (kb) ~ 8,oSTMML + wln(n 4+ 1) + v(v 4+ D]} — w8 ST + 1)y/v(v + 1)
askb — oo, wheres,,0SPYA is the right-handside of (3.3) andw = i/(2kb).

nv
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4. The Rehr—Albers—Fritzscheformula: a proof

The publishedderivationsof (2.3) areunsatisfactoryor severalreasonsasdiscussedelow
in section4.1. As (2.3) is so useful,both for numericalwork andfor generatingasymptotic
approximationsit seemsworthwhile to give a moretransparenterivation. We beginwith
an integralrepresentatiorior €% /R.

Theoem?2.

eikR 52 )
whereR = |R| > 0 and+ € Q, the unit sphere. The contourC goesfrom & = —oo to
& = +o0, passingabovethe simplepole at § = —k andbelowthe simplepole at § = +k.

Proof. Direct calculationshowsthat the inner integralis 4 jo(€ R), whencethe right-hand
sideof (4.1)is

1 §

27T|R C %_2 —

S(@F e R de =T, —T_
say,where

&*iE R i,

~ 27iR 52 k2
Theseintegralscan be evaluatedusing Cauchy’sresiduetheorem. Thus, for Z, , closethe
contour using a large semicirclein the upper half of the complex &-plane. Thereis no
contributionfrom this semicircleasit recededo infinity, by Jordan’slemma. The contour

encloseghe simple pole at ¢ = +k (but not the pole at ¢ = —k). Hence,evaluatingthe
residue,we seethat

I, = 3" /R.

Similarly, for Z_, close the contourin the lower half of the complex &-plane. Taking
accountof the direction of traversalaroundthe contour,and evaluatingthe residueof the
poleat & = —k, wefind thatZ_ = —7,, andthe resultfollows. |

In the aboveproof, we split the &-integral into two, Z, andZ_, and then evaluated
eachseparatelypne by closingthe contourin the upperhalf-planeand oneby closingthe
contourin the lower half-plane. This is a standardechnique.However,careis neededo
ensurethatZ, andZ_ existseparatelythe splitting is not unique,andsomesplittingsmay
introduceadditionalsingularitiesat £ = 0. For example,a commonmistakeis to split using

2j,¢R) =hPER) + hP(ER); (4.2)

eachof the sphericalHankelfunctionsis O(¢"~1) as& — 0.
The representatiorf4.1) is a variant of well known formulae using volume integrals;
for example,DeSanto[S p 64] showsthat

R exp(ié - R)
R T2 /// 1€12 = (k +ig)2 o. (43)

However, (4.1) is preferablefor at leasttwo reasons:it doesnot involve addinga small
imaginarypart to the wavenumberandit usesan integrationalong the entire real £-axis,
so that contour-integraimethodsare readily available.
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Note that, in (4.1) (and (4.3)), one cannotinterchangethe order of integration: the
resultingé-integral diverges.

We aregoing to combinetheorem2 with the two-centreexpansiorof €% /R, (1.1), so
asto obtainan alternativeexpressiorfor S,/ (b2). Thus,write R = a + b + ¢, andthen
usethe standardexpansiorof a planewave[9, p 373] twice, oncein the form

exp(iér - a) = 4n Z i"jnEa) Y (@)Y, (1)

n,m

andoncein the form

expiEr - ) = 4n Y i"juE) YL @Y (F)
v,
where

Substitutingin (4.1), the inner integralbecomes
@m)2 Y "N i Ea) ju (E) Y (@) Y (@)L (4.4)

n,m v,

where
7= / exp(iEr - b)Y (7)Y)' (7) dQ (7).
Q
Now, assumehatb = bz, whencer - b = bcosd and

T =278, / gEbeostympyym (3 sing do
0

= %‘Smu /llésb’Gm(t; n,v)dt (4.5)

where

G (s n,v) = AT AP (6) P (1) (4.6)
and A is definedby (2.2). G,, hasthe following properties:

G, (t; n,v) is a polynomial of degreen + v 4.7

G_u(t;n,v) = Gy(t;n,v) (4.8)

Gu(—t;n,v) = (=D""G,(t;n,v) (4.9

G,(t;n,v)=0 for |m| > min(n, v).

The first of theseimplies that
Gi,{)(l‘;n,\})EO forj>n+v
whereGY = (d//dt/)G,,. Hence repeatedntegrationby partsgives

/1éXfG (t)dt—g e'—Xt<_—1)j G (1) 1
1 B ix \ix m

j=0 -1
wherewe havewritten G,,(¢t) for G,,(¢; n, v). But, from (4.9),

G (~tn,v) = (1" G (15 n, v)
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whence

1 n+v
f eXG, (1) dr = ZG<J>(1)((X)])+1{e'X—( DrvtientXy (4.10)

J:

We will evaluateG}!’ (1) later lemmad); it turnsout that G%’ (1) = 0 for j < |m|, so that
the lower limit in (4.10) canbereplacedby j = |m|.
Having evaluatedZ, we next considerthe outerintegral;it is of the form

2 1
fcﬁjn(éa)jv(&)/le'éb’Gm(t;n, v)drdg =L (4.11)

say. From (4.10), we seethat the inner integral is O(¢""") as& — 0. However,
jna)j,(Ec) = O(E™Y) asé — 0, whencethe integrandin the outerintegralis analyticat
& =0. So,

n+v
L= szmn(l)((b)ﬁl{m_( L)

where
L= f Lmjn(sa>jv(5c)§‘fb dt.
cE2—k?
Assumingthat b > (a + ¢), we can closethe contourfor £, asfor Z. in the proof of
theorem2, giving
L, =ik j,(ka)j,(ke)ek®
and£_ = (=1)"tv+/+12  whence

L = 2nik€" j,(ka) j, (ke) %Gm() Sl

T JnKa) jy(KC = m (lkb)J'H‘

Combiningthis formulawith (4.1), (4.4) and (4.5), we obtain
eikR "~ N n+v ( ( 1)]

n+v.,r.m J)
g = 4rie ;l By (c),%lG D Gy

for b > (a 4 ¢). Finally, comparisorwith the two-centreexpansion(1.1) andthe definition
(2.1) givesthe following result.

