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ing is said to be “weak”. Two classes of methods are used. The first is usually associated
with the names of Foldy and Lax. Such methods require a “closure assumption”, in addition
to the governing equations. The second class is based on iterative approximations to inte-
gral equations of Lippmann-Schwinger type. Such methods do not use a closure approxi-
mation. Our main result is that both approaches lead to exactly the same formulas for the
Acoustic waves effective wavenumber, correct to second-order in scattering strength and second-order in
Random media filling fraction. Approximations for the average wavefield are also derived and compared.
Lippmann-Schwinger equation © 2008 Elsevier B.V. All rights reserved.
Closure assumptions

Multiple scattering

Keywords:

1. Introduction

Understanding multiple scattering by random arrays of identical obstacles is a problem of long-standing interest. One
approach, going back to Foldy [1], begins with a deterministic model for scattering by N obstacles, which we write concisely
as

N
U= U+ H pUp, (1.1)
n=1
where u is the unknown wavefield, uy, is the given incident field and ., is an operator. The quantity u, can be viewed as the
(unknown) contribution to u coming from the scatterer centred at r,. Then, the ensemble average, (u), is calculated over all
possible configurations of the scatterers. It follows from the right-hand side of Eq. (1.1) that we have to calculate (-#",u,), but
this only exists if there is a scatterer at r,: we are forced to introduce a conditional average of u. Thus, we cannot derive an
equation for (u), merely a hierarchy of equations relating various different conditional averages of u. Breaking this hierarchy
requires an additional “closure assumption”. Such assumptions are difficult to justify, in general; for an example, see [2].

For an alternative approach, suppose that we had an explicit formula for u, for any given configuration of the scatterers.
Then, we could calculate (u) directly, in principle, without the use of closure assumptions. Of course, we do not have such an
explicit formula for u, but we do have explicit approximations for u, and these could be used. This idea also has a long history
(see, for example, [3] and [4, §7.4.2]).
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In this paper, we shall compare these two approaches for a simple two-dimensional, time-harmonic, acoustic problem,
where detailed explicit calculations can be made. We choose random arrays of identical penetrable circles. The number of
circles per unit area is no. We assume that the area fraction occupied by the circles, ¢ = na?ny, is small, where each circle
has radius a. We also assume that the scattering is “weak”, meaning that the strength mo =1 — (ko/k)? is small, where k
and ko are the wavenumbers in the exterior and interior, respectively. The assumption of small 1 is common in many the-
oretical studies (the scatterers are dilute), whereas the assumption of small m, is convenient for the derivation of good
approximations to the deterministic problem. We work to second-order in both mg and ny. Maurel [5] has made similar com-
parisons, but with uncorrelated “point scatterers”, meaning that each scatterer is represented by a Dirac delta function; we
are interested here in scatterers of finite size (and we do not make small-ka approximations). Comparisons with Maurel’s
results are made in Section 5.3.

One output from the analysis is a formula for the effective wavenumber, K: the averaged field (u) is found to solve the
Helmholtz equation, (V2 + K*)(u) = 0, in a fictitious “effective medium”. For small n,, formulas for K look like

K? ~ I + nody + 1253, 1.2)

with explicit expressions for §; and J,. (For references to the literature, see [6] and [7].) Foldy-type theories use his closure
assumption, they are essentially linear in ny, they assume that the scatterers are independent, and they predict that

K? = I — 4inf (0), (1.3)
where f is the far-field pattern for one scatterer in isolation (see Eq. (2.7)). Also, when uj, = el**,
(u) = Ael™ (1.4)
where Foldy theory predicts that the “amplitude”, A, is given by
A=1+ingk *f(0). (1.5)
Observe that if we write A = |Ale™ and K = K, + iK;, then
Re{(u)e '} = |Ale ¥ cos(K;x — wt + a), (1.6)

showing that the quantities | A | and K; = ImK are of interest.

For one circular scatterer, we can construct the exact solution by separation of variables. This elementary calculation is
outlined in Section 2; it yields an exact formula for f(0), which can then be inserted in Eqs. (1.3) and (1.5).

For our model problem, the fluid density is constant everywhere, both inside and outside the scatterers. Consequently, the
scattering problem can be solved using the Lippmann-Schwinger integral equation (see Section 3). (This equation can also be
used when kg is a function of position; if the density inside differs from that outside, a different integral equation must be
used [8].) Under certain circumstances, the Lippmann-Schwinger equation can be solved by iteration; we examine the first-
order (Born) approximation (linear in the strength mg) and the second-order approximation (quadratic in mg). For one cir-
cular scatterer, this is done in Section 4. We confirm that the second-order iterative approximation for the wavefield (both
inside and outside the scatterer) agrees with the second-order approximation of the exact solution.

Scattering by random arrangements of scatterers is considered in Section 5. We write down the iterative approximation
for scattering by N circles. Then, we calculate the ensemble average; we begin with first-order in both ny and my, and end
with second-order in both. No closure assumptions are used. At first-order in ng, we find precise agreement with the Foldy
estimate for K, Eq. (1.3), correct to second-order in my. For the amplitude, A, we find agreement at first-order in mg with the
Foldy estimate (given by Eq. (1.5)), but we find a discrepancy at second-order (see Eq. (5.25)).

Calculations at second-order in ng are more difficult because one has to introduce conditional probabilities, intended to
prevent scatterers overlapping during the averaging process. We use a simple (but standard) pair-correlation function, giving
what is known as a “hole correction”, Eq. (5.13). This involves a new parameter, b, with b > 2a. Linton and Martin [6] found a
formula for 6, in Eq. (1.2), making use of the Lax quasicrystalline approximation for their closure assumption (see Section
2.3). We compare the Linton-Martin formula (approximated to second-order in mg) with our alternative approach: the
agreement turns out to be perfect. One could view this agreement as supporting either of the two approaches described
above, depending on one’s point of view. We also obtain a new estimate for A, and we verify agreement with known results
for “point scatterers” in the appropriate limit (see Section 5.3). Thus, our calculations show that good results may be ob-
tained without closure assumptions, and so such methods deserve further investigation. In particular, extensions to three
dimensions (random configurations of spheres) and to scatterers with a mass density that differs from that of the surround-
ing medium (including bubbles or rigid obstacles) should be made.

