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On acoustic and electric
Faraday cages

P A. Martin

Department of Applied Mathematics and Statistics, Colorado School
of Mines, Golden, CO 80401, USA

Two-dimensional problems involving many identical
small circles are considered; the circles are the
cross sections of parallel wires, modelling a cage
or a grating. Both electrostatic and acoustic fields
are considered. The main emphasis is on periodic
configurations of N circles distributed evenly around a
large circle (a ring). Foldy’s theory is used for acoustic
problems and then adapted for electrostatic problems.
In both cases, circulant matrices are encountered:
the fields can be calculated explicitly. Then, the
limit N — oo is studied. A connection between the
N-circle problem and the limiting problem (fields
exterior to the ring) is established, using known
results on the convergence of a defective form
of the trapezoidal rule, defective in that endpoint
contributions are ignored, because the integrand has
logarithmic singularities at those points. This shows
that the solution of the limiting problem is approached
very slowly, as N~ log N as N — oc.

1. Introduction

Faraday’s cage, first demonstrated in 1836, consisted of
a room covered with metal foil: inhabitants are safe
from external electrical discharges. The metal can have
small holes or gaps, but then the protection is no longer
perfect. We are interested in calculating the fields inside
and outside the cage. We model the cage as a ring of
thin parallel wires, and thus obtain a two-dimensional
problem. We consider both electrostatic fields (governed
by Laplace’s equation) and acoustic waves (governed
by the Helmholtz equation). The wires are assumed to
be identical with circular cross sections, small compared
with the ring diameter and the wavelength (for acoustic
problems).

Problems involving many small identical circles have
a long history. For an infinite periodic row of circles,
we obtain a grating. The electrostatic problem, with an
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infinite row of identical line charges, can be found in Maxwell’s famous Treatise [1]. For
discussions, see [2], [3, pp. 291-298], [4, p. 1236] and [5,6, §45c].

For the problem of scattering by an infinite periodic row of identical scatterers, we mention
papers by Lamb [7], Ignatowsky [8] and Gans [9]. Larsen [10] gave a useful survey of the early
work. Some of this work assumes that the scatterers are small, so that they are represented as line
sources (wires), and we shall do the same: the main reason for doing this is that we are interested
in other configurations of scatterers, and we are interested in configurations with many scatterers.

In fact, the problem of scattering by N circular objects can be solved exactly, using a method
that combines separated solutions of the governing two-dimensional Helmholtz equation with
appropriate addition theorems. The result is an infinite system of linear algebraic equations, a
system that may be truncated and solved numerically. This method is described in detail in §4.5
of [11]; numerous references are also given there. Some authors have given results for scattering
by N identical circles arranged with their centres equally spaced around a large circle [12-14].

We start in §2 with a short discussion of two static problems, with discrete charges along a
straight line or around a circle. The charge strengths are specified, and the field can be calculated
exactly, as is well known. For the infinite periodic row (§2a), the exponential decay of the field
with distance from the row is notable. Moreover, the charge strengths can be adjusted, so that
perfectly conducting wires are modelled. Analogous acoustic problems are discussed in §3.

In order to handle problems where there is a specified external field or a given incident wave,
we need a method for calculating the charge or source strengths. In acoustics, such a method was
given by Foldy [15]. It is a self-consistent method in which each scatterer scatters isotropically;
this method, which is appropriate for sound-soft (Dirichlet) scatterers, is summarized in §4. The
main application is to a ring (radius b) of N small scatterers (§5). Foldy’s method leads toan N x N
linear algebraic system. For equally spaced scatterers, the system matrix is a circulant matrix: an
explicit solution follows. To understand the limiting behaviour as N — oo, a theorem of Sidi [16]
is used; in effect, we encounter a defective trapezoidal rule with missing endpoint contributions.
This reveals that the expected convergence to the solution of scattering by a large sound-soft circle
of radius b is demonstrated, but the rate of convergence is very slow (as N~!log N).

Finally, we return to Faraday’s cage in §6. We develop an electrostatic version of Foldy’s
method; as far as we know, this is both new and simple. We then apply this method to the cage
of N parallel wires, and we show (slow) convergence as N — oo to the solution of the appropriate
problem for a large circle.

2. Two electrostatic problems

Electrostatic problems are governed by Laplace’s equation. We consider two such problems, in
two dimensions, one involving an infinite periodic row of line charges (§24) and one involving a
ring of line charges (§2b). Then, we shall consider analogous acoustic problems.

