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1. Introduction

We consider the scattering of a sound pulse by a sphere. This is a canonical problem in time-domain scattering theory,
a problem with an extensive literature. Nevertheless, the problem continues to attract attention; we shall cite references
later.

The incident field is a sound pulse, which means that there is a propagating wavefront with no disturbance ahead of the
wavefront. With t denoting time, we define t = 0 as the time when the wavefront first touches the boundary of the spherical
scatterer. Consequently, the scattered field solves an initial-boundary value problem (IBVP), with zero initial conditions and
a boundary condition.

The standard method for solving an IBVP for a sphere is to combine the Laplace transform with separation of variables in
spherical polar coordinates. This method was first used in the 1950s; see Section 3.4 for references. The relevant separated
solutions are recalled in Section 2.1 and the method itself is developed in Section 3; connections with the literature on Bessel
polynomials are made.

An alternative method is developed in Section 4. It uses integral representations involving similarity variables, building
on an old solution found by Bateman in 1938; this solution has the form P, (ct/r)Y;" where P, is a Legendre polynomial and
Y," is a spherical harmonic. These solutions (and a few others) are derived in Sections 2.2 and 2.3.
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Both methods assume that the desired solution is continuous. This means that it is appropriate to solve for a velocity
potential; doing this does not exclude interesting solutions exhibiting pressure step-pulses, for example. This limitation on
the use of Laplace-transform techniques for hyperbolic problems usually goes unremarked.

We apply both methods to IBVPs with three different boundary conditions: Dirichlet condition (velocity potential
specified), pressure condition (this is the sound-soft case) and Neumann condition (rigid, or sound-hard case). The Dirichlet
problem is discussed in most detail because it has already received the most attention in the literature (even though,
physically, it is perhaps the least interesting problem). Our discussion includes some asymptotic analysis (correcting some
previous work and relegated to the Appendix).

Some concluding remarks can be found in Section 5. For more background, see [1] and references therein.

2. Some solutions of the wave equation

Small-amplitude acoustic disturbances are governed by the wave equation,

Viu = c?8%u/at? =0, (M
where c is the constant speed of sound. In what follows, we always assume that u is the velocity potential. Thus the excess
pressure p and the fluid velocity v are given by
Jau
ar

where p is the constant fluid density in the absence of motion. Any solution of the wave equation is called a wavefunction.
Using spherical polar coordinates, (r, 6, ¢), Eq. (1) becomes

p=—p and v =gradu,
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For spherically symmetric solutions (with no dependence on 6 and ¢), we have
ur,t) =1~ {fi(r — ct) + fo(r + )}, (3)

where f; and f, are arbitrary (piecewise smooth) functions. These functions can be determined explicitly from initial and
boundary conditions. See [1] for details, examples and references.
More generally, let us seek solutions of Eq. (2) in the form
u(rv t) = u(ra 07 ¢s t) = un(rv t) Yr:n(ev ¢)»
where Y, is a spherical harmonic. We find that u, satisfies the partial differential equation (PDE)
1.9%(ru,)  9%(rup) Uy
— — nn+1)— =0. 4
2 ot? 3r2+(+)r @
When n = 0, u is spherically symmetric and Eq. (4) leads back to Eq. (3).
Various solutions of Eq. (4) are available. We describe some of these, separated solutions in Section 2.1 and solutions
built with a similarity variable in Sections 2.2 and 2.3.