There is an extensive literature on multiple scattering by random configurations of identical obstacles. For thorough re-
views, see, for example, [7] or [9].

2. Scattering by one cylinder: exact solution

Consider one circle of radius a, centred at the origin. We have (V2 + k*)u = 0 for r > a and (V2 + k%)up = 0 for r < a, where
rand 0 are plane polar coordinates and k and k, are real constants. The interface conditions are u = uy and ou/dr = dug/r on
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r = a. Outside, we have u = u;, + usc where u;, = e and uy. satisfies the Sommerfeld radiation condition. Throughout, we
suppress a time dependence of e it
The one-cylinder problem can be solved by separation of variables. We use the expansions [6]

)

Uin(r,0) = > ", (kr)e™, 2.1)
Use(r,0) = > AnZnHy(kr)e™, (2.2)
Uo(r,0) = > By (kor)e™, (2.3)
where J, is a Bessel function, H, = H\" is a Hankel function,
Z, = [Redy) /4, =Z_, (24
and
An = Hy(ka)],(koa) — (ko/k)J},(koa)Hn(ka). (2.5)
The interface conditions yield A, = —i" and
B, = 2i"" /(nkad,). (2.6)
The far-field pattern, f(0), is defined by
Usc ~ 1/2/(mkr)f (0) exp(ikr —in/4) asr — co. (2.7)
Hence,
FO) == Zye™. (2.8)
n=-—o00

2.1. Approximation for small my

For weak scattering, ko is close to k. To quantify this, we define the scattering strength, my, by

mo =1 — (ko/k)%. (2.9)
Then, for weak scattering, we approximate the exact solution, assuming that my is small. From (2.9), we obtain
1 1
ko/k:1—§mo—§m§ (2.10)
and
F(koa) ~ F(ka) — %mokaF’(ka) - %méka{F’(ka) — kaF’ (ka)} (2.11)

for any smooth function F. Then, some calculation gives

Ay =~ 2i/(nka) — (mo/2)kad(ka) + (m2/8)U,, (2.12)
where

dn (%) = J;, OH,(X) + [1 = (n/%)*)],,(X)Ha(X), (2.13)

U, = ka(kaf, — J')H,, + (J,, — ka[J’, + kaJ, 1)H,, = 2ka[J,,(ka)H, (ka) — d,(ka) — i/n] + 2in*/(nka) (2.14)

and we have used
H, (X)) (%) = J,(x)Hn(x) = 2i/(nx). (2.15)
Then, from Eq. (2.12), the numerator in Eq. (2.4) is given approximately by
Red, ~ —(mo/2)ka 7, (ka) + (m3/8)S,,
where

S n(ka) = Red, (ka) = J3(ka) —J,_y (ka)], . (ka), (2.16)
Sp = ReU, = 2ka],_,(ka)],. (ka). (2.17)

Hence, we obtain the following approximation for Z,:
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Zy~ gmoi(ka)2 7.(ka) — %mﬁka{isn — n(ka)® 7, (ka)d,(ka)}. (2.18)
Similarly, for the interior field, uo, Eq. (2.6) gives
H 2
i "By~ 1— lmTo“" + % (nikaU, — 12) with g, = n(ka)’d,(ka).

Also, using Eq. (2.11),

Ja(kor) == J (kr) = (mo/2)krf, (kr) + (mg/8){[n* — (kr)*[,(kr) — 2], (kr)},
and then Eq. (2.3) gives

Up(r, 0) = el _imo i i"ueind —|rm—é i i"u@eind (2.19)
o= 4 n 16 L '
[ — n=—oo

where
u) = pyJ, (kr) — 2ikr];, (kr),
@) — (2[n? — (kr)?] + nikaU, — 12}, (kr) + 2 (i, — 2)kr], (k).

n

u

2.2. Application to Foldy theory
Foldy’s theory predicts that (u) = Ae, where K is given by Eq. (1.3) and A is given by Eq. (1.5). Using Egs. (2.8), (1.3) gives
K* — 1% =4ing Y Z, ~ —monon(ka)* " 7, (ka) = —monor(ka)’ (2.20)

n=—oc n=—oc

to first-order in mg. Here, we have used

i In= i]i— i]nlnﬂ:l, (2.21)

i J(x) =1, (2.22)
f: JaX)pm®) =0 for m==41,£2,.... (2.23)

Also, from Eq. (1.5), we obtain A ~ 1 + ;tmgnea?.
For an approximation to second-order in my, use Eq. (2.18). The term in S, does not contribute to f(0): >>»° S, =0.
To see this, use Eqgs. (2.17) and (2.23). Thus, we obtain

f0)=— }limon(ka)2 + %im%nz(ka)“f(ka), (2.24)
where
# (ka) :% i 7, (ka)d,(ka). (2.25)

(Another formula for #(ka) is given in Appendix B.) Then Eq. (1.3) gives
K? — K ~ —mpnon(ka)® + minor® (ka)* # (ka) (2.26)
and Eq. (1.5) gives

A~1+ %mononaz - %mgnonzkza‘ﬂ#’(ka). (2.27)

2.3. Application to Linton—-Martin theory
According to Linton and Martin [6, Eq. (80)], the second-order correction in Eq. (1.2) is given by

o =4nib> 3" N ZyZydy m(kb), (2.28)

Nn=—o00 M=-o00

where b is the parameter in the “hole correction”, Eq. (5.13). (In the limit kb — 0, 6, can be written as a certain integral of the
far-field pattern; see [6, Eq. (86)].)
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As a special case of Eq. (2.28), consider isotropic scattering, meaning that Z, = 0 when n # 0, so that f(0) = —Z,. Then, we
obtain the estimate [6, Eq. (42)]

K? = I — 4ingf (0) + 4ni[nobf (0)]*do(kb). (2.29)

This is Eq. (5) in [10] when k¢ is replaced by ko in its right-hand side. (In fact, [10, Eq. (5)] is equivalent to [6, Eq. (40)].)
From Eq. (2.18), the first-order approximation to Z, is given by

Zn ~ (mg/4)mi(ka)? 7, (ka), (2.30)
whence Eq. (2.28) gives

0g = Mf 4 b2 ka)* Z Z (k) ¢, (ka)dy_m(kb). (2.31)

N=—00 M=-00

Thus, there are no contributions to K* that are proportional to nZm.

