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Abstract. The (ordinary) Sachs–Wolfe effect relatesprimordial matter perturbationsto the
temperaturevariationsδT /T in thecosmicmicrowavebackgroundradiation;δT /T canbeobserved
in all directionsaroundus. A standardbut idealizedmodelof this effect leadsto aninfinite setof
moment-like equations:the integral of P(k)j2

ℓ (ky) with respectto k (0 < k < ∞) is equalto a
given constant,Cℓ, for ℓ = 0, 1, 2, . . . . Here,P is thepower spectrumof theprimordialdensity
variations,jℓ is a sphericalBesselfunctionandy is a positive constant.It is shown how to solve
theseequationsexactly for P(k). Thesamesolutioncanberecovered,in principle, if thefirstm
equationsarediscarded.Comparisonswith classicalmomentproblems(wherej2

ℓ (ky) is replaced
by kℓ) aremade.

1. Intr oduction

Somemightsaythattheultimateinverseproblemis to understandtheorigin of structurein the
universeusinginformationthatiscurrentlyavailable: it is thecentralproblemin early-universe
cosmology[18, 27]. Oneof theavailablecosmologicalobservablesis thecosmicmicrowave
backgroundradiation(CMBR). It is known thatthetemperatureof theCMBR is remarkably
uniformin its spatialvariation,with δT /T ≃ 10−5–10−4 [35], [18, section1.5], implying that
theexpansionof theuniverseis largely isotropic.Conversely, inhomogeneitiesin thedensity
of theuniverseleadto temperatureanisotropies,sothatthesecanbeusedasasensitive testof
theoriesof structureformation[36].

In thesetheories,the primary unknown function is P(k), the power spectrumof the
primordialdensityfluctuations.Undercertainassumptions,it canbeshown thatP(k) satisfies
thefollowing setof equations:

∫ ∞

0
k−2P(k)j2

ℓ (ky) dk = Cℓ, ℓ = 0, 1, 2, . . . . (1.1)

Here,y is a givenpositive constant,jℓ is a sphericalBesselfunctionandtheconstantsCℓ are
given.

Experimentshave provided estimatesfor a finite numberof theCℓ. How canthesebe
usedto recover P(k)? This is a majorquestion,but it is not our mainconcernhere. We are
interested,first, in anidealizedproblem:givenanexactknowledgeof all theCℓ, reconstructP .
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We show that this inverseproblemcanbesolvedexactly. This is a new result. Furthermore,
weshow thatthesamesolutioncanberecoveredif thefirst few (in fact,any finite number)of
theCℓ areunknown.

Whatuseis anexactinversionformulafor anidealizedproblem?First, it revealstheill-
posednatureof theproblem†.Thus,P(k) is foundto begiven by theFouriersinetransform
of a certainfunction g0(λ), which is definedby an infinite serieswith a finite interval of
convergence.Thismeansthattechniquesof analyticcontinuationarerequired,aprocessthat
canbevery difficult numerically[12] and onethatgives theproblemits ill-posedcharacter.
Second,our inversionformularevealssomeof theanalyticstructure.For example,thelow-k
behaviourofP(k) is intimatelyrelatedto theasymptoticbehaviourof g0(λ) asλ → ∞. Third,
exactresultscanbeusedto testnumericalalgorithmsdesignedfor thefinite-dataproblem.

The plan of the paperis asfollows. In the next section,we sketcha derivation of the
governingequations(1.1). Carefulderivationscanbe found in the literature;referencesare
given. Our aim is to motivatethestudyof (1.1) in a way that is accessibleto non-specialists.
Thus,we limit our discussionto perhapsthe simplestmodelof the underlyingphysics. In
section3, weformulatetwo moment-likeproblems,calledthebasicproblemandthereduced-
dataproblem,in whichwearegivenCℓ for ℓ > 0andℓ > ℓ0, respectively, whereℓ0 isany fixed
positive integer. Apart from thesystem(1.1), we alsoconsider(in section5) theanalogous
classicalmomentproblemwherej2

ℓ (ky) is replacedby kℓ. For bothcases,weapplyageneral
methoddescribedin section4. This replacestheinfinite systemof moment-likeequationsby
asingleintegral equation.Applicationto theastrophysicalproblemis madein sections6–9.