2.1. Separated solutions

The standard procedure for solving Eq. (4) is to look for separated solutions, u,(r, t) = R(r) %, where s is a parameter.
We use the letter s because, later, we will use Laplace transforms with s as the transform variable. The differential equation
for R(r) can be solved. Thus (as is well known) separated solutions of Eq. (4) are

un(r, t) = {Aiy(sr/c) + Bka(sr/c)} e, (5)
where i, and k, are modified spherical Bessel functions and A and B are arbitrary constants.
Properties of i, and k, can be found in [2, Chapter 10] (where our i, is denoted by i,(f)). For example, i, (x) is bounded at

x = 0 but exponentially large as x — oo whereas k;, (x) is unbounded at x = 0 but exponentially small as x — oco. Also,
from [2, 10.49.12], we have

Sl = Ly BN ©)
X = 2x)j! (n —j)!
Thus xe*k, (x) is a polynomial in 1/x of degree n. Equivalently,
Q2/7)X ek (X) = O (x), (7)
a polynomial in x of degree n known as a reverse Bessel polynomial; see Eq. (29). Similarly, from [2, 10.49.8],

2(=0" iy (1) = €700 (X) — €O (—x). (8)
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2.2. Similarity solutions

Making the substitution u, (r, t) = r~'V(r, t) in Eq. (4) gives
10%V 9%V n(n+1) v

aa g T p
Next, introduce a dimensionless similarity variable, ¢ (r, t) = ct/r, and look for a solution of Eq. (9) in the form V (r, t) =
v(Z). After some calculation, we find that v(¢) satisfies

(1= ¢H"(6) = 2¢v'(©) +n(n+ Du(&) =0, (10)
whichis Legendre’s equation. Solutions are P, (¢) and Q, (¢ ), where Py, is a Legendre polynomial and Q,, is a Legendre function.
Thus

Uy(r, t) =1~ {AP,(ct/r) + BQu(ct/)} . (11)
The solution with B = 0, u,(r, t) = r~'P,(ct/r), was found by Bateman in 1938 [3]; for other occurrences, see [4, p. 63],
[5,8IV] and [6, Eq. (6)].

Evidently, we can replace ¢ by c(t — t)/r, where 7 is a parameter, and then construct more solutions by integrating with
respect to 7. For example,

=0. (9)

5}
w0 = [ FOPlt + - i/ dr

5]
is a wavefunction, where f is an arbitrary function and ¢y, t; and t, are constants.
Solutions can also be constructed with variable limits of integration,

1 t+tg—r/c
Up(r, ) = ?,/ f@Pp(c[t +to — T]/r) dr. (12)

5]
This can be verified by direct calculation. (The upper integration limit can be replaced by t + ty, + r/c, but wavefunctions
with the retarded argument ¢t — r /c are more useful.) It is interesting to note that if we replace P, in Eq. (12) by the Legendre
function Q,, then we do not obtain a wavefunction.

2.3. A Bateman-like wavefunction
There is a useful generalization of Bateman’s similarity solution. Instead of u, = r~'P,(ct/r), look for a solution of

Eq. (4) in the form

un(r, £) =17 Palp/1), (13)
where ¢(r, t) is to be found. Proceeding as in Section 2.2, put V = P, (¢) in Eq. (9) and compare with the differential equation
satisfied by P,(¢), Eq. (10). Doing this gives

2 2 2 2 92 2
r_z(a_g“) —r? (8—§> =1-¢% and r—a—g—rza—gz—Zg.
c ar?

ot or c? ot?
The substitution ¢ = ¢/r then gives
1 [dp 2 ap 2 2¢ g
(%) (% Y _q1-o, 14
C2<3t> <8r T roor (1)

19% %9 209 0
c2 3t a2 ror
We seek ¢(r, t) satisfying both of these PDEs. To do this, we look for solutions of the linear homogeneous PDE, Eq. (15), and
then see if any of these satisfy Eq. (14). It turns out that interesting solutions are obtained by writing ¢(r, t) = R(r) + T(t)
in Eq. (15), resulting in ¢ = A(r?> — c?t?) + Bct + C 4 Dr>. This function also solves Eq. (14) provided B?> 4 4AC = 1 and
D = 0.Thus Eq. (13) gives a wavefunction when
o(r, t) = A(r? — c*t?) + Bct + C  with B? + 4AC = 1. (16)