3. Lippmann-Schwinger equation
In two dimensions, the Lippmann-Schwinger integral equation is [11]
U(r) = () — k2 /GO (r,0)m(e)u(r)dV’, 3.1)
where u is the total field and

Go(r,¥) = (i/4)H" (k|r — r'|). (3.2)

The governing partial differential equation is

V2u + Ku = K*m(r)u, (3.3)

with m = 0 outside the scatterers. Thus, although the integration in Eq. (3.1) can be written as an integration over all space, it
is really only over the scatterers.

It is known that Eq. (3.1) is always uniquely solvable. Moreover, the solution can be constructed by iterating the integral
equation, under certain circumstances. We do not investigate these circumstances here. We simply accept the second iter-
ation, giving

U(r) ~ () — k2 /c;0 (Ym0 ) (F)dV' + k* /co (r,t)m /co (', ¥Ym () un ()dV" AV (3.4)

We assume that the scatterers are D;, centred atr;,i = 1,2,...,N. Each scatterer is a circular disc of radius a with constant
strength mo; when Eq. (2.9) is combined with Eq. (3.3), we see that (V? + ké)u = 0 holds inside the disc, as assumed in Sec-
tion 2. Thus

(V2 + I*)u = P mou(r) i %(r), (3.5)

i=1

where y; is the characteristic function for D;: y;(r) =1 when r € D; and y;(r) = 0 when r ¢ D;. The approximation (3.4)
becomes

N N g "
. moZ / T / Go(r,T) / Go(F, ")t (F")dV" V. (3.6)
= = /o D;
Using
2 2 ’ 07 r QB’
(V2 +k )/BG()(I‘,I’/)f(r/)dV = {—f(r), reB,

we see that Eq. (3.6) correctly generates a solution of (V2 + kz)u = 0 outside the scatterers. On the other hand, if u; denotes
the field in D;, Eq. (3.6) implies that

(V2 + K*)u; = K mouin (1 k4moz / Go (1, 1) Ui (r)dV

for r € D;, whereas the exact solution satisfies (V? + kz)ui = Kmou;.
We shall return to the formula (3.6) in Section 5, but first we consider scattering by one cylinder.
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4. Scattering by one cylinder: iterative solution

Let us specialise the second-order solution (3.6) to a single cylinder. We have

U(r) =~ Uin(r) + mol; (r) + ML (r), (4.1)
where
L(r) = -k | Go(r,r)uip(r)dV’, (4.2)
Do
L(r)=—k* | Go(r,r)l;(r)dV, (4.3)
JDq

and Dy is the circular disc of radius a, centred at the origin. In this section, we will evaluate I; and I;. These quantities will be
needed when we consider scattering by many circles (in Section 5). Also, as a check on our calculations, we verify that we
recover the small-my approximations to the exact solution given in Section 2.1.

4.1. Evaluation of I;

Withr = (r,0) and r' = (1, 0'), we use Eq. (2.1) in Eq. (4.2) to give

11 (r7 9) = - Z inLYl(r7 0)> (44)
n=-—o00
where
a 2n
La(r, 0) = K2 / Go(r, '), (kr')e™ r'do dr. 4.5)
0 0

We give separate evaluations of L,(r,0) for r >a and r < a.

4.1.1. Exterior field
For r > a, we use

Go(r,r) :‘ll S Ha(kn)J, (k' )&=, 1> 1, (4.6)

n=—oc

in Eq. (4.5). This gives

Ly(r,0) = C\VHy(kr)e™ (4.7)
with

ch = %ikz /0 ’ Pkeyrdr = %i(ka)z Fa(ka), (4.8)
where ¢, is defined by Eq. (2.16). Here, we have used [12], 7.14.1(10), p. 90,

/Wn(kr)Wn(kr)rdr = Z—Z{ZWn(kT) W (kr) — w1 (kr)Wo 1 (kr) — wy_1 (kr)Wy 1 (kr)}, (4.9)
where w;,, and W, are any two Bessel functions. In particular, we note that

(12—2 /Oa]ﬁ(kr)rdr = ¢.(ka), (4.10)

a result that will be useful later.
The result (4.8) agrees with the exact solution (see Eq. (2.30)).

4.1.2. Interior field
For r < a, the calculation is more complicated. We obtain

Ly(r,0) = (ni/8)ALV (kre™, r<a (4.11)
with
A (kr) = 4Kk2H, (kr) / Pkr'yr dr + 4k%), (kr) / Ha (k') (k') dr. (4.12)
JO r

Use of Eq. (4.9) gives
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A (kr) = 2(kr)*Ha (k) {5 (Kr) = Ja (k1) (K1)} = (k1) (K1) {2 (K Hu (KT) = o g (ki) Hio1 (kE) = J g (k1) Hig (k) Y
+ (ka)’J, (kr) (2] (ka)Hn(ka) = Jo. .1 (ka)Hy1 (ka) — ],y (ka)Hns1 (ka)}.