2. The governing equations

Thereareseveralphysicalcausesof temperaturevariationsin theCMBR (Kolb andTurnerlist
five [18, p 383]). For largeangularscales,thedominantcontribution comesfrom variations
in the gravitational potential;this is known asthe Sachs–Wolfe effect [31]. An elementary
discussionof the relevant equationscan be found in [18 section9.6.2;25, section6.4 and
28,7,6], whereasadvanced,detailed,derivationsthat are up-to-datewith the presentstate
of computationcanbe found in [15, 20]. A brief derivation is sketchedhere;for a rigorous
derivation, involving time-dependentprocesseswithin generalrelativity, seethecitedbooks
andpapers.

Considerthestandardcaseof a flat universe(�0 = 1) with zerocosmologicalconstant
(3 = 0). The observed temperaturefluctuationsof the CMBR in the directionof the unit
vectorŷ are

δT (ŷ)

T
= T (ŷ)− T0

T0
,

whereT0 is themeantemperature.TheSachs–Wolfe effect relatestheobservedδT /T to the
primordialdensityfluctuationsin theearlyuniverseatatimewhenlight andmatterdecoupled.
For themicrowaveradiation,thewholeuniverseatthistimeis referredto asthelastscattering
surface[18, p 74]. Sincethe time of last scatteringto thepresent,thedistancetravelledby
light is y = 2c/H0, wherec is thespeedof light andH0 is theHubbleconstant.A present-day
observer at a givenpoint will receive light from a sphericalshell of present-dayradiusy on
the last scatteringsurface. Thus, it is naturalto expandon that shell in termsof spherical
harmonicsYmn (ŷ),

δT (ŷ)

T
=

∑

ℓ,m

aℓm(y)Y
m
ℓ (ŷ), (2.1)

† For thedefinitionof anill-posedproblemsee,for example,[8, ch4].
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whereaℓm aredimensionlessexpansioncoefficients.
Wecanalsogive aFourierrepresentationfor δT /T ,

δT (ŷ)

T
= V

∫

2(k) exp(iyk · ŷ) dk, (2.2)

where2(k) is a Fourieramplitude. The factorV = V/(2π)3 whereV is a (large)volume,
so that2 is dimensionless.(For simplicity, we have useda continuumdescription(Fourier
transform)hereratherthana discretedescription(Fourierseries)followedby anappropriate
limit.)

Wecancompare(2.1)and(2.2),usingtheplane-wave expansion

exp(iyk · ŷ) = 4π
∑

ℓ,m

i ljl(ky)Y
m
ℓ (ŷ)Y

m
ℓ (k̂),

wherejℓ is a sphericalBesselfunction,k = kk̂, k = |k| andthe overbardenotescomplex
conjugation.Wefind that

aℓm(y) = 4π iℓV
∫

2(k)jℓ(ky)Y
m
ℓ (k̂) dk,

whenceuseof theadditiontheoremfor Legendrepolynomialsgives
∑

m

|aℓm|2 = 4π(2ℓ + 1)V2
∫ ∫

2(k)2(k′)jℓ(ky)jℓ(k
′y)Pℓ(k̂ · k̂′) dk dk′. (2.3)

TheSachs–Wolfe effect relatesδT /T , throughphysicson the lastscatteringsurface,to
theprimordialdensityfluctuationsat thetimeof lastscattering,δρ/ρ. Thelatterquantityhas
aFourierrepresentationsimilar to (2.2),namely

δρ(x)

ρ
= V

∫

1(k) exp(ik · x) dk.

