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SUMMARY

The method of fundamental solutions is applied to the computation of stress intensity factors in linear
elastic fracture mechanics. The displacements are approximated by linear combinations of the fundamental
solutions of the Cauchy—Navier equations of elasticity and the leading terms for the displacement near the
crack tip. Two algorithms are developed, one using a single domain and one using domain decomposition.
Numerical results are given. Copyright © 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

A variety of methods are currently available for computing stress intensity factors (SIFs) for elastic
crack problems. The SIF is a measure of the strength of the stress singularity at a crack tip, and
is useful from a mechanics perspective as it characterizes the displacement, stress and strain in the
near field around the crack tip. Additionally, the stress intensity concept is important in terms of
crack extension as critical values of the SIF govern crack initiation.

The calculation of SIFs in finite solids under arbitrary loading conditions is difficult and is
usually done through numerical approximation. Typically this is performed using finite element
methods [1,2], boundary element methods [3,4], or boundary collocation of crack-tip stress-
field expansions [5]. For the modelling of crack extensions, boundary-type methods have some
advantages over domain discretization methods due to the ease in extending the crack front.
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Typical boundary element methods for crack modelling rely on either Green’s functions appro-
priate for crack problems [6, 7] or by using hypersingular integral equations over the crack surfaces
[8]. A comprehensive review of SIF computation techniques can be found in Reference [9].

The method of fundamental solutions (MFS) is another boundary-type method; for reviews, with
many references, see References [10—13]. The MFS is a mesh-free method in which approximations
are expressed in terms of discrete point sources (singularities) applied outside the physical boundary
of the solid. These singularities can either have preassigned locations or their locations can be
taken as unknowns. In the case when the locations are not preassigned, the satisfaction of the
boundary conditions leads to a non-linear least-squares problem. In the case when the locations are
preassigned, the imposition of the boundary conditions may be done in a linear least-squares sense
or by simple collocation. In this paper, all singularity locations are preassigned and the boundary
conditions are imposed in a linear least-squares sense.

The MFS, being a boundary-type technique, is well-suited for dealing with crack problems
(and boundary-value problems with boundary singularities in general) for the reasons already
mentioned. Further, unlike other boundary-type methods, it avoids numerical integration which
could be potentially troublesome, especially in problems involving boundary singularities. Also, it
is very easy to implement, and, as the solution of the problem is expressed as a linear combination of
fundamental solutions it is natural (and easy) to incorporate the singular behaviour of the singularity
into this expansion. However, it should be mentioned that the MFS is not a general purpose method
and that it is only (easily) applicable to problems governed by equations for which the fundamental
solutions are known.

Recently [14], the MFS has been used for the computation of SIFs in a simple, symmetric situa-
tion, in which the loading and geometry were such that a crack on the x-axis (y = 0) opened in mode
I; the problem is symmetric about the x-axis, and so it is sufficient to treat one half of the physical
problem, giving a reduced problem for y > 0 with boundary conditions on y =0. In Reference
[14], the usual displacement field expansions for the MFS were augmented by the mode I elastic
crack tip displacement expansions, thereby allowing the SIF to be treated as simply an additional
unknown which is determined upon solution of the least-squares system. The methodology was
successfully applied to several opening-mode fracture problems.

Here, we extend the method developed in Reference [14] to problems involving not only the
opening mode but the forward shear mode (mode II) as well. The resulting mixed-mode problem
is solved numerically using the MFS in two different formulations. The first formulation follows
the idea presented in Reference [14] of appending the usual MFS displacement field expansions
with the elastic crack tip expansions. However, numerical experiments using this approach indicate
some difficulties with deeper cracks. We therefore develop a second formulation using a domain
decomposition approach similar to that used in Reference [15] for bimaterial problems; see also
Reference [16]. We then use the developed method to calculate SIFs for a variety of crack lengths
under mixed-mode loading conditions.