(a) Infinite row of electrostatic line charges

Consider the electrostatic problem of an infinite periodic row of identical line charges. Let us start
with the potential

cosh2Y — cos2X

5 2.1)

1
(X, Y) = Re{logsin(X +1Y)} = log | sin(X +iY)| = 5 log

Evidently, @(X,Y) is an even function of Y with logarithmic singularities on the line Y =0 at
X=0,%m,£2n,...; see equation (3.59) in [17] for @ written as a sum of these logarithms. Using
the expansion log (1 —z) = — )72, z"/n for |z] <1 and

2(cosh2Y — cos2X) = ezm(l — e_zmeﬁx)(l — e_zme_ZiX),
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we obtain
o e—2n\Y|
(X, Y)=|Y| —log2 -y cos2nX, Y #0.
n=1 n
In addition, using 4.19.7 from [18], we have
S (_1)n22n
logsinz=1logz + HXZ; WBQnZZ”, 0<lz|<m, (2.2)

(B2y, is a Bernoulli number) so that, near the origin, @(X, Y) ~ % log (X% + Y?).
Next, we construct the potential V(x, y) by

V(x,y):%—f-g{(b (%x,%y)+log2}+c (2.3)

where E, d and C are constants. Thus

Ed & e 2nmy/d 2nmwx

Ey—i—C——Z cos , y>0,

Vo) = 2w = n d
= Ed & e2nmy/d 2nmwx 0
— En_l - cos G y <0.

This potential has logarithmic singularities on y =0 at x =0,+d, £24, . ... Moreover, it generates
a uniform field as ¥y — oo (grad V — (0, E), a constant vector) but an exponentially small field in
y<0.

Now, consider an infinite periodic row of identical wires, each with a circular cross section of
radius a. Assume that a < d, the spacing between the wires. The potential V contains an arbitrary
constant C, which we can adjust in order to satisfy, approximately, the boundary condition on
each wire. For the small circle of radius a centred at the origin, use of (2.1), (2.2) and (2.3) gives a
Fourier series in 0 for V(a cos,asin0). Hence

d . 2ma
J V(acos0,asin®)add =aEdlog e + 2maC, (2.4)
—TT
and this vanishes with the choice
Ed 2wa

We can interpret this choice as ensuring that the boundary condition V =0 on the small circle

r =ais satisfied in an average sense. By periodicity, the same condition is satisfied on all the other
small circles in the grating.

(b) Ring of electrostatic line charges

Suppose we have N identical line charges, equally spaced around a circle. This electrostatic
problem is discussed on page 290 of [3], page 1235 of [4] and in §44 of [5], for example.

Suppose the circle is centred at the origin and has radius b. Let i = 27 /N be the angular spacing
between adjacent charges. Then, using plane polar coordinates, r and 6, the jth charge is located
atr=">b,0=0;=jh.

AszN — 1= ]_[]Z\i 1(z — i), the potential generated by the N charges is proportional to V, where
M\N ine
() <"~ 1‘

= %\] log {1 -2 (%)NCOSNQ + (g)ZN}

and C is a constant. Thus, V=Catr=0, and V ~log (r/b) + C as r — oo for fixed N.

—110

1Y o y
V(r,0)—C= N Zlog ‘(E> elf _ ol
=1
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Let us examine the potential near one of the charges. Without loss of generality (by symmetry),
we choose the charge at r =5, 0 =0, and consider a small circle of radius a centred at that charge.
Near z=1, we put z=1 + w with |w| <« 1, whence

N—1=(1+w)N—1=Nw{1+(N—1)<§)+--~+w1\1;1}

and

o0
log (zN — 1) =log Nw + Z cpw",
n=1

for certain (real) coefficients ¢, and sufficiently small |w|. Thus, with w = (1o /b)el?,

™ Na
J Vlry=aa de =2ma {— log — + C}

—TT
and this vanishes with the choice

1 Na d 27h
C:-Nlog?z 5 bl g d , Whered = bh_W

is the arclength between adjacent charges; cf. (2.5).
Inside the ring, where r < b, put ¥ =b — p. Then, for large N,

1 N 1 1
V—-Cx~—— (%) cos NO = —NeNIOg(l_[”/bD cos N6 ~ —Ne_N/’/b cos No,

assuming we are near the ring (p/b < 1). This shows exponential decay as N increases.

If we want to place the ring of wires in an ambient field, we can still approximate the resulting
potential using a ring of line charges, but we have to calculate the strength of each charge. This is
carried out in §6.

3. Two acoustic problems

Acoustic problems are governed by the Helmholtz equation. We consider two such problems, in
two dimensions, one involving an infinite periodic row of line sources (§34) and one involving a
ring of line sources (§3b). The main difference compared with the electrostatic problems of §2 is
that if we want to represent small scatterers then we do not obtain exponential decay.