Suppressing the argument kr, the first line of this formula become

(kr)z UnanrlHﬂ*l +.]n]n—lHﬂ+1 - 2HrL]n+l.]n—l]
= JulJn — ki) [nHy + krHL] + Ju [0, + kil [nHn — krH,) — 2Ha[0), — kify ][0, + kil
= 2(kr)’J,[J,Hn —JHy] = —(4i/m)ki], (kr),
whereas the second line reduces to 2(ka)?J, (kr)d,(ka) with d, defined by Eq. (2.13). Hence,
A,ﬁ”(kr) = —(4i/n)kr];(kr) + Z(ka)zjn(kr)dn(ka). (4.13)
Combining Egs. (4.1), (4.4), (4.11) and (4.13), we find agreement with the first-order approximation of the exact solution,
Eq. (2.19).
4.2. Evaluation of I,
As 1’ < a in Eq. (4.3), we use Eq. (4.11) in Eq. (4.4) to give

L " [ Gatr.e)AR (ke v

m=—oc

Again, the calculations depend on whetherr > aorr < a.

4.2.1. Exterior field
For r > a, we use Eq. (4.6). This gives

L(r,0) = — i i"CPH, (kr)el™ (4.14)

with B
c — Zkz/Jn kr') A (k'Y dr’ (4.15)
= (nka/4)*{(ka)*dy(ka) 7, (ka) — (2i/m)], 1 (ka)],,1 (ka)}; (4.16)

for the evaluation of the integral, see Eq. (A.7).
The result (4.16) agrees with the exact solution, see Eq. (2.18).

4.2.2. Interior field
For r < a, we obtain

I( ( ) ZIAZ (ke r<a (4.17)
with
AR (kr) = 4k Hy (k) | e A (ke dr 4K, (kr) [ " Hy (k)AL ('
Use of Eq. (4.13) gives
A2 (kr) = 2(ka)2dy (ka) A (kr) — 8(i/m)Xn (4.18)
with
Xn = 2k°Hy (kr) /Or]n(ks)];(ks)s2 ds + 2Kk%J, (kr) /a Hy(ks)J, (ks)s? ds.
To evaluate the remaining integrals, consider
g = / 52 % 01, (ks)Ha (ks)]ds.

Integrating by parts and then using Eq. (4.9) gives
s = (SZ/Z)UnHanl +.’n71Hn+l)‘,

suppressing the argument ks. Alternatively, we have
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ic2
7 =l [ $0,H, + L H)ds = 2K [ 2 Hyds

using the Wronskian, Eq. (2.15). Hence
2i

ZIc/szjg(ks)Hn(ks)ds = % {],MH,H +Jo1Hnin — ;} = s2{J Hy — dn(ks) —i/m}.

In particular, the real part of this formula gives

2]</52];(I<s) n(ks)ds = s, (kS)],q (kS). (4.19)
Hence

Xn =X+ X2 (4.20)

X = (kr)?{J, (kr)[dn(kr) /) = Hy(kr) 7 (kr)} = (K /m) {y_g (k) = ]y (k) + ki, (kr) 3, (4.21)

X? = (ka)’J,(kr)[J,(ka)Hn(ka) — dy(ka) — i/n] = (kaU,/2 — n?i/m)], (kr). (4.22)

U, is defined by Eq. (2.14), A? is given by Eq. (4.18), and then I, is given by Eq. (4.17). When L, is substituted in Eq. (4.1),
we find complete agreement with the second-order approximation to the exact solution, Eq. (2.19).

5. Scattering by N cylinders

Let us return to the second-order solution for scattering by N cylinders, given by Eq. (3.6). Introduce polar coordinates
(r,0) centred at the origin and (r;, 6;) centred at r; = (x;,);), the centre of the jth scatterer.

5.1. First-order in my
As in Section 4, using u;, = e = el os% we obtain

—kz / Go(l', r’)uin(r’)dV’ = e”‘"fll (rj, 9]) (51)
b;
with r; =| r —1; |, so that, to first-order in mo, Eq. (3.6) gives

N
u(r) ~ e 4+ mg > el (1, 0)). (5.2)
j=1
Next, we calculate the ensemble average of u, (u). At this stage, we can assume that the scatterers are independent (uncor-
related); they are also indistinguishable. The result is

(u(®) = e 4 mong /B e I (ry, 0y)dxy dy,, (5.3)

where By is the region occupied by the N circles and no is the number of circles per unit area, so that By has area N/ny.

In order to do explicit calculations, we now let N — cc. One option would be for By to become a slab, 0 < x < L, say. We
prefer to let By become the half-plane x > 0, but then we have to take care with the convergence of various integrals as
X — oco: we replace e by e with Imx > 0, and then let x — k at the end of the calculation.

Thus, in the limit N — oo, the integral in Eq. (5.3) consists of an integral over the circular disc r; < a (r2 = (x; — x)> +y?)
plus an integral over the remainder of the half-plane x; > 0; we denote this region by disc’. We can assume here that x > a so
that the disc does not meet the line x; = 0.

Exact calculation gives (see Appendix A)

/ e[, (ry, 0,)dx; dy, = —r?a®e™ (ka)® # (ka), (5.4)
ri<a

d 2
lim [ eily(ry,01)dx dy, = %e“‘*{l — 2ikx + 4n(ka)* 7 (ka)}, (5.5)
k=K Jdisc’

where # is defined by Eq. (2.25). When these two expressions are added together, the terms in 2 cancel, and then Eq. (5.3)
gives

(u(r)) = e {1 + mony(n/4)a®(1 - 2ikx)}, x> a. (5.6)
This should be compared with Eq. (1.4), (u(r)) = Ae®*. Write
A=~1+meA +miA;, and K =~ k+mok; + miks,

so that K? ~ k* + 2mqkk; + m2(k* + 2kk,). Then,
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Aet* — e (1 4 my(Ay + ikix) + M (A + iX[Ar ks + ko] — K3x%/2)}; (5.7)

the terms involving m2 will be used later. Comparing Eqs. (5.6) and (5.7) gives A; = ¢/4 and k; = —k¢/2, where we have
defined the area fraction occupied by the scatterers, ¢, by

¢ = nona’.

Hence, A~ 1+ mo¢/4 and K? ~ k*(1 — mo¢), in agreement with the Foldy estimates, Eqs. (2.20) and (2.27), correct to
first-order in my.

The idea of rewriting an expansion such as Eq. (5.6) in the form Eq. (1.4) is well established (see [4], §7.4.2, for
example).

