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A spherical electromagnetic wave is scattered by a bounded perfectly conducting obstacle. A generalization of the plane-wave
optical theorem is established. For a spherical scatterer, low frequency results are obtained by approximating the known exact
solution (separation of variables). In particular, a closed-form approximation of the scattered wavefield at the source of the
incident spherical wave is obtained. This leads to the solution of a near-field inverse problem, where both the source and
coincident receiver are located at several points in the vicinity of a small sphere. The same inverse problem is also treated
from the knowledge of the leading order term in the low-frequency asymptotic expansion of the scattering cross-section.

1 Introduction

A basic electromagnetic inverse problem is the following: determine the shape of a perfectly conducting object from a
knowledge of the scattered field for several incident fields. The standard version of this problem uses incident plane waves
and measurements in the far field; for an excellent survey of what is known about this problem, see the book by Colton and
Kress [2]. Several methods for solving this problem make essential use of point sources; for a review, see the recent book by
Potthast [8].

However, in practice, one cannot realise an actual plane wave and one may not be able to take measurements in the far
field. For these reasons, there has been some interest in the use of point-generated incident spherical waves, and in near-field
measurements.

In the acoustics case, Dassios and his co-workers (see, for example, [3] and [4]) and the present authors [1] have studied
incident waves generated by a point source in the vicinity of the scatterer. Such incident wavefields introduce an extra parameter
(the distance of the source from the scatterer) which may be and is exploited in all the above works for the study of inverse
problems. Dassios et al. developed a low-frequency theory for arbitrary smooth scatterers (for a number of different boundary
conditions), which they then specialized to small spherical scatterers. In [1], we noted that if spheres are of primary interest,
then these low-frequency results can be extracted more easily by first solving the boundary-value problem for the Helmholtz
equation exactly. In the present paper, we generalise these results to electromagnetic scattering by a perfectly conducting
sphere; the classical results for a sphere can be found in [9].

Two kinds of inverse problem, with point-source generated incident fields, can be considered. The first involves far-field
measurements, and is discussed in Section 6.1. The second involves near-field measurements: specifically, one can measure the
scattered field at the location of the point source. This problem was first studied in [1], where it was shown how to recover the
location and radius of a small spherical scatterer, using acoustic waves. We consider the analogous problem for electromagnetic
waves in Section 6.2.

We begin with the direct problem. For the scattering of a time-harmonic spherical electromagnetic wave by a bounded
three-dimensional perfectly conducting body, located in the vicinity of the point source generating the incident wavefield, we
derive a new general result. Thus, we establish an optical theorem for point-source excitation, relating the scattering cross-
section due to a point source at a given point to the scattered field at this point, and a Herglotz wave function with Herglotz
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kernel depending on the electric far-field pattern. We recover the standard optical theorem for plane-wave incidence when we
let the point source recede to infinity.

Next, we study the case in which the scatterer is spherical. After expanding the spherical incident field in terms of spherical
wave functions, we obtain an exact solution of the boundary-value problem under consideration, as well as an expansion for
the electric far-field pattern. This point-source solution can be regarded as the exact Green’s function for the problem. Under
the low-frequency assumption (ka < 1), we calculate the electric far-field pattern with an error of fourth order in ka (where
k is the free-space wave number and a is the radius of the spherical scatterer), and the scattering cross-section with an error of
sixth order in ka. Again, the classical results for plane incident waves are recovered as the point source recedes to infinity.

Finally, we consider the two inverse problems mentioned above. For the far-field experiments, we measure the scattering
cross-section for various point-source locations. We use this data to recover the location and radius of the small perfectly
conducting spherical scatterer. We then obtain similar results using near-field experiments, in which the scattered field is
measured at the source, for various point-source locations.

2 Formulation

Consider a bounded three-dimensional perfectly conducting body B with a smooth closed boundary .S, surrounded by an
infinite dielectric medium. We consider a time harmonic spherical electromagnetic wave due to a point source at Py with
position vector ¢ with respect to an origin O in the vicinity of B. This incident wave E;.", H . has the form