(@) Infinite row of acoustic line sources

The acoustic version of the problem considered in §2a starts with an infinite periodic row of
identical sources. Let r; = (jd, 0) and

Ux,y)= Y Holklr —r;)),

j=—o

where Hy = H(()l) is a Hankel function. (The suppressed time dependence is e~.) Much is known
about the evaluation of such formulae; see Linton’s survey [19]. In particular, from equation (3.1)
in [19],

—valyl
UGx,y) = e - 4129 2’17”, y#0,

where y, = +/(2nn/d)? — k?, and we have assumed that kd < 27. Thus, if we define

w(x,y)=e M — Jkdl(x,y), (3.1)
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we find that
o0 _
; ; e "y 2nmwx
e~k _ oKV 4 Dikd cos , y>0,
2 '
ui(x,y) = ~
eVn 2nmwx
2ikd cos , <0.
; Vud d Y

This represents perfect reflection of a wave at normal incidence to the infinite row of sources; the
field is exponentially small for y < 0. However, we have not investigated the behaviour near each
source in the row. To do this, we use the expansion

oo

Ux,y)=Ho(kr) + > walkd)]u(kr)e™, 0<r<d,

n=—oo

where 1, is a lattice sum (see equation (3.1) in [20]); 7, depends on kd but not on r or 6. Thus
b
J Uly=qa d0 = 2ma{Hy(ka) + to(kd)]o(ka)}
-
and, using (3.1) and |7 _ elk1sing 4o = 2571y (ka),

J_ u1lr=aa 0 = wa{2jo(ka) — kd[Ho(ka) + to(kd)Jo(ka)]}.

We cannot make this vanish, unlike with the electrostatic problem; see (2.4) and (2.5). Thus,
although u; is the acoustic analogue of the Maxwell potential (2.3), it does not contain an

adjustable parameter that can be used in order to represent an infinite row of small sound-soft
circular scatterers.

Instead, we introduce an additional parameter, R, and define
up(x,y) =e W 4+ LkdRU(x, y). (3.2)
We have, omitting exponentially small terms,

(x, 1) ~ e kv 4 Relky y>0,
= 1+Rye*, y<o.

In addition,

J'ﬂ U3 |r=qa d6 = ma{2]o(ka) + Rkd[Ho(ka) + to(kd)]o(ka)]}.

Setting this quantity to zero gives

—2Jo(ka)

R = Ko ka) + wo(kd)jo (k)]

(3.3)

a known result for the reflection coefficient for a plane wave at normal incidence to a periodic row
of small circular scatterers. This result goes back to Ignatowsky [8]; see [21,22] or §3 of [23]. Note
that there is a transmitted wave, (1 + R) e, in the region y < 0.

The lattice sum 7y is defined by

wo(kd)= > Ho(jmlkd) =2 Ho(mkd). (3.4)
m=—0o0 m=1
m=0

For small kd (which implies that ka is also small), we have

2 2iy  2i kd 2 2ip  2i kd
7o(kd) 6—1—7—;10g4;—ﬁ+7—;10gg, (3.5)

PE0PL0Z :0Lb ¥ 905§ 204g BioBulysgndiaposeforredss
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where y >~ 0.5772 is Euler’s constant and $ is the complex constant occurring in the asymptotic
approximation

H (w) = (%) (logw — B) + O logw) asw — 0; (3.6)

thus, B =log2 — y +in/2. (The estimate (3.5) can be obtained from equation (2.47) in [19] or
equation (3.37) in [20].) Using (3.6) for Hy(ka) and Jo(ka) ~ 1 as ka — 0, we obtain

1 . kd d
R~ o1 w1thA_;log%,
which agrees with equation (94) of Lamb [7] and equation (24) of Gans [9], for example. In
particular, as kd — 0, R ~ —1, so that we recover perfect reflection from a sound-soft flat surface
in this limit.

In order to have a more systematic method, applicable to other geometries, we use Foldy’s
method (§4). Before doing that, we consider a ring of identical acoustic sources.

(b) Ring of acoustic line sources

In addition to the notation of §2b, let 7 be the position vector of the jth source, so that 1=
b(cos jh, sin jh). Then, the acoustic version of the problem considered in §2b leads to the outgoing
(radiating) wave function

1 N
U(r) =+ 3 Holklr = 7;)).
j=1

(For three studies of this problem, see [24-26].) At the centre of the ring, U(0) = Hy(kb). In the far
field,

Ur)=U — i:’/‘L—ikrF — 3.7
r r,0)~ e f) asr— oo, .
(r) (r,0) o N(©) (3.7)
where
18 —ikb cos (6 —jh)
cos
Fn(0) = —N E e ! ) (3.8)

=1

is the far-field pattern and h=27/N. Now, the function E(r)=e kbcos(®=7) js an entire
2m-periodic function of 7. It follows that [27]

1 (2«
FN=—J E(r)dr + En,
27 0

where Ey — 0 exponentially fast as N — oco. (One can think of this result as being a consequence
of the Euler-Maclaurin formula or the exponential convergence of the trapezoidal rule for smooth
periodic functions.) Thus,

