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Abstract. A nominally straightcrackof finite length is subjectedto plane-strain loadings.A perturbationmethod
is developed for calculating the stress-intensity factors, based on an asymptotic analysis of the governing hy-
persingular boundary integral equation for the crack-opening displacement. Known exact results for a shallow
circular-arccrack are recovered, correct to secondorder in the small geometrical parameter. The method will
extend to three-dimensionalproblemsas it doesnot make essential use oftwo-dimensional techniques.

1. Introduction

Slightly curvedor kinked cracks is the title of a well known paperby Cotterell and Rice
(1980),in which a nominally straightcrackis subjectto plane-strainloading.The problemis
to calculatethestress-intensityfactors,correctto first orderin ε, wheretheperturbedcrackis
definedby

y = ε f (x), −a ≤ x ≤ a, (1)

with

f (a) = f (−a) = 0; (2)

here,x and y are Cartesiancoordinates,f is a given function and ε is a small parameter.
CotterellandRice(1980) foundexpressionsfor thestress-intensityfactors,usingthecomplex-
variable techniquesof Muskhelishvili (1953).Expressionscorrectto secondorderin ε were
subsequentlyobtainedby Wu (1994),usingsimilar methods.

Wu (1994) claimed that the perturbationexpansionin ε is regular, in the sensethat the
approximationsobtainedareuniformly valid throughoutthesolid; thiswasimplicitly assumed
by Cotterell andRice (1980).Why is this so?Thereasonis (2): in two dimensions,onecan
alwaysarrangethat the two cracktips are fixed, independentlyof ε, implying that theplaces
wherethestressesaresingulardonotmoveasthecrackis perturbedfrom thestraight(ε = 0)
referenceposition.In general,wedonothave this luxury in threedimensions,wheretheedge
of anon-planarcrack(a simple closedcurve) neednot lie in aplane.

The discussionabove motivatesthepresentwork. We reconsidertheplane-strainproblem
for a slightly curved crack,using integral-equationmethods.We begin by reformulating the
boundary-value problemasa boundaryintegral equation;we chooseto usea hypersingular
integral equationfor thecrack-openingdisplacement(COD).Next, we parametrisethecurve
defining the crack, leadingto a one-dimensionalhypersingularintegral equationon a finite
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interval. At this stage,theanalysisis exact.Then,we introduce(1), leadingto a sequenceof
hypersingularintegral equationsfor eachtermin theregularexpansionof theCOD in powers
of ε. We verify that the methodyields approximations in agreement with Muskhelishvili’s
(1953)exactsolutionfor a circular-arccrackunderconstantloads,correctto secondorderin
ε.

Our methoddoesnot requirethat f (x) satisfies (2). We obtain regular perturbationex-
pansionsbecausewe work only on thecrackfaces,not within thesolid. (Displacementsand
stressesoff thecrackcanbeobtained,if desired,by insertingtheapproximations to theCOD
into theintegral representation(5).) Moreover, ourmethoddoesnotmakeany essentialuse of
two-dimensionaltechniques(suchasthosebasedon functionsof a complex variable).Thus,
it is perhapsnot surprisingthatour methodextendsto perturbedcracksin threedimensions.
We have obtainedanalogousresultsfor some scalarproblems (potentialflow pastwrinkled
discs)(Martin, 1998a,b), andwill describeour resultson three-dimensionalcrackproblems
elsewhere.

We notethatDreilich and Gross(1985)have briefly consideredperturbedcracks,usinga
singularintegral equationfor thederivative of theCOD.Numericalsolutionsof this integral
equationwerepresentedby Chenet al. (1991).In fact,therearemany otherpapersoncurved
cracksin two dimensions(see,for example, Lin’kov andMogilevskaya,1990,1994;Sur and
Altiero, 1988;ZangandGudmundson,1988),but wearemainly interestedherein asymptotic
results.