It is usualto assumethat1(k) is an independentGaussianrandomvariableof zeromean.
Thus〈1(k)〉 = 0 and

〈1(k)1(k′)〉 = V
−1P(k)δ3(k − k′),

whereP(k) is thepowerspectrumof thedensityfluctuations.Notethat

P(k) = V

∫

〈1(k)1(k′)〉 dk′. (2.4)

Then,the Sachs–Wolfe analysisshows that (the Fourier transformsof) δT /T andδρ/ρ are
relatedby

1(k) = Ak22(k), (2.5)

whereA is a realconstantwith thedimensionsof area.(Roughlyspeaking,thetemperature
fluctuationsare proportional to the perturbedgravitational potential,8 say, and ∇28 is
proportionaltothedensityfluctuations;from[28], wehaveA = −2c2/H 2

0 = − 1
2y

2.) So,if we
take an ensembleaverageof (2.3)anddefinerotationallyinvariantdimensionlesscoefficients
Cℓ by

Cℓ ≡ 1

2ℓ + 1

∑

m

〈|aℓm|2〉,

wefind that

Cℓ = 4πV

A2

∫

k−4P(k)j2
ℓ (ky) dk

= (4π/A)2V
∫ ∞

0
k−2P(k)j2

ℓ (ky) dk. (2.6)
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Thesetof coefficients{Cℓ} is known astheangularpowerspectrum†.
Thetemperaturefluctuationshave beenmeasuredexperimentally;for example,this was

doneby theCOBEsatellite(see[34,35] andreferencestherein).Thisgivesan estimateof the
angularpowerspectrum[7, section7]: thus,wehavevaluesofCℓ for arangeof ℓ-values.From
these,we would like to extract the power spectrum,P(k). This is a moment-like problem.
In section7, we give anexplicit solutionof an idealizedproblem,in which we know Cℓ for
all ℓ > 0.

In practice,therearecomplications.First,themeasuredvaluesofC0 andC1, the‘nuisance
parameters’[7, p175],areunreliable.Weshow thatP(k) canberecovered,nevertheless,using
Cℓ for all ℓ > ℓ0, whereℓ0 is any fixed positive integer.

Anothercomplicationis thatwe cannotactuallymeasureCℓ becauseit is definedasan
ensembleaverage:wealwayshave arelativeuncertainty(or cosmicvariance) of (2ℓ+ 1)−1/2,
even if the experimentalmeasurementsareperfect[2, 36,p 354,7,p 160,34,p 189]. Once
inverted,theseerrorswill leadto correspondingerrorsin thecalculatedP(k). As theerrors
in Cℓ decayas ℓ increases,one possibility is to useCℓ for ℓ > ℓ0, whereℓ0 is chosen
sufficiently large,soasto recover P . Onecould thencomputeCℓ for ℓ < ℓ0, andcompare
with theexperimentalestimates,giving thepossibilityof cross-validation.However, wedefer
discussionsof computationalaspectsto a laterpaper.

Furthercomplicationscomefrom theunderlyingphysics.Thus,theSachs–Wolfe effect
typically isdecomposedinto twoadditivequantities,the‘ordinary’ andthe‘integrated’Sachs–
Wolfe effects, of which (2.6) only representsthe former. The methodsdevelopedin this
paperareonly applicableto theordinarySachs–Wolfe effect. In the idealizedlimit that the
CMBR anisotropy is composedonly of super-Hubblescale,adiabatic,densityperturbations
in a flat (�0 = 1) universe,the ordinary Sachs–Wolfe effect dominates. This ideal limit
hasan approximatevalidity in inflationarycosmology, which is a promisingcandidatefor
developmentasafundamentaltheoryof theearlyuniverse;for reviews,see,for example,[18,
ch 8] or [25, ch 10]. The understandingof the CMBR anisotropy is still a developing
areaof research,althoughthe generalconsensusis that therearesubstantialmodifications
to the idealizedregime of the ordinarySachs–Wolfe effect. We will not attemptto survey
this vast body of researchhere,but the interestedreadercan begin with a few exemplary
papers[7, 10, 13, 14,16]. It is safeto say that, when appliedto real data,therewould be
practicallimitations to the methodsdevelopedin this paper. Nevertheless,they offer a new
andverydifferentperspectiveon thesubject.