1 (20 .
Fn ~ - J e KbeosT gr — Jo(kb) as N — oo, (3.9)
7T Jo

with no dependence on . For an alternative proof, use the Jacobi-Anger expansion (see §10.12 in
[18] or equation (2.18) in [11])

o.¢]

eip cosd _ Z 1n]n(,0) ein9 (310)

n=—oo

in (3.8), whence

e’ N
Fr=g 30 ke Y e

n=—00 j:l

= Jo(kb) +2 ) " (=i)"N],n(kb) cos pNO
p=1

PE0PL0Z :0Lb ¥ 905§ 204g BioBulysgndiaposeforredss
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after using discrete orthogonality,

N
. N, =0 d N,
Y= MO (3.11)
ia 0, otherwise,

where @ = e2™/N = ¢l But, J,(x) decays exponentially as v — oo for fixed x (see 10.9.1 in [18]),

and so we obtain the result (3.9).

These results are interesting but we are more interested in scattering problems. For such
problems, the strengths of the sources are not all the same and, indeed, they have to be calculated.
We do this using Foldy’s method.

4. Foldy’s method

Foldy’s 1945 paper [15] gives us a general theory for multiple scattering by randomly distributed
scatterers (see §8.3 of [11] for details). Within this theory, there is a deterministic method for
scattering by N obstacles, assuming that the scattering is isotropic. This means that, near the jth
scatterer, Bj, the scattered field is approximated by

AiG(r — 1)),

where B; is centred at rj, A;j is an unknown amplitude and G is the free-space Green’s function.
Foldy worked in three dimensions, but, as we are interested in two-dimensional problems, we
take

G(r) =Ho(klr|).

Then, following Foldy, we represent the total field as

N
u(r) = ttinc(r) + Y_ AiG(r — 7). (4.1)
j=1
The so-called external field is
N
n(r) = u(r) — AnG(r — 1) = tinc(r) + Y AjG(r — ;). (4.2)
j=1
j#n

It can be regarded as the field incident on B;, in the presence of all the other scatterers.
Now, we characterize the scattering properties of the scatterers by

Ay :gnun(rn)‘ (4.3)

This makes the strength of the scattered wave from B;;, A;, proportional to the external field acting
on it, u,(ry). Foldy calls g, the scattering coefficient for B,. Thus, the scattered field is determined
by the value of the ‘external field” at the centre of the scatterer, r,;, together with the quantity g,
(see §4a).
So, evaluating (4.2) at r, gives, after using (4.3),
N
1A —u ) ) _
S An=thinc(rn) + ) _AjGlra —1}), n=12,...,N, (44)
j=1
j#n
which is a linear system of algebraic equations for A]-. Then, the total field is given by (4.1). These
are Foldy’s ‘fundamental equations of multiple scattering’ [15].

(a) The scattering coefficient

The coefficient g, characterizes how the nth scatterer scatters waves in isolation. For identical
scatterers, we write g, = g. Then, for a scatterer at the origin, given that we have already assumed

itz oy 05 50 Sisagiansioporsireds [
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that the scattering is isotropic, the total field near the scatterer is given by

u(r) = ttinc(r) + gutinc(0)G(r), (4.5)

where uinc(r) is the incident field. Conservation of energy implies that ¢ must satisfy (see §8.3.1
of [11])

Re(g) + IgI> =0. (4.6)

If the scatterer is a sound-soft circle of radius a, Cy, we can impose the boundary condition
u=0onaverage, [, udf =0, giving

Jo(ka)
- _ . 4.7
Hoka)’ (4.7)
this choice satisfies (4.6) exactly. The choice
1
=— 4.8

seems natural for small ka (because Jo(ka) ~1 as ka — 0), but this g does not satisfy (4.6) exactly;
this error may be important when N is large.

Another choice comes from the low-frequency asymptotics for scattering by one object. For a
circle, with ka « 1, we have (see §8.3.1 of [11])

g=tin(logka — p)7!,

where 8 is defined by (3.6). This choice also satisfies (4.6) exactly.
To use Foldy’s method for any configuration of identical scatterers, a choice for ¢ must be
made. We comment on this choice later.

(b) Application to the infinite grating

For a plane wave at normal incidence to a grating of small circles along the x-axis, as studied in
§3a, we have (cf. (4.1))

u(@r) =ulc,y)=e % + > AHy(klr — 1),

j=—o0

where the coefficients are given by (4.4), which becomes

o
§'Au=1+ Y AHo(ln—jlkd), n=0,£1,+2,. ...
j=—00
j#n
The symmetry of the problem gives A; = Ay for all j, whence g’le =1+ Agtg, where 1 is a lattice

sum, (3.4). Thus, Ag = [g_1 — 19]71, which gives the reflection coefficient in agreement with (3.3),
provided we define g by (4.7).