We begin by formulating a plane-strain problem for an oblique edge crack in a rectangular
domain; our methods are sufficiently flexible to permit domains of other shapes, although we do
assume that the crack is straight. Two MFS formulations are described in Section 3. The simplest,
called monodomain discretization (Section 3.1), uses fundamental solutions placed outside the
physical domain together with the known singular functions for a straight (semi-infinite) crack.
We use only the leading-order singular functions, although further terms could be incorporated if
desired. In Section 3.2, an approach based on domain decomposition is developed. The problem
is split in two, using an artificial cut on which continuity conditions are enforced. This method
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is more complicated but more accurate, especially for longer cracks. Some numerical results are
presented in Section 4 with concluding remarks in Section 5.

2. GOVERNING EQUATIONS

In the absence of body forces, the governing equations of equilibrium for a homogeneous, isotropic,
linear-elastic solid are the Cauchy—Navier equations. Using the indicial tensor notation in terms of
the displacements uy, us, the Cauchy—Navier equations, in a bounded two-dimensional domain €,
take the form [17]

A+ Wuk ki + pui =0, i, k=1,2 (D

where 4 and u are the Lamé elastic constants. In the system, summation over repeated subscripts
is implied and partial derivatives are denoted by a comma. In the linear theory, the strains ¢;;,
i, j=1,2, are related to the displacement gradients by means of &; = (u; ; + u;;)/2, and the
stresses 0, i, j =1, 2, are given by Hooke’s law a;; = A9;jui x + 2ue;;. The tractions ¢;, j =1, 2
are defined in terms of the stresses as t; = g;;n j, where n; and ny denote the co-ordinates of the
outward normal to the boundary. Equations (1) are subject to boundary conditions

Bilui,uz,t1,]=fi ondQi=1,2 )

where 0Q is the boundary of Q, which we assume to be piecewise smooth, and the operators
B;,i =1, 2, may specify displacement, traction or mixed boundary conditions.

The leading term for the two-dimensional displacement field (v,v2) near the crack tip for plane
strain is given by Anderson [18]

S0, K1 K = S0 7 cos 11— av s 2]+ K0 7 G 010 Z oy o2 2] 3)
vy (r, U, , = —_./ — COS — — zV sin- — —,/ — S1n — — zV COS™ —
! PAE O 2 2 2| u Va2 2

S KI r . 0 2 0 KH r 0 .2 9
vy (r, 0, K1, Kyp) = —,/==sin = |2 —=2v—cos” = [ = —,/=—cos = | | —=2v —sin” = | (4)
wyar 2 2 w v 2n 2 2

Here vls and vf are the displacement components corresponding to the axes along the crack and
perpendicular to it at the crack tip E, as shown in Figure 1; also, (r, 0) are the polar co-ordinates
situated at the crack tip, corresponding to the above (local) axes. The coefficients K1 and Ky are
the mode I and mode II SIFs, respectively, and v is Poisson’s ratio. From Figure 1, it follows that
if (x1, xp) are the horizontal and vertical co-ordinates of a point with respect to the origin O, then

xy=acosfi+rcos(@+ ), xp=asinf + rsin(0+ f) 5)
and
5 ; 5 xp —asinf
r=+/(x1 —acos )+ (x —asinf)?, tan(@+ f)=——— (6)
Xy —acosf
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Figure 1. An oblique edge crack in a plate Q. The left-hand diagram shows the local polar co-ordinates at
the crack tip, E. The right-hand diagram shows the domain decomposition, using the line E F.