Dimensionally, because ¢ /r is dimensionless, the constant A is an inverse length, B is dimensionless and C is a length. As an
example, the choices A = %ﬁ; 1 B=0andC = %ro, where ry is a constant (length), give the solution

1 r2 412 — c%t?
up(r, t) = FP” (fT) } (17)
0

(15)

This solution can be found in Copson’s 1958 survey of known Riemann functions [7, p. 341]; for some later occurrences, see
[8, Eq. (12)], [5, Eq. (8)], [9, Eq. (14)] and [ 10, Eq. (23)].
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3. Scattering by a sphere: use of Laplace transforms

Suppose that the sphere has radius a. Our scattering problem reduces to an IBVP for the scattered field u(r, 6, ¢, t) for
r > aandt > 0. For an incident sound pulse, we can take zero initial conditions on u at t = 0. There is also a boundary
condition atr = a.

In general, we expect discontinuities across wavefronts. However, it is simplest if we assume that the velocity potential
u is continuous. This assumption does not preclude discontinuities in the pressure or velocity across wavefronts, and such
discontinuities are of great interest physically. Moreover, for most boundary conditions, this assumption can be made
without any loss of generality; for an exception, see Section 3.1.

It is natural to use Laplace transforms to solve IBVPs. Thus, suppose that u(r, t) satisfies Eq. (1). Define the Laplace
transform of u(r, t) with respect to t by

[o¢]
U(r,s) = L{u} = / u(r, t)e st dt. (18)
0
Formally applying £ to Eq. (1) gives

V2U — (s/c)*U =0, (19)

where we have used the zero initial conditions. We have also used the continuity of u across possible wavefronts: if u is not
continuous, Eq. (19) acquires an additional term on its right-hand side involving the (unknown) discontinuity in u. For more
details, see [1].

Eq. (19) is the modified Helmholtz equation, an elliptic PDE. If it can be solved together with the Laplace-transformed
boundary condition, we can then invert to obtain u from U,

u(r, t) = £L7HU} = zim/ U(r, s) e ds, (20)
Br

where Br is the Bromwich contour in the complex s-plane.
The method outlined above is the standard way to solve IBVPs for a sphere. Separating variables in spherical polar
coordinates, (r, 8, ¢), we find solutions of Eq. (19),

in(sr/c) Y, (0, ¢) and kn(sr/c) Y, (O, $);

see Section 2.1. We discard the solutions containing i,(sr/c) because of their exponential growth with r. For simplicity, we
also assume that the incident wave is axisymmetric about the z-axis. Then we can write

o0
U(r.s) =U(r.0,5) = Ba(s) kn(sr/c) Pa(cos ), (21)
n=0
where the functions B,(s) (n = 0,1,2,...) are to be determined from the boundary condition on the sphere. Then,

inverting .£,

u(r,0.6) = > uy(r,t) Py(cos6), (22)
n=0
where
Un(r, t) = L/ B, (s) ky(sr/c) e ds. (23)
2mi Br

3.1. Dirichlet boundary condition

For the axisymmetric Dirichlet problem, the boundary condition is
u(a,0,t) =d@,t), 0<6<m, t>0. (24)
To impose it, let us expand d similarly to Eq. (22),

d(©,t) =) dy(t) Pa(cos 0); (25)

n=0

orthogonality of Legendre polynomials gives

2n+1
dn(t) = 2

/” d(8, t)P,(cos0) sin6 db. (26)
0
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We assume that
d,(t) is continuous for t > 0 withd,(0) =0, n=0,1,2,.... (27)

These conditions ensure that u(r, t) is continuous so that we can use Laplace transforms directly.
Applying £ to the boundary condition u,(a, t) = d,(t) gives B,(s) k,(sa/c) = Dy(s), where D,(s) = L{d,}. Hence
Eqgs. (22) and (23) give u(r, 6, t) with

kn(sr/c) ot ds.