5.2. Second-order in my

At second-order in mp, we add the last term in Eq. (3.6) to the right-hand side of Eq. (5.2). Using Eq. (5.1), this term
becomes

N N
—Pm3 >0 ey / Go(r, V)1 (1}, 0))dV’ = us(r), (5.8)
i=1 j=1 D;

say; recall that r;, 6; are polar coordinates centred at (x;,y;), the centre of the jth disc, D;.
Evidently, the evaluation of the integrals in Eq. (5.8) will be different if i = j or i # j, and so we write

w =ul) +ud, (5.9)

where

177

N
ulM( Km3 " el Go(r, ) (1} 0)dv' (5.10)
Jj=1

RS

and u$? = u, —ul".

5.2.1. Calculation of (ul")
From Eq. (4.3), we obtain

N
uy (1) = mg > el (1. 0y),

where [, is given by Eq. (4.14) for r; > a and by Eq. (4.17) for r; < a. Then, proceeding as in Section 5.1, we obtain
WP (r)) = e**m?($/4){Po(ka) + (2ikx — 1)Qo(ka)}, x> a, (5.11)
where Py(ka) is given by Eq. (A.9) and Qq(ka) = n(ka)®# (ka) (see Appendix A for details of the calculation).

5.2.2. Calculation of (uf)
When i # j, 1} > a (as the scatterers are not allowed to overlap) and so we can use Eq. (4.7) in Eq. (4.4):

00

/ Go(r, )Ly (1, AV = — S i) / Go(r, ) Hy (k)& dV/.
D; D;

n=—oc

Here, 1/, 0; are the polar coordinates of the point at r' with respect to the centre of D;. So, to integrate over D;, we need
ind,

Graf's addltlon theorem to express H, (kr )e™ in terms of J,, (kr})e™:

kr em()] _ Z .]m kr n m ICR ) 1m0lfei(n—m)1jx,

m=—oc

where X; — X; = R;; coso; and y; — y; = Rji sino; (see [6], Fig. 1 for a diagram showing notation). Hence,

e / Gor, V)1 (1, 0))dV' = Zl COH, (KR L (11, 0),
Jb;

where L, is defined by Eq. (4.5) and we have used the short-hand notation

ZZZ

m=—o00 N=—00

Thus, from Egs. (5.8)-(5.10), we obtain
mg Y CoQua(r) (5.12)



874 P.A. Martin, A. Maurel / Wave Motion 45 (2008) 865-880

01k ; : : 4

107 10™ 10° 10’ 10°

Fig. 1. The function ¢,(ka): when b = 2a, the imaginary part of the effective wavenumber, Kj, is positive for 0 < ¢ < ¢q(ka).

with
N N
Qun = lnz Z elkxan m kR]l) el(n—ma; | m(rh 1)-
i=1 ] =1
j#i
To compute the ensemble average of Q,,, we need a conditional probability. We use p(r;) = no/N (as above) and
p(xj|r;) = (no/N)H(R;; — b), (5.13)

where H is the Heaviside unit function and b is the “hole radius”; we take b > 2a to ensure that the circular scatterers do not
overlap during the averaging. Then, as the scatterers are indistinguishable, we obtain

<an = l no / L (T],Hl)/ H R21 — lkXZHn,m(kRZ])ei(n7m>121 dV2 dV1

As before, we replace e*2 by e with Imx > 0, we let N — oo so that By becomes the half-plane x > 0, we evaluate the
integrals and then we let k — k. To begin, we note that the inner integral is very similar to Eq. (A.1); we take its value as
2 (i)™ ( + k)ea 4 mike™ 47, (kb)

ik e

(5.14)

with ./, defined by Eq. (A.3). This result is exact when x; > b but it is an approximation when 0 < x; < b (see the discussion
below Eq. (A.2)). Using Eq. (5.14) for all x; > 0, we obtain

2n3

(Qunn) = —5——{(x + k) L (k) 4+ mik N p_n (kD) L (x)},
ik(k* — k2)
where
(1)
LK) = im/ e Lo (r1, 01)dx; dy; = ,ZZC {Ki,;k el 4 ne™* 1/, (ea) } —1e”"‘/ JinGer)AD (kry)ry dry. (5.15)
x1>0

Here, we have used Egs. (4.7) and (4.11), and made calculations similar to Egs. (A.2) and (A.6). Letting x — k, we obtain
llm(an) = ngk i{[1 + ni(kb)>dy_n(kb)|.Lm(k) — 2k (K)}, (5.16)

rx—k

where we have used A", (kb) = 2i/n and A7, (kb) = kbd,,(kb). Letting x — k in Eq. (5.15) gives

Ln(k) = k2™ {p® + (2ikx — 1)p}, (5.17)
where

P = 3 ka1 (Kl k), Py = —iC})

and we have used Eq. (A.7). Differentiating Eq. (5.15) with respect to « gives
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iex 2C e""‘ irex - th . ikx a.
+ " AN (ka) +k2— WJFT[E [iXAN "m(ka) +an, (ka)) +Zle A [IX], (xc11)

el
2 () = 4kC,, )2{k+k alkr

(k* — 2 ik
+ r1f0, ()] AW (kry )y dry.
In the limit x — k, we find (after some calculation)
2k (k) = k%™ {q© + (2ikx — 1)qV + (kx)*q?}, (5.18)
where gl =iCl)) + piY, g% = 2iC{} and

il ra
419 = n(ka)Cy dn (ka) — 4", (ka)] + pig) + 5K / T (k)AL (kr)r? dir
JO
here, we have used Eqgs. (4.8) and (A.7). Simplification gives

ka
q9 = 2n(ka)>*CV{dn(ka) — J,,(ka)Hp (ka) + (i/m)[1 — m?/(ka)*]} + [1 + mi(ka)*dm(ka)]p® + 2n / U3 dx. (5.19)
0
Substituting Eqgs. (5.17) and (5.18) in Eq. (5.16) gives
lim (Qmn) = in2k*e® (P 1 (2ikx — 1)PV) — (kx)*q@},

x—k

where PJ), = [1 + mi(kb)*dy_m(kb)p —q¥, j =0, 1.
Next, we sum over m. From Eqgs. (2.21) and (4.8), we have

Z cy ka (5.20)

m=—oo

Hence, using Eq. (2.23), we obtain

Z PQ) =3 )? + n(kb)? Z Cyy)dn-m(kb).