Therefore, for a point with co-ordinates (x, x2), the displacements uf and ug corresponding to
the horizontal and vertical co-ordinates with respect to the origin O are given by

s (x1, x2, K1, Kir) = v3 (r, 0, K1, K1) cos f — v5 (r, 0, K1, Kp) sin 8 (7
and
u3 (x1, %2, K1, Kn) = v (r, 0, Ky, Kup) sin f + v3 (r, 0, K1, K1) cos )]

In addition to the displacement field, we will also require the tractions associated with the crack-
tip stress field for implementing the MFS. The near-field stresses at the tip of a crack are given by
Anderson [18]

K1 0 .60 . 30 Kn . 0 0 30
o11(r, 0, K1, Ku) = cos = |:1 — sin = sin —] — sin— [2+cos=cos — | (9)
27 2 2 2 2nr 2 2 2
(0. K1 Kip = cos Ssinfoos 3 —cos D1 —sinfsin 2] a0
o12(r, 0, K1, Kn) = cos = sin = cos — + ——cos = | 1 — sin = sin —
N 2mr 22 2 2nr 2 2 2
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0 4 s 0 . 30 n Ky . 0 0 30 (11
cos — sin — sin — ——— sin = cos = cos —
2 2 2 2 2 2

o22(r, 0, K1, K11) = 5
r

K1
N 2nr
where the local crack-tip co-ordinates (r, 0) are related to the global (x1, x2) co-ordinates via (6).

Given a local normal vector (n1, ny) in the (x1, x2) co-ordinates, the components of the traction
vector (t1, t) in the (x1, x2) co-ordinates are then given by

t1(x1, x2, K1, K1) = 011 (ny cos® B + na sin fcos f) + 622(ny sin® B — ny sin fcos )
4 012(—ny sin2ff 4+ ny cos2pf) (12)
ta(x1, x2, K1, K11) = 011(n1 cos ffsin § + np sin? P) + 022(—nj cos fsin f+ ny cos? )

4+ o12(ny cos2f + ny sin2f) (13)

3. MFS FORMULATIONS

3.1. Monodomain discretization

In this formulation, the displacements at a point P in region €, are approximated by u1,, u2, as
linear combinations of fundamental solutions and expressions (3) and (4):

ury (K, Ky, a,b,Q; P)=uj (x1,, x2,, K{', Kf})

N N
+2ajGu(P, Q)+ X bjG2(P, Q)) (14)
j=1 j=1
w2y (K, K a,b,Q; P)=u5(x1,, x2,, K", K}
N N
+3 ajGu(P, Q)+ > bjGxn(P, Q)) (15)
=1 i=1

and the tractions are approximated accordingly [15]. Here, (x1,, x2,) denote the co-ordinates of the
point P. The 2N-vector Q contains the co-ordinates of the N singularities surrounding region €2,
while a= (a1, az,...,ay) and b= (b1, by, ..., by) are vectors containing unknown coefficients.
Also, KIN , K{}’ are the (unknown) approximations to the SIFs K1 and Kp1. The functions Gy, G 12,
G»1 and Gp; are the fundamental solutions of the system (1). For a singularity located at Q acting
on P they are (see, for example, References [19, 17])

1 (xX1p — x1,)?
Gnu(P,Q)=—————|B—4nlogrpg — ——5—2— (16)
8nu(l —v) b0
1 (x1p = x19)(X2p — X2)
Ga(P, Q) =Gau(P, Q)= - ¢ (17)
8ru(l —v) b0
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(2p — XZQ)2i| (18)

1
Gyn(P,Q)=———| (3 —41)1 _
2(P, Q) Sl — ) [( v)logrpo rI%Q

where rpg =\/(x1P —X1Q)2 + (x2p —)QQ)2 and (x19,X245) are the co-ordinates of the
point Q.