Finally, let usmakesome remarks on theasymptotic methoddevelopedby Movchan,Gao
and Willis (1998) for two-dimensional(and three-dimensional) crack perturbations.Their
theoryuseslocal expansionsnearthe crack tips and Buecknerweight functionsfor the un-
perturbedreferencecrack. It is a form of singular-perturbation theory, with a boundarylayer
neareachcrack tip; this ‘occursdue to relocationof the coordinatesystemfrom the actual
cracktip to theendof thereferencecrack’(Movchanetal., 1998,Section2.1). Thesetechnical
difficultiesdonotarisewhentheproblemis firstreformulatedasaboundaryintegralequation,
aswedo below.

2. An integral equation

In this section,we derive an exact hypersingularintegral equationfor the COD when a
curvedcrackis loadedunderplane-strainconditions.Thebasicingredientis thewell-known
fundamental solution

Gij (P,Q) =
1

8πµ(1 − ν)

{

(3 − 4ν) δij log
1

R
+

∂R

∂xi

∂R

∂xj

}

.

Here, i, j = 1, 2, µ is the shearmodulus,ν is Poisson’s ratio, the points P and Q have
Cartesiancoordinates(x1, x2) and(x′

1, x
′
2), respectively, δij is theKronecker delta,and

R =
{

(x1 − x′
1)

2 + (x2 − x′
2)

2}1/2
(3)

is thedistancebetweenP andQ (see,for example Rizzo,1967).
Considera cavity in anotherwiseunboundedhomogeneousisotropicelasticsolid.Assume

that the surfaceof the cavity, S (a simple closedcurve) is loadedin sucha way that the
displacement componentsui = o(1) andthe stresscomponentsτij = o(R−1) asR → ∞,
where R is distancefrom some fixed point in the vicinity of the cavity. Then, a familiar
calculationyieldstheintegral representation
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ui(P ) =
∫

S

{

uj (q) Tij (P, q) − tj (q)Gij (P, q)
}

dsq , i = 1, 2, (4)

wheresummation over repeatedsubscriptsis implied, tj (q) = n
q

kτjk, n(q) = (n
q

1, n
q

2) is the
unit normal at q ∈ S pointing into thesolid,

Tij = [4π(1 − ν)R]−1{(1 − 2ν)[Rjn
q

i − Rin
q

j ]

−R
q
n[(1 − 2ν)δij + 2RiRj ]},

Ri =
∂R

∂xi

=
xi − x′

i

R
and Rq

n ≡
∂R

∂nq

= n
q

i

∂R

∂x′
i

= −n
q

i Ri .

The formula (4) is thebasisfor boundary-element methodsin two-dimensionalelastostatics.
Next, let thecavity S shrinkto acrackŴ. Denotethetwo sidesof thecrackby Ŵ+ andŴ−,

andletq+ andq− becorrespondingpointsonŴ+ andŴ−, respectively. Define n(q) = n(q+)

sothatn(q−) = −n(q). Also,definethecrack-openingdisplacement(COD)by

[ui(q)] = ui(q
+) − ui(q

−).

We assume that the imposedstressesarecontinuousacrossŴ. Then,we find that (4) reduces
to

ui(P ) =
∫

Ŵ

[uj (q)] Tij (P, q) s.q, i = 1, 2, (5)

anintegral representationfor thedisplacementcomponentsat any point P in thesolid.
Wecancomputethetractionsti(p) onŴ correspondingtoui , usingHooke’s law. Theresult

is

1

µ
ti(p) = ×

∫

Ŵ

[uj (q)] Sij (p, q) s.q, i = 1, 2, p ∈ Ŵ. (6)

In this formula, the crosson the integral sign meansthat the integral is to be interpretedas
a Hadamardfinite-partintegral; for references,see,for example, Martin andRizzo (1989)or
Martin etal. (1998).Thekernel Sij is given by

πSij = R−2{AN δij + An
q

i n
p

j + (1 − 3A)n
p

i n
q

j + (1 − 2A)N RiRj−

−R
q
n[2An

p

i Rj + (1 − 2A)Rin
p

j ] + R
p
n [(1 − 2A)n

q

i Rj + 2ARin
q

j ]