For oblique incidence and for semi-infinite gratings, see [23].

5. Scattering by a ring of identical small scatterers

Recalling the notation of §§2b and 3b, we suppose we have N identical small scatterers, equally
spaced around a circle of radius b. The incident field is ujnc(r). The distance between the jth and

PE0PL0Z :0Lb ¥ 905§ 204g BioBulysgndiaposeforredss
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nth scatterers is

I — il = b\/z — 2cos(6y — 6)) = 2b , (5.1)

()

where 6; = jh =27j/N. Then, with g, = g, the N x N Foldy system (4.4) simplifies to

> CujAj=fu, n=1,2,...,N, (5.2)
j=1

Wherefn = —Uinc(*n),

Co=-g ', Cj=Hp <2kb

sin (%)D, j#0mod N (5.3)

and Cj is N-periodic: Cj+mN = Cj, m==1,+£2,....

Richmond [28] gave numerical solutions of (5.2) with N =30, ka = 0.05, kb =27 and g defined
by (4.8). (He also gave results for other configurations of the small circles.) Wilson [29] also solved
(5.2), both numerically and analytically; A; was determined exactly as an infinite series. Later,
Vescovo [30] showed that A; could be found much more simply by noting that the system matrix
in (5.2) is a circulant matrix. This means that the linear system can be solved explicitly, essentially
by using the discrete Fourier transform. Thus, let @ = e?™//N. Multiply (5.2) by @, sum over n
and use the N-periodicity of C;. This gives

An=Im, (5.4)
Cin
where
~ N . ~ N . ~ N .
An=Y A", fu=>) fo" and Cp=)Y Cuw". (5.5)
=1 j=1 j=1

Finally, invert the discrete Fourier transform of {A it {Am }, using (3.11), to give

1.
ZNZAJW_V[]
j=1

For more details, see appendix B of [31].

Having determined A;, we can calculate the field everywhere, using (4.1). For example, the
total field at the origin is given by

N
1(0) = tinc(0) + Ho(kb) ) _ Aj = inc(0) + AgHo(kb), (5.6)
j=1

where we have used (5.5)1. The far field of the N-scatterer cluster is given by (3.7), with U replaced
by the scattered field, usc, and far-field pattern

PN(Q)_ZA eflkbcos © ]h) Z An( l)n]n(kb) efli’l@, (57)

] 1 n=—ox

where we have used (3.10).
Let us calculate A, from (5.4) when there is an incident plane wave,

Uine ( r) _ elk 1kr cos 9

Then, as f; = —uinc(;), (5.5)2 gives

N
_}Fm — Z eikb cosjh eimjh,

=1

PE0PL0Z :0Lb ¥ 905§ 204g BioBulysgndiaposeforredss
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whence, as in §3b,

1z 1 ikbcos 6 _imo m
—fm~—=— KD CosE el 4o = —i kb .
N~ g | e ") 63)
as N — oo, with exponential convergence.
The behaviour of Cy, is quite different. From (5.3) and (5.5)3,

_ 1 N-1 ‘ - 1 N-1
Cn=—-+Y @"H <2kb sin (%) D =+ > (i), (5.9)

where

v() = e Hj (2kb

“()

is 2-periodic in 6 but has logarithmic singularities at 6 =0 and 6 =27. The sum on the right-
hand side of (5.9) looks like the trapezoidal rule in which the endpoint contributions have been
‘ignored’; fortunately, the properties of such sums have been analysed by Sidi [16]. Using his
theorem 2.3(b), we find that

1 - 1 1 (27 log N
—Cm=——+—J v(9)d9+0(%> as N — oo.
T

(In other words, the quadrature error is O(hlogh) as h — 0, which is poor!) In fact, Sidi’s analysis

gives an asymptotic expansion of the error in terms of the asymptotic behaviour of v(f) near the
endpoints; it yields

1 1+1J27r (6)d6 + 2L e N asN
—Cp~—— 4 — —lo as N — oo,
N "Ng Tan o ! N 8

showing that the error estimate is sharp for our problem.
As the term —1/(Ng) is comparable to the error estimate, we absorb it and obtain

~ 2” .
lcm ! J e Hy <2kb

. (0 logN
NO 3, o (3)])ae -0 (557)
2 /2
== J Ho(2kb sin ") cos 2m® A = J,,,(kb)H,,(kb) + O(N~! log N) (5.10)
0

as N — oo, using equations (6) and (7) from §6.681 in [32]. It is worth noting that (5.10) gives
an estimate of ém for fixed m as N — oo. It is also worth noting that the choice of the scattering
coefficient ¢ does not affect the leading-order estimate of Cy,.