—~ ik|r—mo ~ . ~ . ~

Ei,floc(r;b) = AV x <err0|| To X b> , H}(r;b) = —ik™ 'V x E}°(r;b), (1)
where b is a constant unit vector with 7o - b= 0, and k£ > 0 is the free-space wave number. Physically, (1) represents the
electromagnetic field generated by a magnetic dipole with dipole moment 7y x B; see, for example, [2, p. 163] or [5, p. 23]. The
constant A" is evaluated so that as the location of the point source goes to infinity along the ray in the direction 7, the point
source field degenerates into a plane electromagnetic wave propagating in the direction from P, towards O. Furthermore, the
normal electric energy flux at the origin due to the spherical electric incident field must be equal to the normal electric energy
flux of the plane electric wave that the point source field assumes as g = || — co. The spherical electric wave that satisfies
these demands is given by (1) with A"® = —i(ry/k) e~ It is convenient to write the incident spherical field as

inc/... 1\ _ 1 h(k‘R),\ N
Ero(r,b)—ika (h(kro) roxb)7

where R = |r — r¢| and h(x) = hél) (xz) = ™ /(iz) is the zeroth-order spherical Hankel function of the first kind. When
To — 00, E;f;c(r; b) reduces to the plane electric wave

(@)

Emc(’f'; _?0’ b) _ bef’Lk'f'o-'f‘,

with direction of propagation —7, and polarization b.

We want to calculate the scattered electric field Ej‘fo,

where E° satisfies
2
VXVXE?}‘;]:IC E?fn, 3)
everywhere in the exterior of B, the Silver—Miiller radiation condition

lim (r x V x Ey° +ikrEy ) =0, 4)

r—00 0

where r = |r|, and the boundary condition
nxEy =-nxER onS, 5)

where 7 is the outward unit normal vector to S.
The behaviour of the scattered wave in the far field is given by

E5S (r;b) ~ F5 (7;b) h(kr)  asr — oo, (6)

where F0 is the far-field pattern.
The total exterior electric field Ey, (7; B) is given by

E,,=E} +Ey, (7
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and satisfies (3) for » # rg and the boundary condition
nxE,, =0 onS. ®)

Let us note that Ei?oc, Ei.co, and E . are required to be divergence-free.

In concluding this section let us make some comments on plane versus spherical excitation. For plane incident waves the
energy is infinite, the energy density is uniformly distributed, the considered radiation condition is not satisfied, the number of
parameters on which the incident wave depends is 5 (the wave number, the two spherical angles of the direction of propagation,
and the two spherical angles of the direction of polarization), while the number of parameters on which the far—field pattern
depends is 7 (the wave number, the two spherical angles of the direction of propagation, the two spherical angles of the direction
of polarization, and the two spherical angles of the direction of observation). On the other hand, for spherical incident waves
the energy is finite, there is geometrical attenuation of the energy density, the considered radiation condition is satisfied, the
number of parameters on which the incident wave depends is 6 (the wave number, the two spherical angles of the direction of
polarization of the corresponding plane wave, and the three components of the source point), while the number of parameters
on which the far—field pattern depends is 8 (the wave number, the two spherical angles of the direction of polarization of
the corresponding plane wave, the three components of the source point, and the two spherical angles of the direction of
observation).

3 An optical theorem for point-source excitation
Consider the incident field (2) and fix . Then
E"(r;B) ~ FI"°(7;b) h(kr), as r — oo,

where

e kT To

h(k?’o)

Fir(7;b) = 7 x (o x b)

is the far-field pattern of the point-source incident field. Thus El,ft)c satisfies the radiation condition (4) at infinity (with respect
to 7). Let us note that

7 Fi"°(7,b) = 0. )
From F:.CO given by (6) we can calculate the scattering cross-section oy, defined by
1 sc (. L ~
Opg = ﬁ/s |F52 (7;b)[? ds(7), (10)

where S? is the unit-sphere.

Consider a volume B, bounded internally by .S and externally by a large sphere .S,. centred at the origin with radius r large
enough to include the scatterer B in its interior. We also exclude a small ball centred on the source point Fy; the boundary of
this ball is a sphere S, of radius €. Let

(U Vs ::/S[('?LxU)~(V><V)—(ﬁ><V)-(V><U)] ds.

Apply the vector Green’s theorem in B, to E,., and E,. , where the overbar denotes complex conjugation. As Ey., and E,.,
both satisfy (3) in B,., and they both satisfy (8) on S, we obtain

{E'f‘m ErO}S,,. + {ETmE’f'o}Ss =0.