1
u,(r,t) = By /Br Dy, (s) kn(a/0) ds (28)

Recall that k,(x) can be written in terms of the reverse Bessel polynomial, 6, (x) (see Eq. (7)),

2 n+1_x — - En (zn ])' :
— X € <n(x) ”(x) s 2n ]J' (n —])‘

(29)

For example, 6y(x) = 1,6;(x) = x + 1 and 6,(x) = x> + 3x + 3. Much is known about these polynomials; see [11, §4.10],
[2, §18.34] and the book by Grosswald [12]. For example, all zeros of 6, (x) are simple [12, p. 75] and they are in the left
half of the complex x-plane. We denote them by S, m» withm = 1,2, ..., n: 6;(Bym) = 0 with Re B, < 0. Asymptotic
properties of B, , for large n are described in the Appendix.

In terms of 6,, Eq. (28) becomes

1 n+1 0.
Uy (r, t) = — (E) / Dy (s) M eSt=Ir=al/o) g (30)
2mwi \r Br On(sa/c)
In particular, as 6 = 1and £{do(t — b)H(t — b)} = e~**Dy(s), the spherically symmetric component is
uo(r,t) = (a/r)do(T)H(T) withT =t — (r —a)/c, (31)

where H(t) is the Heaviside unit function. Eq. (31) is known [1, §7(a)].
Motivated by Eqgs. (30) and (31), define ¥;,(r, s) by

_a"On(sr/c) 4

Ya(r.s) = 6, (sa/c) (32)
so that Eq. (30) becomes
up(r, t) = (a/r){dn(TYH(T) + wp(r, 1)} (33)
with
Wa(r, £) = i / Dy (s) Wn(r, s) e ds. (34)
2mi Jp;

Now, as x "0,(x) — 1asx — oo (see Eq. (29)), ¥,(r,s) — 0ass — oo, implying that there is a function v, (r, t) with
L{yr,} = ¥,. Then, by the convolution theorem,

Dp(8)Wu(r,s) = £{/ dy(t) Yra(r, t — t) dt’}
0

and hence Eq. (33) becomes

T
Up(r, t) = ;{dn(T) +/ dn(t) Yu(r, T — 1) dt/}H(T). (35)
0

This is [13, Eq. (15)]. To use Eq. (35), we need d, (t) (which is defined by Eq. (26) as an integral of the boundary data d(6, t))
and ¥, (r, t) (which is defined by inverting Eq. (32)).
To obtain y, from ¥,, we can use a partial-fraction expansion or, equivalently, a residue calculation. We know that

On(sa/c) has simple zeros at s = (c/a)Bnj,j = 1,2,...,n,n > 1. Hence
1 o
it = 5 [ W9 ds =S Y anytr/0) expipnsct /o), (36)
21 Jpr a =
where

On(0Bnj) _ 0 kn(0Bn)
0" 0, (Bnj) kr, (Bnj)

anj(Q) = exp{(¢ — Dfn,j} (37)
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and the second form comes by differentiating Eq. (29):

0,(B) = (2/m)p" e’ k,(B) whenkn(B) = 0. (38)

We conclude that v, (r, t) is a linear combination of n exponential functions of t with coefficients that are rational functions
of r. As the dependence on r and t is separated, the integral term in Eq. (35) becomes

n T
g D anj(r/a) exp(BcT /@) /0 dn(t') exp(—py; ct'/a) dt’,
=1

When this is used in Eq. (35), we obtain a formula stated by Wilcox [14] in 1959; see also [ 13, Eq. (13)]. Computationally, this
formula is not useful ‘due to catastrophic cancellation in carrying out the summation’ [13, p. 193]: the coefficients a, ;(r/a)
grow exponentially with n, and the rate increases with r. These facts are derived in the Appendix. Greengard et al. [13]
advocate using a recursive version of Eq. (35).