3. Formulation of two mathematicalproblems

Let usbegin by consideringthefollowing moment-likeproblem.

Basic problem. Given a set of numbers {Cn} and a set of functions{ψn(k)}, with n =
0, 1, 2, . . . , finda functionf (k) (in a certainspace)that satisfies

∫ ∞

0
f (k)ψn(k) dk = Cn, for n = 0, 1, 2, . . . . (3.1)

† In generalrelativity, a densityfluctuationis not a gauge-invariantquantity. In practicaltermsthis meansdensity
fluctuationsarenot well-definedobservables.For sub-Hubblescales,thegaugedependenceof densityfluctuations
is negligible, so that any reasonablegaugechoiceis operationallyacceptable.However for super-Hubblescales,
thegaugedependenceis acute.Properly, thepower spectrumP(k) in (2.4)mustbedefinedwith respectto ‘gauge-
invariant’ quantities[5,17] that in thesub-Hubblescaleregimearereadily identifiedasdensityfluctuations.This is
a well-studiedproblemin the literature[10,14, 19, 21, 24, 26, 29,32]. For our purposes,however, thesedetailsare
unimportantandwe will becontentwith our slightly imprecisedescription,(2.4). Whatis importantfor our work is
thatthebasicrelationbetweenP(k) andtheangularpowerspectrumCℓ is of theform (2.6).



InvertingtheSachs–Wolfe formula 1397

Wearemainly interestedin oneparticularset{ψn}, givenby

ψn(k) = j2
n (ky), (3.2)

wherey is fixed. For asimplermodelproblem,weshallalsoconsiderthechoice

ψn(k) = kn, (3.3)

whichgives riseto aclassical(Stieltjes)momentproblem[4,33].
We are also interestedin the following relatedproblemwherethe first m of (3.1) are

omitted.

Reduced-dataproblem. Givena setof numbers {Cn} anda setof functions{ψn(k)}, find a
functionfm(k) that satisfies

∫ ∞

0
fm(k)ψn(k) dk = Cn, for n > m > 0. (3.4)

Here,m is fixedandf0 ≡ f .

It is importantto notethatweseekfm in thesamespaceasf . Wearealsousingthesame
numbers{Cn} andthesamefunctions{ψn} (for n > m) as in thebasicproblem:thus,Cn and
ψn areindependentof m.

As we saw in section2, the reduced-dataproblem, with ψn(k) = j2
n (ky), arisesin

connectionwith the Sachs–Wolfe effect. In that context, the basicunknown function is the
powerspectrumP(k) = k2f (k), apartfrom aconstantfactor;see(2.6).

4. A generalmethod

A generalmethodfor treatingmoment-likeproblemsis to replacethembyanintegralequation.
Thus,choosea secondsetof functions{φn(λ)}, multiply thenth equationof (3.4)by φn and
sumover n. Thisgives

∫ ∞

0
fm(k)Km(k, λ)dk = gm(λ), (4.1)

where

Km(k, λ) =
∞

∑

n=m
ψn(k)φn(λ) (4.2)

and

gm(λ) =
∞

∑

n=m
Cnφn(λ). (4.3)

To beeffective, onehasto beableto solve theintegralequation(4.1),perhapsby recognizing
theleft-handsideasaknown integral transform;implicitly, this requiresthatthesumdefining
thekernelKm canbeevaluatedin closedform. To makethemethodrigorous,onehasto show
thatthesumsin (4.2)and(4.3)areconvergent,andthattheimplied interchangeof summation
andintegrationis justified. Notethat,at this stage,λ is unspecified.