+R
p
n R

q
n [8(1 − A)RiRj − (1 − 2A)δij ]}

(7)

= (1 − A)R−2{np

i n
q

j + N RiRj − R
q
nRin

p

j + R
p
n n

q

i Rj+

+R
p
n R

q
n(8RiRj − δij )},

(8)

whereN = n
p

i n
q

i ,

A =
1 − 2ν

2(1 − ν)
and Rp

n ≡
∂R

∂np

= n
p

i

∂R

∂xi

= n
p

i Ri .
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All the terms insidethe curly bracketsare boundedas p → q; in fact, in this limit, R
p
n →

0, R
q
n → 0 andN → 1, assuming thatŴ is a twice-differentiablecurve. Thus,(8) exhibits the

expectednon-integrableR−2 singularitythatis typicalof one-dimensionalfinite-partintegrals.
From(8), onecanalsoshow thatSij = Sji.

Once the traction componentsti(p) are prescribedon Ŵ, (6) becomes a hypersingular
boundaryintegral equationfor the componentsof the COD, [uj ]. It is to be solved subject
to thenaturalend-pointconditions,

[ui(q] = 0, i = 1, 2, when q is anend-pointof Ŵ. (9)

(Notethat(6) canalsobeusedif Ŵ representsseveral disjoint cracks.)

3. Projection

Our basicintegral equation,(6), is exactandit holdson thecurve Ŵ. It is moreconvenient to
write (6) onafixedreferencecurve, whichwetaketo beastraightline segment of length2. We
do this projectionby simply parametrisingthecurveŴ. Thus,wesupposethattheintegration
pointq = (x′

1, x
′
2) is specified by

x′
1 = ax, x′

2 = aF(x), −1 ≤ x ≤ 1,

where a is a length-scaleand the(dimensionless)functionF specifies theshapeof Ŵ. Simi-
larly, thepointp = (x1, x2) is specified by

x1 = ax0, x2 = aF(x0), −1 ≤ x0 ≤ 1.

For theunit normals n(q) andn(p), we have n(q) = N(q)/N(q) where

N(q) = (−F ′(x), 1) and N(q) = |N(q)| =
√

1 + [F ′(x)]2,

with asimilar expressionfor n(p).
From (3), wehaveR = a|x − x0|

√
1 + 32, where

3 =
F(x) − F(x0)

x − x0
.

Next, wehave

R1 =
�

√
1 + 32

, R2 =
�3

√
1 + 32

,

N(q)Rq
n =

−�(3 − F ′)
√

1 + 32
, N(p)Rp

n =
�(3 − F ′

0)√
1 + 32

andN(p)N(q)N = 1 + F ′F ′
0, whereF ′ ≡ F ′(x), F ′

0 ≡ F ′(x0) and

� = (x0 − x)/|x0 − x|

so that �2 = 1. Theseexpressionsallow us to write the kernelSij in terms of x, x0 andF .
Thus,wedefineanew kernel matrix S̃ij by

2π(1 − ν)a2(x − x0)
2N(p)N(q) Sij = S̃ij (x0, x); (10)
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it is given explicitly asfollows:

S̃11 = (1 + 32)−3{1 − 632 + 34 − (3 − 632 − 34)F ′F ′
0+

+23(3 − 32)(F ′ + F ′
0)},

S̃22 = (1 + 32)−3{1 + 632 − 334 + (1 − 632 + 34)F ′F ′
0−

−23(1 − 332)(F ′ + F ′
0)},

S̃12 = S̃21 = (1 + 32)−3{23(1 − 332) − 23(3 − 32)F ′F ′
0−

−(1 − 632 + 34)(F ′ + F ′
0)}.