Combining the estimate (5.10) with (5.8) gives

~ i

= T HRb)

n= O(N~! logN) as N — oo. (5.11)
If the leading approximation is substituted in (5.7), we obtain exactly the far-field pattern for
scattering by a sound-soft cylinder of radius b (see equation (4.10) in [11], for example), but this
limit is approached very slowly. Similarly, when the total field at the origin is calculated using
(5.6), we find u(0) = O(N 1 log N) as N — 00, having used ujn(0) =1 and (5.11).

6. Another electrostatic problem: the Faraday cage

We return to electrostatics, governed by Laplace’s equation. We start with general considerations
for the basic boundary-value problem (§6a). Then, we give an electrostatic version of Foldy’s
method (§6b). Finally, we apply this method to the cage problem in §6c.
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(a) Exterior Dirichlet problem for a multi-connected domain

In general, we have to solve the exterior Dirichlet problem when there are N conductors (closed
curves) C;, j=1,2,...,N. We write the total potential as

V=Vamb + v,

where V5, is the given ambient potential when there are no conductors, V2V’ =0 in the region
exterior to the conductors, D, and V=0 (V' =—V,y,) on C;, j=1,2,...,N. In addition, there is
a far-field condition, which we take as requiring that V' be bounded at infinity. It is known that
this boundary-value problem has exactly one solution [33]. Moreover, it is known that V' can be
written as the real part of an analytic function, V' = Re &(z), where

N
D (z) = Pp(z) + ZA]- log (z — z)), (6.1)
j=1

@(z) is analytic and single valued in D, z; is an arbitrary point inside C; and the condition

> Aj=0 (6.2)

must be satisfied if V' is to be bounded at infinity. For more details and computational results
based on this formulation, see [34].

(b) AFoldy-type method for Laplace’s equation

We shall develop a static version of Foldy’s acoustic method (§4). For small conductors (wires),
we write the potential V' as

N
V(r) = Vamb() + C+ Y AGo(r — 1)), (6.3)
j=1

where Go(r) =log (|r|/L), L is a length scale, C is a constant to be found, and the coefficients A;
are to be determined subjected to (6.2). Thus, compared with (6.1), we are taking @ to be an
unknown constant.

Next, we require an analogue of (4.3). The external field on the nth wire in the cage is

N
Via(r) = Vamb (1) + C+ Y AjGo(r — 1)) = V — AuGo(r — ). (6:4)
j=1
j#n
Suppose all the wires are identical with circular cross section of radius a. Take L = a so that Go(r —

ry) =0 when r locates a point on the nth wire, C;. As V=0 on C, too, (6.4) gives V,, =0 on Cy,
which we approximate by V,(r,)=0,n=1,2,...,N. Thus,

N
> AGo(rn —1)=fa, n=1,2,...,N, (6.5)
j=1
j#n
where f; = —Vamp(r2) — C. We regard (6.5) as a linear system for the coefficients A;, even though
fn contains the unknown constant C; however, we also have the constraint (6.2).
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(c) Application to a ring of wires

We consider a ring of wires, equally spaced around a circle of radius b, using the notation used
earlier. In particular, we have (5.1) and then the system (6.5) simplifies to (5.2) in which

Co=0, Cj=log <2

sin <%)‘ Z), j#0mod N (6.6)

and C]- is N-periodic. As in §5, the system matrix is a circulant matrix, so that the explicit solution
is given by (5.4) and (5.5). These formulae determine Aj in terms of C; we determine C using (6.2).
Note that (6.2) reduces to Ag = 0.
For r > b, expanding (6.3) gives
n

o0
b . 3
V(r,0) = Vamp(r,0) + C = Y~ —{(Re Ay) cos nf) + (Im A ) sinnb)}; (6.7)
1 nr

for r < b, interchange r and b. In particular, at the centre of the ring,
V(0) = Vamb(0) + C.

This simple result does not require the wires to be equally spaced around the ring.
Let us take a particular ambient field, V1, = Ex, where E is a constant. From (5.5),,

. N : N Eb »i  Eb b :
fm==) (Ebcost;+ CQ)m™ =—" <7w<m— V4 7w<m+ V4 cwmf>.
j=1 j=1

Thus, (3.11) givesfo = —NC,fl =fN_1 = —%NEb andfm =0form=2,3,...,N—2.