Although the convolution form of Eq. (35) is attractive, we could evaluate w,(r, t) directly from the contour integral in
Eq. (34). The integrand has n simple poles coming from ¥, (r, s) (at the zeros of 6,(sa/c)) and additional poles coming from
D, (s). To examine the latter, let us consider scattering of a plane sound pulse, defined by

Uinc(Z, t) = Winc(t — [z +al/c) H(t — [z + a]/c), (39)
where H is the Heaviside unit function and wj,(t) is specified. The total field is u 4 ujc. As the incident pulse does not reach
the sphere until t = 0, u satisfies zero initial conditions. The Dirichlet boundary condition for scattering by the sphere,
U+ U = 0atr = q, gives d = —ujpc with

d@,t) = —winc(t —[1+cosOla/c) H(t — [1+ cosfla/c).

Then D = £{d} is given by

D@0, s) = —/ Winc(t — [1+ cosBla/c) e ™ dt
(

1+4-cos@)a/c
— _e—sa/ce—(sa/c) cos Wine (S)

= e Wine(s) Y (=)™ 2n+ 1) in(sa/c)Py(cos 0)
n=0

where Wi, (s) = L{win} and we have used [2, 10.60.9]

e—weost _ Z(_])"(zn + 1) i,(w)P,(cosb).

n=0
Comparison with Eq. (25) gives

Du(s) = n + 1)(—=1)" e ™ ij (sa/c) Winc (), (40)

which shows that D, inherits its singularities from those of Wiy.. For example, if winc(t) = sin wot, Winc(s) = wo/(s? + w(z)),
which has simple poles at s = Fiwy.
From Eq. (8), 2(—x)"" i, (x) = e7*0,(x) — e*6,(—x). Hence, if B is a zero of 6,, Eq. (40) gives

2Dy (Bc/a) = —(2n + 1) "6, (=) Winc(Bc/a).

This is useful when evaluating D, at the poles of ¥,,.

3.2. Pressure boundary condition: sound-soft scatterers

The Dirichlet problem discussed in Section 3.1 does not correspond to a physical problem. For a realistic problem, we
can consider the sphere to be sound-soft, which means the total (excess) pressure is zero at r = a. (For frequency-domain
problems, the Dirichlet problem is equivalent to the sound-soft problem.) Thus, the axisymmetric pressure condition is
—pou/dt =pq(@,t)onr =afor0 <6 < mandt > 0, where p, is specified. If we write

[o¢]
Pa(0,t) = —p Y _ gu(t)Pa(cosb), (41)
n=0
we find that B,, in Eq. (23) is given by sB,,(s) kn(sa/c) = Q,(s), where Q,(s) = £{q,}. Hence, as in Section 3.1, Egs. (22) and
(28) give u(r, 6, t) with
1 Qn(s) kn(sr/c) o ds

u,(r,t) = —

. (42)
2wi Jg, s kn(sa/c)
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AssT1Q.(s) = £ fot qn(n) dn, we can write Eq. (42) as Eq. (35) with d, (t) replaced by fot qn(n) dn,
a T T t
o, ) = ;{/ andn+ [ T =0 [ dr’}H(T)
0 0 0

T T
a
= ;/ qn(n){1+/ Wn(T,T—t’)dt’}dnH(T). (43)
0 n
When n = 0, this agrees with a known result for spherically symmetric solutions [1, §7(b)].
3.3. Neumann boundary condition: sound-hard scatterers

For the axisymmetric Neumann problem, the boundary condition is du/dr = v(f,t) onr =afor0 <6 < mwandt > 0,
where v is specified. This boundary condition is appropriate for rigid scatterers. Expanding v(6, t) = Z;’io vy (t)P,(cosB)
and differentiating Eq. (23) with respect to r, we obtain

(s/c) ky(sa/c)By(s) = Va(s) = L{va}.
Hence Eqs. (22) and (23) give u(r, 6, t) with
kn(sr/c) ot