E, (r;b) ~ Fp (7:b) h(kr), r— oo,

where Fp 1= Fiftf + F., , and since in view of (9) and the fact that 7 - ' = 0 [2, Theorem 6.8], Fr, satisfies 7 - F'y, = 0,
we find that

- 2 = o~ .
{E”’U’E”’U}Soc = % 52 |’l‘ X F,,.U(r;b)\zds(r)
2 in in
= [/S IFi‘;IQdH/SZ |Froc|2ds—|—2§)%/52Fff;-Fracds}
2 : P s o o (= R
= = {k:Q py + ATK2E + 2 kro S (ek / oI MTTO 5 (7. ) - (7' x (Fo x b)) ds(r))},
JS2
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where {U, V'}g__ denotes lim, _,{U,V}s..
Next, consider { E,, Er, }s.. In view of the bilinearity of {-, -} s and using (7), we have

{ETO,Eiro}SE — {EIIIC EIIIC} + {ElIlC EbC }S _"_ {ESC EIHC}S + {ESC ESC }S

To ? To? T0o? T0?

Now, due to the regularity of E7’, E7’ inside S., we have {E} , E7 }s. = 0. Using the mean value theorem, we obtain

{E;ftf, Emc}sa ~ 8imkr3 as ¢ — 0. Implementing in addition Stokes’ theorem we get

{EIHC ESC }S + {EEC

To To?

EX}s, ~87(ro/k) S [ SR (T x B (rg; b)) - (7o x B)} ,

as € — 0. Combining the above we finally obtain

2 2 ; B (7o x D
oy = e T B i) o <D

- ek/ e KT To 5 (7, b) - (7 x (T X B))ds(a} . (11)
S2

This is the analogue of the optical theorem for a point-source incident field. It shows that the scattering cross-section due
to a point source at 7 is related to the scattered field at 7y and a Herglotz vector wavefunction, [2], with Herglotz kernel
Fy (7;b) - (¥ x (¥ x b)).

The behaviour of o4, as the point source recedes to infinity can be examined as in [1], and it turns out that (11) reduces to

— —dnk 2 Rb - F(—70; —70, b)
which is the standard optical theorem for plane-wave incidence; here

o= [ |FF 70 B)P ds(?)
k-2 SZ
is the scattering cross-section for plane-wave incidence, where F'(7; P, 3) is the far-field pattern in the direction 7 due to a
plane wave propagating in the direction p with polarization b.
We conclude this section by noting that the solution for a point source in the presence of a scatterer is an exact Green’s
function, and so we should expect a reciprocity theorem. Indeed, such a result is known: see equation (2.126) in [5].

4 Exact Green’s function for a perfectly conducting sphere

Consider a spherical scatterer of radius a. Take spherical polar coordinates (r, 6, ¢) with the origin at the centre of the sphere,
so that the point source is at 7 = rg, # = 0, and so that the polarization vector b is in the z-direction. Thus, 7o = r9z and
b= Z, where Z and Z are unit vectors in the x and z directions, respectively.

Using spherical vector wave functions, and in particular (13.3.68), (13.3.69), (13.3.70) of [7] we obtain the following
expansion for the incident field:

in - 2n —+ 1
B (5%) = fuliore) 2 o v ) {a(kro) Ny, (1) = (ko) My, (r)} (12)
for r < ro, where h, = h{ is a spherical Hankel function, 1:(z) = 2~ hy(2) + b/, () = 2~ [xh, ()], and M?,, and

NP

oln

have

are defined in the Appendix. The scattered field has a similar expression; taking the radiation condition into account we

s~ 0 o= 2n+1
Eq (r@) = ho(kro) Z n(n+1) {O‘nhn(km) Neln( ) — 5n n(kro) Miln(r)}ﬂ (13)

n=1

where the dimensionless coefficients «, and [3,, are to be determined. Indeed, using the boundary condition (5), on r = a, we
obtain

_ n(ka) + kaj;, (ka)

n — d n — —
“ hon (k) + ah, (kay 4 P

(14)

Let us calculate the electric far-field pattern. Since

hy(2) ~ (=i)"ho(z) and Al (x) ~ (—i)" The(z) x — oo,
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and using (13.3.68) and (13.3.69) of [7] we find that

Mgln( ) = \/ n+1 h k?" oln ) (15)
~ n(n + 1) (=)™ ho(kr) Co1,(7)
and
N2 (1) = nn+1)(kr) "  ho(kr) Pon(®) + V/n(n + 1) hy (kr) Bein(7) (16)
~ Vn(n+1) (=i)" " ho(kr) Bein(7) (17)

as kr — oo, where C1,, (%), Pe1,,(7), and B.1,,(7) are defined in the Appendix. Therefore for the electric far-field pattern,
we have

 (p: ) = (20 4 1) ()" B (kro) o halkro) _
F g \/Tl) {an h()(k’f’()) Beln(r) Zﬁn h(](kTO) Coln("')} . (]8)

5 Far-field results for a small perfectly conducting sphere
So far, all of our formulae are exact. In the asymptotic results to follow, there are two parameters,
k=1tka and T =a/ry.