Finally, if we multiply the integral equation (6) by 2(1 − ν)N(p), and note that dsq =
aN(q) dx, weobtain

1

π
×
∫ 1

−1
ũj (x) S̃ij (x0, x)

dx

(x − x0)2
= t̃i(x0), i = 1, 2, (11)

for −1 < x0 < 1, where

ũi(x) = a−1[ui(q)] and t̃i(x0) = 2(1 − ν)µ−1N(p) ti(p). (12)

Equation(11) is ourbasichypersingularintegralequationfor a curved crackŴ underplain-
strainloading.In fact,it is a pair of coupledscalarintegral equationsfor ũ1 andũ2. This pair
is to besolvedsubjectto theend-pointconditions(9), which become

ũi(1) = ũi(−1) = 0, i = 1, 2,

afterprojection.The (vector)integral equation(11) is exact,and it canbesolvednumerically.
However, our focuswill beon slightly curvedcracks,whereŴ is approximately straight.

4. The straight crack

Forastraightcrack,wehave

F(x) = mx + c,

wherem andc areconstants.Hence,F ′ = F ′
0 = 3 = m. Elementarycalculationsthengive

S̃11 = S̃22 = 1 and S̃12 = S̃21 = 0,

sothatthe2 × 2 systemof scalarintegral equationsdecouplesinto

(H ũi) (x0) = t̃i(x0), i = 1, 2, −1 < x0 < 1,

wheretheoperatorH is definedby

(Hu) (x0) =
1

π
×
∫ 1

−1

u(x)

(x − x0)2
dx, −1 < x0 < 1. (13)
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Thehypersingularintegral equationHu = b canbesolvedexplicitly. Whentheend-point
conditionsu(1) = u(−1) = 0 are imposed,thesolutionisgivenby

u(x0) = 1

π

∫ 1

−1
b(x) log





|x − x0|

1 − xx0 +
√

(1 − x2)(1 − x2
0)



 dx

for −1 < x0 < 1, provided thatb satisfies certainconditions(Martin, 1992).(For example,
it is sufficient that b be continuouswith integrableend-pointsingularities.) In practice,it is
oftensimpler to usethefollowing formula (Kaya andErdogan,1987;Martin, 1992):

1

π
×
∫ 1

−1

√
1 − x2 Un(x)

(x − x0)2
dx = −(n + 1) Un(x0), n = 0, 1, 2, . . . .

Here, Un(x) is a Chebyshev polynomial of the secondkind, defined by Un(cosθ) =
[sin(n + 1)θ]/ sinθ . Thus,if

b(x) =
∑

n=0

bn Un(x),

then

u(x) = −
√

1 − x2
∑

n=0

(n + 1)−1bn Un(x)

is theuniquesolutionof Hu = b, subjectto u(1) = u(−1) = 0. Note that,as theChebyshev
polynomials areorthogonalwith respectto theweight

√
1 − x2, we have

bn = 2

π

∫ 1

−1

√

1 − x2 Un(x) b(x) dx,

sothatthecoefficientsbn areknown in termsof thegiven functionb.

5. Slightly curved cracks

Supposethat

F(x) = ε f (x),

where ε is a small dimensionlessparameter andf is independentof ε. Setting

3 = ελ with λ = {f (x) − f (x0)}/(x − x0),

wefind that

S̃11 = 1 + ε2S2
11 + O(ε4),

S̃22 = 1 + ε2S2
22 + O(ε4),

S̃12 = S̃21 = εS1
12 + O(ε3)

asε → 0, where

S2
22 = 3λ2 + f ′f ′

0 − 2λ(f ′ + f ′
0),
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S2
11 = −3S2

22, S1
12 = 2λ − f ′ − f ′

0,

f ′ ≡ f ′(x) andf ′
0 ≡ f ′(x0). Note that S1

12(x0, x) andS2
22(x0, x) areboth O((x − x0)

2) as
|x − x0| → 0. Thesekernelsarealsosymmetric in x andx0.