In the linear least-squares MFS, the co-ordinates of the singularities Q; are prescribed. If
the boundary of Q is denoted by dQ=AB U BC U CD U DA (see Figure 1), these are
located on a pseudoboundary dQ, similar to 0Q and at a distance ¢ from it. The pseudobound-
ary does not contain a crack. A set of points {P,-}lM: | is selected on dQ U OE. In particu-
lar, we take Map, Mpc, Mcp and Mp, uniformly distributed points on the segments AB,
BC, CD and DA, respectively. Finally, Mpg points are placed on OFE, thus Map + Mpc +
Mcp + Mpa + Mog =M. Also, Nap, Npc, Ncp and Np4 singularities are placed on seg-
ments parallel to AB, BC, CD and DA, respectively. Thus Nysp + Npc + Ncp + Npa=N.
The 2N + 2 coefficients a, b, KIN and Kﬁ’ are determined from the satisfaction of the boundary
conditions:

Biluiy, uay, tiy, by (KN, KLY a, b, Q; P) = fi(P)

(19)
Boluiy, uay, tiy, oy (K, K a,b,Q; P) = fo(P), i=1,2,....M

System (19) is a linear system of 2M equations in 2N + 2 unknowns. In this study, we choose
M > N + 1 and the resulting system is overdetermined. This system is solved in a least-squares
sense using the NAG [20] routine FO4AMF which uses a QR factorization and iterative refinement.

3.2. Domain decomposition

The domain Q is now subdivided into two subdomains Q; and Q; as shown in Figure 1. The

displacements uii?, ugi? at a point P in region Q,, £ =1, 2, are approximated by

4
W\ O(KN KN a® b QY Py =uj(x1,. xap. K KN

N N
+> a6, 0V)+ Y bGP, 0)  (0)
j=1 j=1

4
uy) (KN KN a® O QW Py =uf(x1,. xap. K[ KN

N N
+Y a6 (P )+ L bGP 0f) @D
j=1 i=1

with the tractions approximated accordingly.
From Figure 1, it is clear that Q; has boundary 0Q;=OFE U EF U FCUCD U DO. The

singularities Q} are located on a pseudoboundary 0Qy, similar to 4Q; and at a distance ¢ from

it. A set of points {P.l}M1 is selected on 0€Q. In particular, we take Mog, Mgr, Mrc, Mcp

iJi=1

and M po uniformly distributed points on the segments OFE, EF, FC, CD and D O, respectively.
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Similarly, the singularities {Q}};vlzl are placed on 0, accordingly, by taking Nog, Ngr, Nrc,

N¢p and Npo uniformly distributed singularities on segments parallel to OE, EF, FC, CD and
DO, respectively. Clearly, M| =Mopg + Mgr + Mpc + Mcp + Mpo and Ny =Nog + Ngr +
Nrc + Ncp + Npo. _

In a similar fashion, the singularities Q? are located on a pseudoboundary 0€), similar to
0 =0EUEFUFBUBAUAO and at a distance e from it. In particular, a set of points

{Pl.z};w:z1 is selected on 0€), and the singularities {Q?};.szl are placed on 6!3.2 with, analogously
to Qi, M\y=Mopg+Mgp+Mpp + Mpa+ Mygo and Ny =Nog + Ngr+ Nrg+ Npa+ Nao.

The total number of boundary points is therefore M1 4+ M> and the total number of singularities
is N1+ N,. We impose the boundary conditions (19) on the segments OE, FC, CD and DO in
and on the segments OFE, FB, BA and AO in (). On the interface E F we impose the continuity

conditions

M _ @ M, o _ _
WV =u? and ) +1P =0, j=1,2 (22)

JN JN

We thus have 2M;| + 2M, equations in the 2N + 2N, + 2 unknowns a® b(),¢=1,2 and
KIN, KI]IV. If we take M| + M> > Ni + N> + 1 the resulting system is overdetermined and, as
before, is solved using the NAG routine FO4AMF.

3.3. Implementational considerations

In all the examples considered in this study, for simplicity, in the monodomain case, we took
Map=Mcp=Mopog=m and Mpc =Mpy =2m and thus M =7m. Similarly, we took Nyp =
Ncp=n and Npc =Npa=2n and thus N =6n. Thus we need to solve a linear system of
14m equations in 12n + 2 unknowns. Similarly, in the domain decomposition formulation, we
took Mo =Mgr=Mpc=Mcp=Mpo=Mrp=Mpa=Mspo=mand Nog=Ngr=Npc=
Ncp=Npo=Npp=Npa=Nuso =n. Thus M| = M> =5m, N| = N, =5n and we need to solve
a linear system of 20m equations in 20n + 2 unknowns.