We assume that || = ka < 1; that is we make the so-called low-frequency assumption. We also note that the geometrical
parameter 7 must satisfy 0 < 7 < 1 because the point source is outside the sphere.
From (14), we obtain

. In+1 C1o\2nt1
on L(nn@%)ikf))‘cz and fur (2(:3 e "
as ka — 0, where ¢, :=1-3-5---(2n — 1) = (2n)!/(2"n!). In particular,
o) = —%HS +O0(K%), b= gn + O(K®),
an = %fv” +O(K7), B = —4%5’ +O0(x7),
a3 = —gsh’ +O(K%), B3 = s’ +O(K"),
as ka — 0. Moreover we have
olirg ™ T ™ i) ™ g 40 0

With the use of the ‘angular differential operator’

we have
Coin(®) = —{n(n+1)Y"Y27x D, {P1 cos ) sm¢}
Be1,(7) = {n(n+1)}"?D,{PL(cosh) cosg},

where P! is an associated Legendre function; see the Appendix.
In order to calculate F: with an error of O((ka)*) we only need the following:

Coul¥) = 2-1/2 {5 cosd)—?ﬁcos@ sinqﬁ},
B..(7) = 2712 {5 cos 6 cos — ¢ sin QS} ,
C,2(7) = (3/2)1/2 {@ cosf cos ¢ — (?5 cos 26 sin d)} ,
B.2(7) = (3/2)Y/? {5 08260 cos ¢ — ¢ cosf sin ¢>} ,

C,3(7) = iﬁ{@@ — 5sin’ ) cos ¢ + 3)(4(:089 — 15sin” § cos 0) sin¢}.
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From (18) we finally obtain

F (r;b) = —/{i Coi1(7) + K2 [L (Co11(7) = 2B.11(7)) + 2
ro\’ - \/5 oll \/§ oll ell 3\/6

1 . N 2 /1 2 .
+ K3 {ﬁ (2Be11(7) + Co11 (7)) — 7 <§ Beio(7) + 3 Col?(’“))
4

T ~ 4
512 0013(7’)] +O(k%), ask—0, (21

where 7 = a/rg. In particular, when ry — oo, (21) yields

Cura()

_|_

Fsc(r;/l;) = %i(ka)s{—/é(Z cosf + 1) cos¢p + $(2 + cos ) sin ¢} + O((ka)*)

as ka — 0, recovering (10.198) of [9, p. 406].
Now for the scattering cross-section oy, defined in (10), after lengthy calculations we obtain

or, = ma* {37+ 2 (ka)’7* [5+ 1 7Y
()t (24 [ B+ o 7))+ Ok @)

as ka — 0. In the special case ry — oo (7 — 0), i.e. for a plane incident wave of arbitrary polarization bwithb - 7o =0, we
obtain

o =2 (ra®)(ka)' + O((ka)®), ka — 0.

This is a well-known result, first obtained by Mie and Debye in 1909; see (10.202) of [9, p. 406], [7, p. 1884], [6, pp. 417
and 775] or (7.92) of [5].

6 Inverse scattering problems

In this section we consider the inverse problem of determining a small spherical scatterer from a number of measurements of
either a far-field, or a near-field quantity.

6.1 Measurements of the scattering cross-section: far-field data

This approach is similar to the one considered by Dassios and his co-workers for the acoustic case, with various boundary
conditions.
Recall that for the scattering cross-section we know in view of (22) that

ory = 2ma® (a/ro)t, aska — 0.

Choose a Cartesian coordinate system Oxyz, and five point-source locations, namely (0,0, 0), (¢,0,0), (0,¢,0), (0,0, ¢), and
(0,0,2¢), which are at (unknown) distances rg, r1, 12, 73, and 74, respectively, from the sphere’s centre. The parameter £
is a chosen fixed length. For each location, measure the leading-order term in the low-frequency expansion of the scattering
cross-section. Thus, our five measurements are

mj = 27ad® (a/r;)*, j=0,1,2,3,4.

Dimensionless quantities related to m; are

14 3/ Tj
O 2T a

There are six unknowns, namely rg, 71, 72, 73, 74, and a. However, rq, 73, and r4 are related using the cosine rule [3],
r2 =202 4 2r2 — 12, whence

74 = (/a)’\/6/7 + 275 — 0. (24)
Then, eliminating a® between (23) and (24) gives
(r;/0° = 29;/(a = 20° +70),  §=0,1,2,3.