We expandt̃i similarly. Supposethattheprescribedtractionsaredefinedin termsof astress
field τij (x1, x2), so that

t̃i(x0) = B{τi2(ax0, aF0) − F ′
0τi1(ax0, aF0)},

exactly, whereF0 ≡ F(x0) andB = 2(1 − ν)/µ. From Taylor’s theorem, wehave

τij (ax0, εaf0) = τ
(0)
ij (x0) + ετ

(1)
ij (x0) + ε2τ

(2)
ij (x0) + · · · ,

wheref0 ≡ f (x0) and

τ
(n)
ij (x0) = (af0)

n

n!

[

∂n

∂yn
τij (ax0, y)

] ∣

∣

∣

∣

y=0

.

Hence,wededucethat

t̃i(x0) = t0
i + εt1

i + ε2t2
i + · · · , (14)

where

t0
i = Bτ

(0)

i2 and tni = B
(

τ
(n)

i2 − f ′
0τ

(n−1)

i1

)

(15)

for n = 1, 2, . . . . In particular, if thegiven stressfield is constant, then

t̃i(x0) = B(τi2 − εf ′
0τi1)

exactly.
Next, we expandthecrack-openingdisplacement ũ = (ũ1, ũ2), writing

ũi = u0
i + εu1

i + ε2u2
i + · · · .

Substitutingin (11) thengives integral equationsfor u
j

i . Theseareall uncoupledscalarequa-
tionsof theform

Hu
j

i = b
j

i , i = 1, 2, j = 0, 1, 2, . . . ,

whereH is definedby (13) andb
j

i is known. For j = 0, weobtain

b0
i = t0

i , i = 1, 2,

so that the leading-orderapproximation is obtainedby solving the integral equationsfor a
straightcrack.Having foundu0

i , thefirst-orderapproximation is obtainedusing

b1
1(x0) = t1

1(x0) −
1

π

∫ 1

−1
u0

2(x) S1
12

dx

(x − x0)
2

and

b1
2(x0) = t1

2(x0) −
1

π

∫ 1

−1
u0

1(x) S1
12

dx

(x − x0)2
.
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At secondorder, wehave

b2
1(x0) = t2

1(x0) +
1

π

∫ 1

−1

{

3u0
1(x) S2

22 − u1
2(x) S1

12

} dx

(x − x0)2

and

b2
2(x0) = t2

2(x0) −
1

π

∫ 1

−1

{

u0
2(x) S2

22 + u1
1(x) S1

12

} dx

(x − x0)2
.

6. An example: quadratic cracks

Asa simple example, let ustake aquadraticcrack,

f (x) = a0 + a1x + a2x
2,

underuniform loading;here,a0, a1 anda2 areconstants.Hencef ′ = 2a2x + a1, λ = a2(x +
x0) + a1, S

1
12 = 0 andS2

22 = −a2
2(x − x0)

2. From (15), wehave

t0
i = Bτi2, t1

i (x) = −B(2a2x + a1)τi1 and t2
i = 0.

Hence

u0
i (x) = −Bτi2

√

1 − x2 and u1
i (x) = B(a2x + a1)τi1

√

1 − x2,

wherewehavenotedthatthesolutionof (Hu)(x0) = 2ax0 +b is u(x) = −(ax +b)
√

1 − x2.
For thesecond-ordersolution, wehave

b2
2(x0) = a2

2

π

∫ 1

−1
u0

2(x) dx = −1
2Ba2

2τ22

andb2
1 = 3

2Ba2
2τ12, whenceu2

i is proportionalto u0
i . So, combining all theseresults,we find

that

u1(x) = −B
{

τ12 − ε(a2x + a1)τ11 + 3
2ε

2a2
2τ12

}

√

1 − x2

and

u2(x) = −B
{

τ22 − ε(a2x + a1)τ12 − 1
2ε

2a2
2τ22

}

√

1 − x2,

correctto secondorderin ε.
Thequantitiesof mostinterestarethestress-intensityfactors,K1 andK2. Wedefinethese

by

un(x) ∼ −BK1

√

2ρ and ut(x) ∼ −BK2

√

2ρ asρ → 0, (16)

where

ρ =
√

(1 − x)2 + ε2[f (1) − f (x)]2

is distancefrom the edgeat x = 1, andun andut arethenormal and tangentialcomponents,
respectively, of the crack-openingdisplacement, ũ. The slopeof the crack nearx = 1 is
εf ′(1), so that if θ is theinclinationof thecrackto thex-axisat x = 1, then
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sinθ = εf ′(1) and cosθ = 1 − 1
2ε