Our goal is the evaluation of the quantities K IN and K ﬁ/ . In each problem we considered we

took a sequence of values of e, namely e =0.014+0.01x, k=1, ..., 199 so that 0 < e<2. For each

(1)

K, we calculated K IN and K ﬁ/ (’C). We also calculated the quantities

+1 ) ( +1 )
R = 1KY — kN N R o — k) kP

The optimal values of KIN and Kﬁ’ were chosen to be those for which the value of R®) was
K N ()
-

minimal. In the case of perpendicular edge cracks (f =0), we only considered

4. NUMERICAL EXAMPLES

We consider an oblique edge crack of length a in a rectangular sheet of width b as shown in
Figure 1. The crack angle is 5. The governing equations are the equilibrium equations (1), subject

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:469-483
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Figure 2. Comparison of Kj using the monodomain discretization for various values of a/b.
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Figure 3. Comparison of Kj using domain decomposition for various values of a/b.
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Table I. Values of e optimizing R™ in Example 1.

m,n e=0.1 e=0.2 e=0.3 e=04 e=0.5
24,8 0.51 0.28 0.50 0.31 0.48
36, 12 0.14 0.22 0.18 0.36 0.27
48,16 0.12 0.18 0.25 0.31 0.26
=0
5 T T T T T T
O m=24, n=8
45 I % m=36, n=12 1
x m=48, n=16
4t % 4
35 B
3 - -
®
¥ 25 | E
2 | ® .
®
15 @ B
®
1k _
05 F i
0 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
a/b

Figure 4. Normalized mode I stress intensity factor for f=0.

to the following boundary conditions:

11 =0,
11 =0,
11 =0,
11 =0,
11 =0,

=0
n=1
n=0
n=—1
=0

To ensure a unique solution we also impose the following crack-tip condition:

u; =0,

Copyright © 2006 John Wiley & Sons, Ltd.
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on DA
on CD
on BC (23)
on AB
on OF
(24)
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Figure 5. Normalized mode I and II stress intensity factors for f=m/8.
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Figure 6. Normalized mode I and II stress intensity factors for f=n/4.
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=7/8
4 T T B T T T
3L 4
\x_ 2 | . X i
I} ¢}
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Figure 7. Comparison of normalized mode I stress intensity factors, computed using the monodomain
discretization and domain decomposition methods.

4.1. Example 1. Perpendicular edge crack

In order to test the methods described in this paper, we first consider the example of a perpendicular
edge crack (f=0) with b=1 and ¢ =d = b. The solution of this (symmetric) problem is known,
and is given by the following formula [21, 22]:

Ki=+/ma[1.12 — 0.231(a/b) + 10.55(a/b)* — 21.72(a/b)? + 30.39(a/b)*]

Clearly, by symmetry, K1 =0.

We solved this problem using both the monodomain and the domain decomposition discretiza-
tions for different values of m and n and a variety of crack lengths a. In Figures 2 and 3 we
present some results for KIN for the monodomain and the domain decomposition discretizations,
respectively. The approximations in the monodomain discretization are accurate for smaller values
of the crack lengths a whereas the approximations in the domain decomposition discretization are
accurate for all values of a considered.

In Table I, we present the values of e giving the optimal values of R™) for various num-
bers of degrees of freedom and different crack lengths in the case of the domain decomposition
discretization.