Theoem3.
eikb . n+v 0 | J
S, (kb [ GY'(1; n, —
(kb) = 271 ) Gyl "”(kb)

Jj=Im|
for all kb > 0, whereG,,(¢; n, v) is definedby (4.6).

Note that althoughthe algumentabovegivesthe resultfor b > (a + ¢), S (kb) itself does
not dependon a andc, andso analytic continuationshowsthat the resultmusthold for all
b > 0.

The coeficients Gﬁ,{)(l n, v) in theorem3 are given by the nextlemma.

Lemma4. For 0 < |m| < min(n, v) and|m| <n+v,
GPLn,v) = (- 1)'"’ ZAkw m|)Aj i (n, —|m|) (4.12)
k=kg

wherekg = max0, j — n), ky = min(v, j — |m|) and A, (v, m) is definedby (3.2). For all
othervaluesof j, m, n andv, G3’(L; n, v) =
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Proof. From (4.8), it is enoughto takem > 0. From[10,equation8.751(1)],we have
(n+m)! (1—r?)"/?
(n—m)!  2"m!
where F is a hypegeometricfunction. Hence,

Gn(t) = A" A" (2"m")2(1 - t>)"F,F,

P"(t) = Fm—nm+n+1Lm+131-1)

where

F,=Fm—nm+n+Lm+131—1)
andwe haveused

[0+ m)!/(n — m) A = A,

(This expressiorfor G,,(¢) canbe usedto show (4.7).) Now, put z = %(1 — t) whence
1—1? = 4z(1 — 7). Then,use[10,equation9.131(1)]

Q-7 F. Biy:i) =F(y —a.y — i v:2)
witha=m—v,8=m+v+21landy =m + 1togive
A-—2)"F,=F(—v,v+1m+172).

Explicitly, we have

v

F(—v,v+1m+12z) = Zak(V,m)Zk

k=0
and
Fm—-—nm+n+1Lm+1z2) = Zbk(n,m)zk
k=0
where
(=Dfkm! (v + k)!
ar(v, m) =
(m + )k (v — k)!
and
—1)km! l(n —m)!
by (. m) = =D'm!n+m+k)!(n—m)

T mE K (n=—m =+ m)
Hence,after rearranginghe doublesummationwe find that

n+v—m
Gu(tin,v)=27" Y C2' (4.13)
s=0
where
. ,m) by_i(n,
C_nggmA;mZak(v m) by—k(n, m) forO<s<n+v—m.
= m! m!

In fact,asaq, = 0 for k > v andb; = O for k > n — m, the summationis actually from
k =max0, s — n + m) to k = min(s, v). Simplifying further gives

Cy = (=" Y A, m) Ay i(n, —m)
k

where A, (v, m) is definedby (3.2).
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Finally, let us comparethe expansion(4.13) with the Taylor seriesfor G,,(¢) about
t =1, whichis

n+v o ~Hyj
Gu(t)=)_ ﬁ(},ﬁp(l)zf.
=0

This showsthat G4’ (1) = 0 for j < m, andgivesthe desiredformula (4.12). O

Whentheorem3 is combinedwith lemma4, theoreml is obtained andthis latterresult
is equivalentto the formula of Rehr, Albers and Fritzsche.

4.1. Remarks

Here,we makesomeremarksconcerninghe paperq7, 16]. Both Fritzsche[7, equation(6)]
andRehrandAlbers[16,equation(7)] beginwith a volume-integrakepresentatiofor S,./".
The derivationof this formula by Fritzsche[7] is flawed becausef the useof (4.2).

Fritzscheproceedsby obtaininga formula for S (kb) (his equation(10)), involving
the integral Z, definedby (4.5). He statesthat 7 ‘can be calculatedstraightforwardly’
[7,p 1415] but doesnot give any details.

Rehrand Albers proceeddifferently. Apart from inessentialfactors,they arrive at an
integral similar to £, definedby (4.11). Next, they interchangethe order of integration:
the resulting é-integral is divergent. Despitethis, it is claimedthat ‘the integral over &
can be done by contourintegration(closing in the upperhalf-planefor + > 0 andin the
lower half-planefor ¢+ < 0)' [16,p 8147]. But, with + > 0 for example,this argument
would only give the claimedresultif bt > (a + ¢), whereaghe remainingz-integralis over
—1 <t < 1. Finally, Rehrand Albers usea very interestingformula for (a variant of)
the Laplacetransformof the productof two functions[16,appendixB]. Their derivationof
this formula is alsoincomplete,althoughtheir final formula can be shownto be correct.
However,we haveshownabovethatthis formulais not neededn orderto obtaintheoreml.

5. Conclusions

The Rehr-Albers—Fritzschirmulacanbe usedasthe basisfor a very efficientandaccurate
algorithmfor computingthe propagatomatrix S. Here,we haveclarified the derivationof
this formula, and shownhow it canbe simplified further. This simplificationleadsdirectly
to asymptoticapproximationdor large kb. We hopethatthesewill find applicationin other
areasof scienceand engineering, wherenultiple-scatteringcomputationsare widespread.
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