2[f ′(1)]2,

with anerrorof O(ε3) asε → 0. Thus,nearx = 1,

un = u2 cosθ − u1 sinθ

∼ u0
2 + ε{u1

2 − u0
1f

′(1)} + ε2{u2
2 − 1

2u
0
2[f ′(1)]2 − u1

1f
′(1)}

∼ −B
√

2(1 − x){τ22 − ε(3a2 + 2a1)τ12

+ε2[(a2 + a1)(2a2 + a1)τ11 − 1
2(5a2

2 + 4a2a1 + a2
1)τ22]}

and

ut = u1 cosθ + u2 sinθ

∼ u0
1 + ε{u1

1 + u0
2f

′(1)} + ε2{u2
1 − 1

2u
0
1[f ′(1)]2 + u1

2f
′(1)}

∼ −B
√

2(1 − x){τ12 + ε[(2a2 + a1)τ22 − (a2 + a1)τ11]

−ε2τ12[5
2a

2
2 + 5a2a1 + 3

2a
2
1]}.

Wenow comparetheseexpressionswith (16),notingthat

√
ρ =

√
1 − x

{

1 + ε2[a2(1 + x) + a1]2
}1/4

∼
√

1 − x
{

1 + 1
4ε

2(2a2 + a1)
2
}

.

Hence, wefind that

K1 = τ22 − ε(3a2 + 2a1)τ12

+ε2
{

(a2 + a1)(2a2 + a1)τ11 −
(

7
2a

2
2 + 3a2a1 + 3

4a
2
1

)

τ22
}

and

K2 = τ12 + ε {(2a2 + a1)τ22 − (a2 + a1)τ11}

−ε2τ12
{

7
2a

2
2 + 6a2a1 + 7

4a
2
1

}

.

A specialcaseof this geometry is ashallow circular arc,given by

x2 = aF(x1) = c −
√

c2 − x2
1, −a < x1 < a,

where c is the radiusof the arc.The arc subtendsan angleof 2α at the centreof the circle,
where sinα = a/c. For a shallow arc, we supposethatc/a is large, with a fixed.Hence,we
seethat

f (x) = 1
2x

2 with ε = a/c = sinα,
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where α = ε + O(ε3) asε → 0. Thus,the previous calculation,with a2 = 1
2 anda1 = 0,

gives

K1 = τ22 − 3
2ετ12 + ε2

(

1
2τ11 − 7

8τ22
)

and

K2 = τ12 + ε(τ22 − 1
2τ11) − 7

8ε
2τ12,

with anerrorof O(ε3) asε → 0. This agreeswith Muskhelishvili’s exactsolution(Muskhel-
ishvili, 1953,Section124a),asre-expressedby Cotterell andRice (1980,p. 158].

7. Discussion

We have presenteda perturbationmethod for calculating the crack-openingdisplacement
for a crack that is nominally straightand subjectedto plane-strainloading.The methodis
generaland takes properaccountof the edgebehaviour; we do not have to assume that the
two crack tips lie on thex-axis.At eachperturbationorder, we have to solve two uncoupled
scalarintegral equationsof the form Hu = b, where H is the basic one-dimensionalhy-
persingularoperator;suchequationscan be solved exactly. For any given crack shapef ,
the main difficulty comes from the evaluation of the forcing terms (bj

i ) for eachintegral
equation.Nevertheless,the methoddoesgeneraliseto three-dimensionalproblems, suchas
non-planarperturbationsof apenny-shapedcrackundermixed-modeloadings;thiswork will
bedescribedelsewhere.
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