Then, from Eq. (5.12), we find that

WP (r)) = e*m2(p?/4){P; + (2ikx — 1)Q; + (kx)*R}, (5.21)
where
= ka S ZO i me Fo(ka)dy_m(kb) + o7 Z q© (5.22)
4i 1 (kb)?

_ cHp) _ + ched, (kb 5.23
& 2(ka)4 ; mem 2w (kay? ; 8 ) 23

l

n2 ka 4 Z n =
We add Eqgs. (5.11) and (5.21) to the right-hand side of Eq. (5.6), giving the approximation
(u(m)) = e {1 +mo(¢/4)(1+mo[Po — Qo] + Mod[P1 — Q1) — ikxmo(¢p/2)(1 — moQo — ModQy) — (kx)*m3ep?/8}.  (5.24)
When this is compared with Eq. (5.7), we find that A; = ¢/4 and k; = —k¢/2, as before, the terms in x*> agree,
Az =(Po— Qo+ ¢[P1 —Qi))¢/4 and ki/k=Qo¢/2 + (4Q; +1)¢°/8.
Hence, we obtain the approximation
K2/ 21— mog + m§pQo + 3 (Qi +1/2).
The last term implies that J, in Eq. (1.2) is given by
5y ~ IPm2(na®)*(Q, + 1/2) = 4nim2b* Zc Cd,_n(kb),
where we have used Eq. (5.23). Then, using Eq. (4.8), we find precise agreement with Eq. (2.31). We also find the
approximation
A1+ mop/4+mi(Po — Qo)p/4 +mi(Pr — Qq)¢? /4. (5.25)

The term involving m2¢ in Eq. (5.25) differs from the Foldy approximation, Eq. (2.27), by the presence of P,. This quantity
came from an exact calculation of (ul") (see Eq. (5.11)). Specifically, P, came from a certain integral over the interior of a
typical scatterer (see Eq. (A.8)). We have checked that P, does not vanish identically (see Eq. (A.10)).
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5.3. Comparison with “point scatterers”

Similar results have been obtained by Maurel [5] for uncorrelated configurations of “point scatterers”. For the determin-
istic problem, the governing partial differential equation is

N
(V% + IP)u = I*mona®u(r) Z 3(r—ry),
i=1

where § is the Dirac delta function. The factor na? ensures agreement with the right-hand side of Eq. (3.5): [uy;dV ~ na?u(r;)
when D; is small. Maurel [5] found the approximation

(u(r)) = {1+ mo(¢/4)[1 — o2 + moep/2] — ikxmo(p/2)[1 — Mo 2 + mocp/2] — (kx)*m3¢?/8}., (5.26)
where 2(ka) = n(i/4)(ka)*Ho (ka).
From (5.26), the estimates
A =1+ mop/4 — my(¢/4)2 +m5e?/8,
K/k =1 —mo¢/2 +mi($/2)2 —mi¢?/8
follow; squaring the last formula gives K2/k* ~ 1 — mo¢ + mZ$2, with no term in mZ¢?.

Intuitively, the point-scatterer limit should correspond to ka — 0. If we compare Eqgs. (5.24) and (5.26), we see that we
will have agreement if

1 1
Po=Qo~—-2, P1-Qi~5, Q~2 and Q;~—5. (5.27)

The third of these follows quickly from the definition of Q,, whereas the first follows from the fact that Py is smaller than
Q, as ka — 0 (see Eq. (A.11)). The second and fourth of (5.27) involve P; and Q;, and these depend on kb as well as ka. From
Eq. (5.23), we find that

Q; 4 1/2 ~ —n(i/4)(kb)*do(kb) as ka — 0;

the limiting value vanishes when kb — 0, which is the appropriate limit for uncorrelated scatterers. Finally, consider P;, de-
fined by Eq. (5.22) as a double-sum term plus a single-sum term. In the double sum, the dominant contributions come from
Jo~1,pY ~ (n/8)(ka)* and p') ~ p{’/2 as ka — 0. Hence, asymptotically, the double-sum term is

—i(n/8)(ka) (kb)*[do(kb) + d; (kb)) — 0 as ka — O.
Making use of Egs. (5.19), (5.20),

o0 - 1
Z pg’?) =0 and Z‘Um(x)]z :ia

the single-sum term in Eq. (5.22),
1 = 1 = .
ka2 W = =g+ 3 (Sm(ka)im(ka) + idy(ka)p() (5.28)

exactly, where y,(x) = (in/2)X?[dpm(X) — J(X)Hm (X)] +m?/2. We have 7y(x) ~ x2/2,do(x) ~ Ho(X), p(X) ~| m | +m?/2 and
X2dp (%) ~ 2i | m | /= for m # 0, so that the largest terms in Eq. (5.28) are O((ka)?) as ka — 0. Thus, all of Eq. (5.27) hold in
the limit ka — 0, provided kb — 0 too. It follows that we recover the point-scatterer results if we allow the scatterers to
shrink (ka — 0) and to become uncorrelated.

6. Numerical results and summary

In this section, we give some quantitative illustrations of the analytical results above. However, let us first summarise the
various theories. We distinguish between Foldy-type theories and iterative theories.

6.1. Foldy-type theories

The simplest is “basic” Foldy theory: it predicts that K* = k* — 4inyf(0) and that A is given by Eq. (1.5); it is first order in
no; it assumes that the scatterers are statistically independent (possible overlaps are ignored at first-order); it uses the for-
ward-scattered far-field pattern for one scatterer, f(0), calculated (exactly) taking proper account of the interior wavefield
and density differences, if present; and it makes essential use of the Foldy closure assumption.