Hence the centre of the spherical scatterer is obtained from the intersection of the four spheres centred at (0,0, 0), (¢,0,0),
(0,4,0), and (0, 0, £), with corresponding radii o, 71, 72, r'3, respectively, while the radius a of the sphere is given by (24).

2
a) . j=0,1,2,3,4. 23)
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6.2 Measurements of the scattered field at the source point: near-field data

The scattered field at the source point is given by setting » = ¢ in (13):

sc ~ ) = 2n+1 7
E}.O(To;iﬂ) = h/O(]:”rO) Z n(z + 1) {th”(kro) Nzln(ro) - ﬁﬂh"('kro) Miln(ro)} .

n=1
As rg = 1oz, this formula simplifies, using

d n(n+1) . Py(cosf) n(n+1)
i) d@P"(COSG) - md Im T T 2

We obtain
P.n(2) =0 and Bein(2) = Con(2) = 3/n(n+ 1)z,
whence (15) and (16) give
M3, (r0) = tn(n+ 1) hy(kro) &, N2,,(ro) = in(n+ 1) hy(kro) &,

and

e~

sc =~ —ur S 7
E (ro;3) = Shalhre) ;(zn + 1) (an — Bp) hn (k) hy (ko). (25)

This formula is exact. Let us evaluate it when ka is small. From (19) and (20), we obtain

n

nez a [ho(kro)]? - (krg)2n+1

; 2n+1 iy X 2
— Bp ~ % nd h”(kro) hn(k70) ne,

as ka — 0 for fixed 7 = a/r(. Hence, (25) gives

< > n 1 ~713(3 — 72
E5S (ro; )tholcro Z2n+1 2+1:§h0(kr0)bﬁ,

after summing the infinite series (recall that 0 < 7 < 1). Finally, we obtain

1 (3 -12)

E5 (ro;b)| ~ —
‘ TO(TOﬂ )l 2ka (1_7_2)2

as ka — 0.

This gives the magnitude of the scattered field at the source, for a sphere that is small compared to a wavelength.
Let us now formulate a simple inverse problem. Thus, we consider measurements of the scattered field at the same five
source points as in Section 6.1, and let
3 2
. ~ a?(3p; — )
M; =2kl |E (r;;b))| = ———2—2, j=0,1,2,3,4, (26)
! T pilp —a?)?

where p; = (r; /£)? and o = a/¢. Thus, as before, we have five measurements with six unknowns (pg, 1, P2, p3, P4, and )
and the cosine-rule constraint,

pa =2+ 2p3 — po; 27
we also have p; > a2 > 0. We can write (26) as
p? - 2a2p]2- +a®(a —3/M;)p; +a°/M; =0,

which is a cubic equation for p; if o is known. If «v is not known, one has to solve the six algebraic equations, (26) and (27),
for the six unknowns.
Analytical progress is possible if « is known to be small, so that @ < ¢. Then, one can approximate (26) by

M;=3a°/p3, j=0,1,2,34.

It follows that « can then be obtained from (27). One can then proceed as in Section 6.1.
Here, we have discussed a simple but genuinely near-field inverse problem. This is perhaps a more natural and realisable
experiment. It is similar to, but more complicated than, the analogous acoustic problem analysed in [1].
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Appendix: Spherical vector wave functions

In this appendix we include for convenience the definitions of the spherical vector wave functions used in the paper. So, for
n=1,2,...,and o = e or o (even or odd) we have the spherical vector wave functions of the first kind

My, (r) = curl [r ju(kr) Yo1u(0, 9)] = V/n(n + 1) Co1n(0, ¢) jin(kr)
and

1
No’ln

(r) = k7 lcwl ML, (r)

= n(n+1) Po1n(0,0) (kr) ™" jn(kr) + v/n(n +1) Bo1n (0, ¢) (kr) =" (d/dr)[rjn(kr)].

Here, the spherical harmonics are defined by Y..1,,(f, ¢) = P}(cos ) cos ¢pand Y,1,,(0, ¢) = P}(cos8) sin ¢, where P} (w) =
(1 — w?)'/2 P! (w) is an associated Legendre function and P, (w) is a Legendre polynomial. Moreover, for ¢ = e or o, we
have [7, pp. 1898-1899]

Po’ln(97 ¢) = ?Yrrln(6> ¢)a
By (0,0) = r{n(n+1)}"Y2grad Y,1,(6,¢),
Co1n(0,0) = {n(n+ 1)}*1/2 curl [rY51,(0, 9)].

The corresponding spherical vector wave functions of the third kind, M2, and N3, , are obtained by using the spherical

Hankel functions h,,(kr) instead of j, (kr) in the above definitions.
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