Wewill usethismethodbelow for thetwo sets{ψn} given by (3.3)and(3.2). Weremark
that a similar methodwas usedin [22,23] to analysethe so-callednull-field equations, a
systemof moment-like equations(involving Hankel functions)thatcanbeusedto solve the
boundary-valueproblemsfor acousticscatteringby boundedobstacles.
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5. Moment problems

Westartwith ψn(k) = kn, giving thefollowing simplereduced-dataproblem.

Moment problemMm. Find a functionfm(k) that satisfies
∫ ∞

0
fm(k)k

n dk = Cn for all n > m > 0. (5.1)

Weassumethatfm is a smoothfunctionthathasa Laplacetransform.

Wecanrewrite (5.1)as
∫ ∞

0
{kmfm(k)}kn dk = Cn+m, for n = 0, 1, 2, . . . .

Multiply by φn(λ) = (−λ)n/n! andsumover n to give
∫ ∞

0
{kmfm(k)}e−λk dk = gm(λ), (5.2)

where

gm(λ) =
∞

∑

n=0

Cn+m
(−λ)n
n!

. (5.3)

Equation(5.2)givestheLaplacetransformof kmfm(k), so thatwecaninvert to obtainfm
itself. Thisshowsthatfm is obtainableuniquelyfrom thegiven coefficients{Cn} with n > m.

In the derivation above, we assumedthat the series(5.3) is convergent. In fact, we
only requireconvergencefor |λ| < λ0, say, andthendefinegm(λ) for larger |λ| by analytic
continuation. The assumptionthat fm(k) hasa Laplacetransformis enoughto ensurethat
kmfm(k) alsohasaLaplacetransform,thisbeingwhatis actuallyrequiredin thederivation.

The connectionbetweenclassicalmomentproblemsandthe Laplacetransformis well
known; see,for example,[33, p 97] and[9, p 230]. For aconnectionwith aHankel transform
(takeφn(λ) = (−λ)n/(n!)2), see[33, p 96].

How arefm andf0 ≡ f related,for m > 0? From(5.3),wehave

gm(λ) =
∞

∑

n=m
Cn
(−λ)n−m
(n−m)!

=
(

− d

dλ

)m ∞
∑

n=m
Cn
(−λ)n
n!

=
(

− d

dλ

)m ∞
∑

n=0

Cn
(−λ)n
n!

=
(

− d

dλ

)m

g0(λ).

Wealsohave
∫ ∞

0
{kmfm(k)}e−λk dk =

(

− d

dλ

)m ∫ ∞

0
fm(k)e

−λk dk.

So,integratingm timesgives
∫ ∞

0
fm(k)e

−λk dk = g0(λ) + pm(λ), (5.4)

wherep0 ≡ 0 and

pm(λ) =
m−1
∑

ℓ=0

aℓλ
ℓ
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is an arbitrarypolynomialof degree(m − 1). But the left-handsideof (5.4) is a Laplace
transform,andsoit mustvanishas|λ| → ∞ (in a right-handhalf-plane).g0(λ) hasthesame
property, as it is theLaplacetransformof f0. Hence,thepolynomialpm(λ) mustbeabsent:

∫ ∞

0
fm(k)e

−λk dk = g0(λ) =
∫ ∞

0
f0(k)e

−λk dk.

Thus,fm(k) = f0(k) for all m. This meansthat if we know, a priori , that fm andf0 are
bothin thesamespace(here,we assumedthatthey bothhave Laplacetransforms),thenthey
areequal:deletingthefirstm momentsCn doesnot representa lossof information. Similar
comparisonscanbemadebetweenfm andfm′ with m 6= m′.