Copyright © 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:469-483
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=n/8
2 T T P T T T
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1.5 || x Domain decomposition p
\¥: 1} |
0.5 F 5 x i
5 5 o ©
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=n/4
2 T T B T T T
15 i
\¥= 1 L i
0.5 + N X x * i
& o o o o
0 0 0.1 0.2 0.3 0.4 0.5 0.6
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Figure 8. Comparison of normalized mode II stress intensity factors, computed using the monodomain
discretization and domain decomposition methods.

4.2. Example 2. Oblique edge crack

We considered the case of a crack at an angle 5, with b=1, c=3b/2 and d =b. In particular,
we considered the angles =0, ©/8 and ©/4. For comparison purposes we shall be presenting
the normalized values K| = K" //an and K{; = K} /</ar. In Figures 4-6 we present the domain
decomposition computed values of KI’ and K'I’I for three sets of m and n, fora =0.1, 0.2, 0.3, 0.4, 0.5
and 0.6, for the cases =0, f=n/8 and f = 1/4, respectively. These results indicate consistency
for various numbers of degrees of freedom. Further, the results for a =0.3, 0.4, 0.5 and 0.6 are in
excellent agreement with the results of Wilson, as given in Reference [4, Figure 6.21] (results for
a < 0.3 are not given in Reference [4]).

Also, in Figures 7 and 8, we compare the results obtained with the monodomain and the domain
decomposition discretizations for the case when m =48, n = 16, for K| and K{j, respectively. The
two sets of results agree for smaller values of @ and, as in Example 1, the monodomain discretization
suffers from loss of accuracy as a increases. It should be mentioned that in the case a =0.1
for m =48, n =16, in some instances, in the domain decomposition discretization, the iterative
refinement used in the least-squares method failed to converge, indicating that the coefficient matrix
in the MFS system is too ill-conditioned. This problem was overcome by reducing the number of
sources used.

Finally, in Figure 9 we present the variation of K{ and K| with the distance e of the pseudobound-
ary from the boundary in the domain decomposition discretization. This behaviour is typical of
both methods considered.
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Figure 9. Variation of normalized mode I and II stress intensity factors with e.

5. CONCLUDING REMARKS

Two applications of the MFS have been described, in the context of plane-strain elastostatics. Both
are applicable to straight edge cracks in bounded regions; the outer boundary can have any shape.
The main virtue of the first method (monodomain discretization) is its simplicity: the basic MFS
is augmented by a singular function to take account of the crack-tip singularity. The method was
shown to give good results for short cracks. This result can be explained as follows. The crack
opening displacement (the discontinuity in the vector (i, u) across the crack) is represented by

4(1 — /
M ZL(KIICOSﬁ—KISinﬂ, Kysinff+ Kycosf) forO<r <a
U T

this approximation is only expected to be accurate near » =0. Increasing N (the number of fun-
damental solutions) will not lead to improvements because any linear combination of fundamental
solutions will be continuous across the crack. Of course, we could augment the approximations with
additional higher-order crack-tip solutions (proportional to *+1/2 with n =1, 2, . . .) but this would
make the method more complicated. Thus, the simplest monodomain discretization, as described
in this study, should only be used for short cracks.

The second method utilized domain decomposition. Such splitting (sometimes called ‘stitching’)
has been used before for crack problems, using boundary element methods [23, 24]. As a result,
the crack has two faces, and the displacement near one face (in Qp, say; see Figure 1) can be
represented by fundamental solutions near the other face (in €)): the numerical approximation
can be improved by increasing N. Consequently, better results are obtained, especially for longer
cracks.
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In the present study, in order to demonstrate its applicability, the MFS is applied to test prob-
lems from the literature. However, the method could be applied to more complicated geometries
and problems with multiple cracks of various shapes. Further extensions are feasible, including
straight cracks with two tips and anisotropic media. Additional internal boundaries can also be
treated without difficulty; applications to cracks starting from holes are of interest. Furthermore,
applications to Signorini-type problems are envisaged, in which crack faces may come into contact
along part of their length as the loading is changed. Some of these extensions are currently under
consideration.
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