From (5.5)3 and (6.6), we have
jT\| b Nl
sin (ﬁ)‘ ;) = 3wl
j=1
in g ?
sin{ 5 )| - -

We require Cy, C; and Cy_1 = CT, the complex conjugate of C;. Using Sidi’s theorem [16], as in
§5, we obtain

N-1

Cu=Y o log (z

j=1

where

() = e log (2

e ! Jzn (0)do + oo N

— Y — U —

N om0 N 8

with an error that is O(N~!) as N — oco. Evaluating the integral, using equations (1) and (3) from
§4.384 in [32], we find that Co ~ Nlog (b/a) +log N and Ci~-— %N +log N. Hence, from (5.4),

~ C

- 2 ~ 2
Ag~——, A1~Eb(14+ =1 An_1~Eb(1+ =1 .
0 fog @/b)’ 1 b( +N 0gN> and An_1 b( +N 0gN>

The constraint (6.2), Ag =0, gives C =0. Then, (6.7) gives

2

E 2 1
V(r,6) =Ercost — % (1 +N 108N+O(N‘1)) cosf + O (M) ,

NrN-1

for large N and large r, and

log N
rcosf

V(r,0) ~ —2E

for large N and r < b. In both cases, the leading estimates (namely Ex(1 — b?/r?) and zero) agree
exactly with the solution of the corresponding electrostatic problem for a circle of radius b.
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7. Conclusion

We have discussed several problems where fields (electrostatic or acoustic) interact with many
identical small objects (wires). For an infinite periodic row of wires (a grating), known results
were recalled and rederived. Such problems can be solved by writing down formulae for the
fields generated by an infinite periodic row of line singularities or sources and then adjusting the
value of one free parameter. This is a kind of inverse method, well known to Maxwell, Lamb and
other Victorian scientists.

For more complicated geometrical arrangements of wires, a more complicated method is
required. For the acoustic scattering problems, we used Foldy’s method, where each of the N
wires is represented by a source of unknown strength and then these strengths are determined by
solving a linear algebraic N x N system. For rings of wires, this method was used by Richmond
[28]. For other geometrical arrangements, there are recent applications of Foldy’s method to
‘quantum corrals’ [35,36] and to imaging problems [37].

For scattering by a ring of N equally spaced wires, the source strengths were obtained
explicitly, using properties of circulant matrices. This permitted an asymptotic estimate of the
fields as N became large. Intuitively, we might expect that, in this limit, the ring behaves like a
single circular scatterer. This expectation was confirmed but, perhaps surprisingly, the limit was
found to be approached slowly (as N~ log N). Similar results were obtained for the analogous
electrostatic problem (Faraday’s cage), using an electrostatic version of Foldy’s method.

Acknowledgements. I thank David Hewett for bringing cage problems to my attention, Vincent Pagneux for the
connection with quantum corrals, and the referees for their constructive comments.

References

1. Maxwell JC. 1881 A treatise on electricity and magnetism, vol. I, 2nd edn., §204. Oxford, UK:
Clarendon Press.
2. Thomson W. 1891 On electrostatic screening by gratings, nets, or perforated sheets of
conducting material. Proc. R. Soc. 49, 405-418.

. Weber E. 1950 Electromagnetic fields, vol. I. New York, NY: Wiley.

. Morse PM, Feshbach H. 1953 Methods of theoretical physics. New York, NY: McGraw-Hill.

. Wendt G. 1958 Statische Felder und stationdre Strome. In Handbuch der physik, vol. 16 (ed.

S Fliigge), pp. 1-164. Berlin, Germany: Springer

6. Zangwill A. 2013 Modern electrodynamics, §7.5.1. Cambridge, UK: Cambridge University Press.

7. Lamb H. 1898 On the reflection and transmission of electric waves by a metallic grating. Proc.
Lond. Math. Soc. Ser. 1,29, 523-544.

8. von Ignatowsky W. 1914 Zur Theorie der Gitter. Ann. Phys. 44, 369-436. (d0i:10.1002/
andp.19143491103)

9. Gans R. 1920 Das Verhalten Hertzscher Gitter. Ann Phys. 61, 447-464. (d0i:10.1002/andp.
19203660504)

10. Larsen T. 1962 A survey of the theory of wire grids. IRE Trans. Microwave Theory Tech. 10,
191-201. (doi:10.1109/TMTT.1962.1125490)

11. Martin PA. 2006 Multiple scattering. Cambridge, UK: Cambridge University Press.

12. Elsherbeni AZ, Kishk AA. 1992 Modeling of cylindrical objects by circular dielectric and
conducting cylinders. IEEE Trans. Antennas Propag. 40, 96-99. (d0i:10.1109/8.123363)

13. Evans DV, Porter R. 1997 Near-trapping of waves by circular arrays of vertical cylinders. Appl.
Ocean Res. 19, 83-99. (d0i:10.1016/50141-1187(97)00015-1)

14. Pajewski L, Schettini G, Frezza F. 2009 Cylindrical-wave approach for the electromagnetic
scattering problem by buried two-dimensional objects. |. Appl. Geophys. 67, 318-326.
(d0i:10.1016/j.jappgeo.2008.03.001)