For asimpleexample,takeCn = n! for n > 0, whence

g0(λ) =
∞

∑

n=0

(−λ)n = (1 +λ)−1

for |λ| < 1. Note that we candefineg0(λ) for all λ 6= −1 by analyticcontinuation. By
inspection,wehavef (k) = e−k.

6. The Sachs–Wolfe effect

Here,we assumethatψn(k) = j2
n (ky), wherejn is a sphericalBesselfunctionandy is fixed.

Thus,weconsiderthefollowing problem.

Sachs–Wolfe problemPm. Find a functionfm(k) that satisfies
∫ ∞

0
fm(k)j

2
n (ky) dk = Cn for all n > m > 0. (6.1)

Here,m is fixed,andtheconstantsCn aregiven.

Whatconditionsonfm areappropriate?Let usassumethat

fm(k) ∼
{

kα as k → 0,
k1−β as k → ∞.

Then,consideringtheintegral on theleft-handsideof (6.1),weseethatweneed

2m + α + 1> 0 for convergenceatk = 0

and

β > 0 for convergenceatk = ∞.

Notethatconvergenceatk = 0 dependsonthesmallestvalue ofn used,whichism. However,
wewantconditionsthatdonotdependonm. So,given thatthebasicproblemis P0, minimal
conditionsare

α > −1 and β > 0. (6.2)

Argumentsbasedon causality imply that P(k) = O(k4) as k → 0 [1, 30], where
P(k) = k2f (k). Thus, the desiredphysicalsolutionshouldhave α > 2. This hasled to
studiesof modelpowerspectraof theform

f (k) = (ky)α

1 + (k/k0)α+β−1
, (6.3)

whereα > 2,β > 0 andk0 is aconstant[6].
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Next, let usconsideranexactsolution[11, formula6.574.2]:
∫ ∞

0
k1−βj2

n (ky) dk =
πyβ−2Ŵ(β)Ŵ(n− 1

2β + 1)

2β+1{Ŵ( 1
2(β + 1))}2Ŵ(n + 1

2β + 1)
. (6.4)

Thisholdsfor 0< β < 2n + 2. Notethattheright-handsideis O(n−β) asn → ∞.
This exactsolutionthrows somelight on thenext question:how doestheintegral on the

left-handsideof (6.1) behave asn → ∞? If we split the rangeof integrationat k = 1,
say, we caneasilyseethat the asymptoticcontribution from integratingover 0 6 k 6 1 is
exponentiallysmall. Thedominantcontribution comesfrom integratingover k > 1, so that
the large-k behaviour of fm(k) canbeused.Comparingwith theexactsolutiongiven above
shows that

Cn = O(n−β) as n → ∞.

Thus,thereisalink betweenthelarge-n behaviourof the(given)coefficientsCn andthelarge-k
behaviour of fm(k).

Anotherexactsolutionis [11, formula6.577.1]:
∫ ∞

0

k2

k2 + k2
0

j2
n (ky) dk = π

2y
In+1/2(k0y)Kn+1/2(k0y), (6.5)

whereIn+1/2 andKn+1/2 aremodifiedBesselfunctionsandk0 is apositiveconstant.Notethat
the right-handsideis O(n−1) asn → ∞. This formula gives the angularpower spectrum
for the model(6.3), exactly, whenα = 2 andβ = 1. Furtherformulaecanbe obtainedby
differentiationof (6.5)with respectto k0.

7. The basicproblemP0

Wearegoingto applythegeneralmethodof section4 to problemP0, whichwe restatehere.