As a special case, we have “weak Foldy”. This occurs when the scattering from each individual scatterer is weak, meaning
that each scatterer is penetrable with a sound-speed that is close to that in the exterior; this closeness is measured by the
small parameter, my. (For simplicity, we do not permit density differences here.) The “weak-Foldy” results are given in Sec-
tion 2.2. Thus, K? is given by Eq. (2.26). Also,
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Al =1+ mog/4 — m3(¢/4)ReQq (6.1)

(when uy, = e*) and K;/k = m3(¢/2)ImQ,, where K; = ImK, ¢ = nona? is the filling fraction or area fraction occupied by the
scatterers, Qq(ka) = n(ka)®# and . (ka) is given by Eq. (2.25) or Eq. (B.1). Note that

B ok’ S sika), (62)

k et
which is positive, implying attenuation with x.

Going beyond Foldy, we can seek corrections proportional to n2. This is more difficult because pair-correlations must be
used in order to prevent finite-sized scatterers from overlapping during averaging. The “Linton-Martin” correction to basic
Foldy for K is n3s, with d, given by Eq. (2.28). It was derived using the Lax quasicrystalline approximation as closure assump-
tion. Again, as with basic Foldy, there is a weak version; it gives a term in n3m2, see Section 2.3, especially Eq. (2.31). The
Linton-Martin theory does not give any estimate for A.

Note that Foldy and Linton-Martin theories do not assume explicitly that ka is small. However, letting ka — O gives re-
sults for very small scatterers, and these can be compared with results for so-called “point scatterers”; this was done in Sec-
tion 5.3. In particular, the point-scatterer limit gives

IA| =1+ mop/4 —m2(p/4)Re2 + m2p?/8 (6.3)
and K;/k = m2(¢/2)Im 2, where 2 = n(i/4)(ka)*Ho(ka) so that

Re2 = —(n/4)(ka)*Yo(ka) ~ —(1/2)(ka)? log ka, (6.4)

Im 2 = (n/4)(ka)*J,(ka) ~ (/4)(ka)*. (6.5)

6.2. Iterative theories

In this paper, we began with the Lippmann-Schwinger equation, which we solved by iteration for weak scattering. At
both first and second-order in m,, we obtained exactly the same expressions for K as those obtained by “weak Foldy” and
“weak Linton-Martin”. No closure assumptions were used. However, there is one difference in the result for A:

A = 1+ mop/4 — m2(¢/4)Re(Qq — Po) + m2(¢?/4)Re(Py — Q). (6.6)
Thus, the term Py is absent from Eq. (6.1). Also,
= mig(kay g{ > sika) - g(bja) Y fm(ka)fn(ka)fnm(kb)}; (6.7)

k R

this expression can become negative (see Section 6.3). Egs. (6.6) and (6.7) do reduce to the point-scatterer limits when both
ka and kb — 0.

6.3. Numerical results

The various theories described above give numerical predictions that are close, at least for small values of ¢ and ka. Rather
than plot curves that are almost superimposed, we give a few numerical values. In Table 1, we give values of | A | at ka = 1 for
three values of ¢ and three values of my. In each case, the top value is the Foldy prediction (Eq. (6.1)), the middle value is the
iterative point-scatterer result (Eq. (6.3) with the approximation (6.4)) and the bottom value is the iterative finite-size result
(Eq. (6.6) with hole radius b = 2a). Corresponding results for ImK/k are given in Table 2: the Foldy prediction is Eq. (6.2), the

Table 1

Computed values of | A | at ka = 1 for three values of ¢ and three values of m,
mg = 0.1 mg = 0.5 mo = 0.9

¢=0.1 1.0025 1.0118 1.0202
1.0025 1.0128 1.0235
1.0025 1.0126 1.0227

¢=02 1.0049 1.0236 1.0404
1.0051 1.0262 1.0491
1.0050 1.0260 1.0481

¢=04 1.0099 1.0472 1.0808
1.0102 1.0550 1.1062
1.0102 1.0553 1.1071

In each case, the top value is the Foldy prediction, the middle value is the iterative point-scatterer result, and the bottom value is the iterative finite-size
result (for which b = 2a).
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Table 2

Computed values of ImK/k at ka =1 for three values of ¢ and three values of mq
mg = 0.1 mg = 0.5 my = 0.9

$=0.1 24721 x 107* 6.1802 x 107> 2.0024 x 1072
3.9270 x 1074 9.8175 x 1073 3.1809 x 1072
1.9587 x 10°* 4.8966 x 10> 1.5865 x 1072

$=02 4.9441 x 1074 12.3603 x 10> 4.0047 x 1072
7.8540 x 104 19.6350 x 1073 6.3617 x 1072
2.8905 x 1074 7.2262 x 1073 2.3413 x 1072

$=04 9.8882 x 104 24.7206 x 103 8.0095 x 102
15.7080 x 104 39.2699 x 10> 12.7235 x 1072
1.6737 x 1074 41843 x 1073 1.3557 x 1072

In each case, the top value is the Foldy prediction, the middle value is the iterative point-scatterer result, and the bottom value is the iterative finite-size
result (for which b = 2a).

iterative point-scatterer result is given just below Eq. (6.3) and the iterative finite-size result is Eq. (6.7), again with b = 2a.
We notice that the last of these, which is presumably more accurate, predicts weaker attenuation, especially as ¢ and my get
larger.

The iterative finite-size prediction for ImK, Eq. (6.7), fails for values of ¢ that are sufficiently large. To see this, write Eq.
(6.7) as

Ki/k = m2p(ka)*(n/8)®(ka,b/a, $).