15. Foldy LL. 1945 The multiple scattering of waves. I. General theory of isotropic scattering by
randomly distributed scatterers. Phys. Rev. 67, 107-119. (doi:10.1103 /PhysRev.67.107)

16. Sidi A. 2004 Euler-Maclaurin expansions for integrals with endpoint singularities: a new
perspective. Numer. Math. 98, 371-387. (d0i:10.1007 /s00211-004-0539-4)

17. Linton CM. 1999 Rapidly convergent representations for Green’s functions for Laplace’s
equation. Proc. R. Soc. A 455, 1767-1797. (d0i:10.1098 /rspa.1999.0379)

U1 = W

PE0PL0Z :0Lb ¥ 905§ 204g BioBulysgndiaposeforredss



18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.

36.

37.

Downloaded from rspa.royalsocietypublishing.org on September 25, 2014

NIST Digital Library of Mathematical Functions. http:/ /dlmf.nist.gov/, Release 1.0.7 of 2014-
03-21.

Linton CM. 1998 The Green’s function for the two-dimensional Helmholtz equation in
periodic domains. J. Eng. Math. 33, 377-402. (d0i:10.1023/ A:1004377501747)

Linton CM. 2010 Lattice sums for the Helmholtz equation. SIAM Rev. 52, 630-674.
(doi:10.1137 /09075130X)

Twersky V. 1962 On scattering of waves by the infinite grating of circular cylinders. IRE Trans.
Antennas Propag. 10, 737-765. (d0i:10.1109 / TAP.1962.1137940)

Millar RF. 1963 Plane wave spectra in grating theory II. Scattering by an infinite grating of
identical cylinders. Can. J. Phys. 41, 2135-2154. (d0i:10.1139/p63-209)

Linton CM, Martin PA. 2004 Semi-infinite arrays of isotropic point scatterers. A unified
approach. SIAM |. Appl. Math. 64, 1035-1056. (d0i:10.1137/50036139903427891)

Ludwig AC. 1987 Wire grid modeling of surfaces. IEEE Trans. Antennas Propag. 35, 1045-1048.
(doi:10.1109/TAP.1987.1144220)

Paknys R]J. 1991 The near field of a wire grid model. IEEE Trans. Antennas Propag. 39, 994-999.
(doi:10.1109/8.86920)

Fikioris G, Matos K. 2008 Near fields of resonant circular arrays of cylindrical dipoles. IEEE
Antennas Propag. Mag. 50 (issue 1), 97-107. (d0i:10.1109/MAP.2008.4494508)

Trefethen LN, Weideman JAC. 2014 The exponentially convergent trapezoidal rule. SIAM Rev.
56, 385—458. (d0i:10.1137/130932132)

Richmond JH. 1965 Scattering by an arbitrary array of parallel wires. IEEE Trans. Microwave
Theory Tech. 13, 408-412. (d0i:10.1109/TMTT.1965.1126020)

Wilson LO. 1974 The shielding of a plane wave by a cylindrical array of infinitely long thin
wires. IEEE Trans. Antennas Propag. 22, 689-696. (doi:10.1109/TAP.1974.1140874)

Vescovo R. 1995 Electromagnetic scattering from cylindrical arrays of infinitely long thin
wires. Electron. Lett. 31, 1646-1647. (d0i:10.1049/el:19951122)

Fikioris G. 2006 On two types of convergence in the method of auxiliary sources. IEEE Trans.
Antennas Propag. 54, 2022-2033. (doi:10.1109/TAP.2006.877171)

Gradshteyn IS, Ryzhik IM. 1994 Table of integrals, series, and products, 5th edn. San Diego, CA:
Academic Press.

Mikhlin SG. 1964 Integral equations, 2nd edn., §31. New York, NY: Macmillan.

Helsing J, Wadbro E. 2005 Laplace’s equation and the Dirichlet-Neumann map: a new mode
for Mikhlin’s method. J. Comput. Phys. 202, 391-410. (d0i:10.1016/j.jcp.2004.06.024)

Vaishav JY, Walls JD, Apratim M, Heller EJ. 2007 Matter-wave scattering and guiding by
atomic arrays. Phys. Rev. A 76, 013620. (d0i:10.1103 /PhysRevA.76.013620)

Barr MC, Zaletal MP, Heller EJ. 2010 Quantum corral resonance widths: lossy scattering as
acoustics. Nano Lett. 10, 3253-3260. (d0i:10.1021 /nl1100569w)

Chai A, Moscoso M, Papanicolaou G. 2014 Imaging strong localized scatterers with sparsity
promoting optimization. SIAM |. Imaging Sci. 7, 1358-1387. (doi:10.1137/130943200)

PE0PL0Z 0Ly Y 205§ 201 BioBuiysgndiaaposjeforeds;