ProblemP0. Find a functionf (k) that satisfies
∫ ∞

0
f (k)j2

n (ky) dk = Cn for n = 0, 1, 2, . . . . (7.1)

Wehaveto choosetheset{φn(λ)}. Thereareveryfew known sumsinvolving productsof
Besselfunctions.FromAbramowitz andStegun[3, formula10.1.45],wehave

∞
∑

n=0

(2n + 1)Pn(cosθ)j2
n (ky) = sin{ky

√
2 − 2cosθ}

ky
√

2 − 2cosθ
, (7.2)

wherePn is aLegendrepolynomialandθ is unrestricted.If wedefineλ by

λ = y
√

2 − 2cosθ = 2y sin 1
2θ, (7.3)

wecanrewrite (7.2)as

K0(k, λ) = sinkλ

kλ
, (7.4)

whereKm is definedby (4.2)and

φn(λ) = (2n + 1)Pn(1 − 1
2(λ/y)

2). (7.5)

Notethat,for convergenceof theintegral in (4.1),werequirethatλ is real. Moreover, wecan
obtaintheformula(7.4)for all λ > 0 if weallow θ = θR + iθI to becomplex; specifically, we
cansupposethatθ lieson theL-shapedcontourgiven by

{0< θR 6 π with θI = 0} and {0 6 θI < ∞ with θR = π}.
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So,multiplying (7.1)by (2n + 1)Pn(cosθ) andsummingover n gives
∫ ∞

0
k−1f (k) sinλk dk = λg0(λ), for λ > 0, (7.6)

where

g0(λ) =
∞

∑

n=0

(2n + 1)CnPn(1 − 1
2(λ/y)

2). (7.7)

This reducesthedeterminationof f (k) to theinversionof aFouriersinetransform:

f (k) = 2k

π

∫ ∞

0
λg0(λ) sinλk dλ. (7.8)

The derivation assumesthat k−1f (k) hasa Fourier sinetransform,which is consistentwith
theconvergenceconditions(6.2). It alsoassumesthattheseries(7.7) is convergentfor some
valuesof λ, andthatg0(λ) canbedefinedfor othervaluesof λ by analyticcontinuation.

For an example,take Cn to be definedby the right-handsideof (6.4) for n > 0 with
0< β < 2. In orderto calculateg0(λ), definedby (7.7),weusethefollowing expansion(see
theappendixfor aderivation):

(1 − x)−γ =
∞

∑

n=0

(2n + 1)cnPn(x) for |x| < 1, (7.9)

whereγ < 1 and

cn = 2−γ Ŵ(1 − γ )

Ŵ(γ )

Ŵ(n + γ )

Ŵ(n− γ + 2)
. (7.10)

Comparingwith Cn, we set γ = 1 − 1
2β whence

cn = (4/π)2−β/2y2−βŴ(β) sin( 1
2πβ)Cn.

With x = 1 − 1
2(λ/y)

2, wefind that

g0(λ) = π

2

λβ−2

Ŵ(β) sin( 1
2πβ)

. (7.11)

Notethattheseriesdefiningg0(λ) convergesfor 0< λ < 2y, but we canuse(7.11)to define
g0(λ) for all λ > 0. Hence(7.8)gives

f (k) = k

Ŵ(β) sin( 1
2πβ)

∫ ∞

0
λβ−1 sinλk dλ = k1−β,

in agreementwith (6.4).

8. The reduced-dataproblemPm

For m > 0, we considerthereduced-dataproblemPm (theSachs–Wolfe problem)described
in section6.

Proceedingasfor P0, wemultiply (6.1)by (2n+1)Pn(cosθ) andsumover n fromn = m.
Thisgives,using(7.3),

∫ ∞

0
fm(k)

{

sinλk

λk
−

m−1
∑

n=0

φn(λ)j
2
n (ky)

}

dk = gm(λ), (8.1)

wheregm(λ) andφn(λ) aredefinedby (4.3)and(7.5),respectively.
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Next, multiply (8.1)by λ andwrite as
∫ ∞

0
k−1fm(k) sinλk dk − λ

m−1
∑

n=0

φn(λ)

∫ ∞

0
fm(k)j

2
n (ky) dk = λgm(λ). (8.2)

NotingthatPn(x) isapolynomialin x of degreen, weseethatthesecondtermontheleft-hand
sideof (8.2) is a polynomialin λ of degree(2m − 1). So,applyingthedifferentialoperator
d2m/dλ2m gives

d2m

dλ2m

∫ ∞

0
k−1fm(k) sinλk dk = d2m

dλ2m
(λgm(λ)) = d2m

dλ2m
(λg0(λ)).