Evidently, @(ka,b/a,0) > 0. It turns out that @ remains positive for a range of ¢. In Fig. 1, we take b = 2a and plot ¢, (ka),
where @(ka,2,¢) > 0 for 0 < ¢ < ¢o(ka) and &(ka, 2, ¢,) = 0. The two horizontal asymptotes in the figure can be predicted.
Thus, ¢o(ka) ~ (a/b)* as ka — 0 whereas, when b = 2a, ¢,(ka) ~ =T [[(3/4)]* as ka — oo [13]. The figure shows that we
cannot use Eq. (6.7) for filling fractions that are too large.
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Appendix A. Evaluation of some integrals
A.1. Evaluation of (5.5)

From Egs. (4.4) and (4.7), we have

/ e L, dx dy, — — Z i"CV [ Hy(kry)e™ e dx, dy, (A1)
disc’ [Pt disc’
20 SN ) (e + k)elk* + mikel™ 47y (ra)
:? n; Cn k2 — K2 7 (AZ)
where Imx > 0 and
N'n(xa) = kaH, (ka)J,(xa) — xaH,(ka)], (xa). (A.3)

Here, we have evaluated the integral on the right-hand side of (A.1) as on p. 3419 of [6]; the result is exact when x > a.
Recall that the region disc’ consists of that part of the half-plane x; > 0 that is outside the circle r2 = (x; — x)*> +y? = a. The
method of evaluation in [6] uses Green’s theorem to reduce the double integral to the sum of an integral along x; = 0 and an
integral around the circle r; = a. When 0 < x < q, this circle cuts the y,-axis, and then Eq. (A.2) should be regarded as an
approximation. More precisely, we have

2 n (e 4+ kel + mikel ™ 17, (rca)

in0y qikxy — Z
[ H,(kry)e™ e dx; dy, ik( i) 2

+ En(X),
where E,(x) =0 for x > q,
E.(x) = / H,(kry)e" e dx;dy, for 0<x<a

and 2 is the segment of the disc r; < a with x; < 0.
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Now, we let  — k. Put x = k + iz with & > 0. We have e ~ (1 — ex)el® k* — 2 ~ —2ick and A", (ka) ~ 2i/n + ieka*d, (ka),
with d,, defined by Eq. (2.13). Hence, in the limit ¢ — 0+, the right-hand side of Eq. (A.2) becomes
ikx 0
?T > CV{1 = 2ikx + mi(ka)*da (ka)}. (A.4)
ik =,

Finally, use of Egs. (2.21), (2.25) and (4.8) gives the result (5.5).
In a similar way, using Eqgs. (4.14), (4.16) and (2.23), we obtain

. ikx oo
lim [ e Ldxdy, — ek—2 S €@ {1 - 2ikx + mi(ka)*dy (ka)}
1

k—k Jdisc’ =
242 o
— 7% (ka)*e™(1 — 2ikx)# (ka) + na’e™ Y d,(ka)C?. (A.5)
n=—oc
A.2. Evaluation of (5.4)
Next, we consider the integral over the disc,
2 ) a
/ e[ (ry, 01)dx; dy, = %e‘k" > /0 AVJ, (kryrdr, (A.6)
ri<a §

n=—oo

where we have used x; = x — r; cos 04, Egs. (2.1), (4.4) and (4.11), and integrated over 60,. Substituting Eq. (4.13), and then
using Eqgs. (4.10) and (4.19), we obtain
N 2 (12 ; 2ia’
/ Ay (kr)], (kryrdr = a* (ka)“d,(ka) 7, (ka) ij,H (ka)] .1 (ka). (A7)
0

Finally, making use of Eq. (2.23), we obtain Eq. (5.4).
Similarly, using Eq. (4.17),

00 23 i 00
S da(ka)C? +%e""‘ S Falka), (A.8)

n=—oc n=—oo

i ik ¢ ikx
/r1<ae""'lz(r1,01)dx1 dy, = —ﬁe" H;C /0 APJ, (kr)rdr = —na’e®
where we have used Eqgs. (4.15) and (4.18),
Falka) =k / X (1), (kr)rdr
0

and X, (r) is given by Eq. (4.20).
Adding Eqgs. (A.5) and (A.8), the sums containing Cff) cancel leaving

lim et [, dx; dy, = %aze“"‘{Po(ka) + (2ikx — 1)Qq(ka)}

rK—k x>0
for x > a, where

ni

(ka)’ i%(ka) and Qq(ka) = n(ka)®# (ka).

The expression for P, simplifies a little. From Eq. (4.20), X, = X{" + X%, with XV and X!¥ given by Eqgs. (4.21) and (4.22),
respectively. We have

Po(ka) =

2 [T ) e [P
k /0 rZ‘X,l ], (krydr = k /0 rndr_4n(ka),

n=—oc

K2 / "X (kryrdr — 5 (k)" 7, (k) (ka)Hi (ka) — d(ka) — i/,
0

) ) a 1 4 % . i
K> /0 xf)jn(kr)rdrzi(ka) {anjanij,%/”n}.

n=—oc Nn=—o0

Hence

Po(ka) = (ka)* Lll — 2 (ka) +%i i S a(ka) ,,(ka)H”(ka)} . (A9)

n=—oc

Notice that
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mPy =2 (ka? 3 7, (kal, 1 (ka1 (ka) ~ & (ka) (A10)

n=—oc

as ka — 0, implying that Py does not vanish identically. In fact, a more detailed calculation shows that

Po(ka) ~ 411(]“1)4 logka as ka— 0. (A.11)

Appendix B. An integral representation for 7 (ka)
We give an integral representation for »#(ka), defined by Eq. (2.25); it is
w(ka) = / / e )G (r, 1)V AV, (B.1)
|D0| Do /Do

where | Do |= na? is the area of the disc Dy and k is a constant vector with | k |= k. To see this, we put k = (k cos «, ksin o) and
then we find that

- - -
ek Go(r,r)dV = L i"AD (k' yginG=0)
| erGair a2 S A ke

n=—oc

where we have used Egs. (2.1), (4.6) and (4.12). (This calculation is similar to that in Section 4.1.2.)
Then, using Eq. (4.15), the right-hand side of Eq. (B.1) becomes

4i -
C(2);
2 (ka)* 2 G

n=—co

this reduces to #(ka), once Eqs. (4.16) and (2.23) are used.
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