Integrating2m timesthengives
∫ ∞

0
k−1fm(k) sinλk dk = λg0(λ) + p2m(λ), (8.3)

wherep2m is anarbitrarypolynomialof degree(2m− 1). But theleft-handsideof (8.3)is the
Fouriersinetransformof k−1fm(k). This is assumedto exist and,by theRiemann–Lebesgue
lemma,it mustvanishas |λ| → ∞. λg0(λ) hasthe sameproperty, as it is the Fourier sine
transformof k−1f , by (7.6). Hence,thepolynomialp2m(λ) mustbeabsent.It follows that
fm(k) = f (k) for all m.

Thesolutiongiven above is correctbut somewhatdeceptive, for in theformulationof Pm

we arenot given Cn for 0 6 n < m. Thus,we cannotform theseries(7.11)definingg0(λ).
So,insteadof (8.3),weobtain

∫ ∞

0
k−1fm(k) sinλk dk = λgm(λ) + p2m(λ),

wherethepolynomialp2n(λ) is to bedeterminedby therequirementthat theright-handside
vanishesas |λ| → ∞. Thus(just asfor P0), we have to effect the analyticcontinuationof
gm(λ). Numericalconsequencesremainto beexplored.

9. Discussion

We have given an explicit formula for solving thebasicproblemP0. For theapplicationwe
have in mind, all theconstantsCn arenon-negative: doesit follow that thesolutionf (k) is
positive? In general,theansweris ‘no’. Weshow this by giving anexplicit counter-example.
Let

f (k) = y{(ky/π)1/2 − (2/π)A}, (9.1)

whereA is a constantto bechosen.Notethat if A > 0, f (k) < 0 for k < 4A2/(πy). (The
variousfactorsin (9.1)aremerelyinsertedfor algebraicconvenience.)Weobserve thatthef
definedby (9.1) is a linearcombinationof two of theexactsolutions(6.4),correspondingto
β = 1

2 andβ = 1. Thus,

Cn =
πŴ(n + 3

4)

23/2{Ŵ( 3
4)}2Ŵ(n + 5

4)
− A

2n + 1
.

We have to show that Cn > 0 for all n > 0; we do this using an inductive argument.
Straightforwardcalculationshows that

Cn+1 = 4n + 3

4n + 5
Cn +

4(n + 1)

(4n + 5)(2n + 1)(2n + 3)
A.

So,Cn > 0 for all n > 0 providedA > 0 andC0 > 0. But

C0 = 1 − A,

sowecantake anyA with 0< A < 1.
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Appendix

Here,wederive theexpansion(7.9)with (7.10).From(7.9),orthogonalitygives

cn = 1
2

∫ 1

−1
(1 − x)−γPn(x) dx

= (−1)n

2n+1n!

∫ 1

−1
(1 − x)−γ

dn

dxn
(1 − x2)n dx

usingRodigues’formula. Integratingby partsn times,using

dn

dxn
(1 − x)−γ = Ŵ(n + γ )

Ŵ(γ )
(1 − x)−γ−n

andnotingthattheintegratedtermsvanish,gives

cn = 1

2n+1n!

Ŵ(n + γ )

Ŵ(γ )

∫ 1

−1
(1 − x2)n(1 − x)−γ−n dx.

In theintegral,putx = 1 − 2t ; it becomes

2n+1−γ
∫ 1

0
t−γ (1 − t)n dt = 2n+1−γ n!Ŵ(1 − γ )

Ŵ(n− γ + 2)
,

usingtheintegral definitionof thebetafunction,andtheresult(7.10)follows.
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