1
Up(r, t) = i /Br n(S) W (44)
From [2, 10.51.5], xk;, (x) = nk,(x) — xks41(x). Combining this with Eq. (29) gives
Q2/70)xk,(x) = x " e Py (x)  with ¢ (X) = N6 (x) — b1 (%),
which shows that the denominator in Eq. (44) has n + 1 zeros. Hence Eq. (44) becomes
U(r ) = —— (9)"+1/ Vats) IO ot g (45)
2mwi \r Br ¢n(sa/c)

withT =t — (r — a)/c, as previously; see Eq. (31).
Denote the zeros of ¢, (x) by ,3,’17,,1: qbn(,B,;,m) =0form =1,2,...,n+ 1. They are the zeros of k (x) and they have the
same qualitative properties as the zeros of 6, (x). They are tabulated in [ 15, Table 1] for n < 25.

As 6y = 1and ¢o(x) = —601(x) = —(1 + x), we can confirm that the spherically symmetric component, ug, agrees with
the known result [1, §7(c)]. More generally, define
a1, (sr/c
Ap(r,s) = ¢ (46)
cr¢n(sa/c)

As A,(r,s) — 0ass — oo, there is a function A, (r, t) with £{)\,} = A,. Hence

ac T
Up(r, t) = - H(T)/ Vpn(MAn(r, T —n)dn. (47)
0

We could now calculate X, in the same way as we calculated 1, in Section 3.1, making use of the zeros of ¢, (sa/c).

3.4. Literature

There are many papers where Laplace transforms are used to solve the wave equation exterior to a sphere. For problems
that are not spherically symmetric (see [1] for those), the earliest work is by Brillouin [16]; his long two-part French paper
was given a detailed exposition by Hanish [17, §§2.1 & 7.4]. A variety of Neumann radiation problems are solved.

Friedlander [18, pp. 166-174] constructed Green’s function for a hard sphere (Neumann boundary condition); the
incident field is generated by a simple source at a point on the z-axis outside the sphere. At about the same time, Wilcox [ 14]
published a ‘preliminary report’ on the Dirichlet problem with zero initial conditions; his short note is discussed in [13].

In 1960, Barakat [ 19] discussed the scattering of a plane pulse, ujne = H(z — ct)e*@= by both Dirichlet and sound-hard
spheres. Cohen and Handelman [20] considered other incident plane pulses. The Neumann problem, with various forcings,
has been studied in other papers from the 1960s [21-23]. For example, Tupholme [23] gave a detailed study when only a
cap of the sphere moves.

Huang and Gaunaurd [24] consider acoustic scattering of a plane step pulse in pressure by a hard sphere with emphasis
on calculating p at r = a. The series expansion of this quantity, using spherical harmonics, is not uniformly convergent:
this is an example of Gibbs’ phenomenon [25]. To compensate for this phenomenon, the authors use Cesaro summation,
extending previous work by others [26,27]. Better remedies are available [28,25], but these do not seem to have been used
for transient scattering problems.

Hamilton and Astley [15] solved the Neumann problem with various forcings. Greengard et al. [13] gave results for
Dirichlet and Robin problems. For the latter problem, see [29].

Similar computations have been made for transient electromagnetic and elastodynamic problems but we do not give
references here.
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4. Scattering by a sphere: use of an integral representation

As an alternative to using Laplace transforms, let us use the representation Eq. (12) for the wave field generated in the
exterior of a sphere of radius a. We take tp = a/c and t; = 0, giving

a t—(r—a)/c c a
up(r, t) = —/ fa(T)Py (— [t -7+ —]) dr. (48)
rJo r C
Zero initial conditions, u, = 0 and du,/dt = 0att = 0 forr > g, are enforced by requiring that f,(r) = 0fort < 0.

Before using Eq. (48), we confirm that it is equivalent to the more familiar representation obtained by combining a Laplace
transform with separation of variables (Section 3). Let T =t — (r — a)/c so that Eq. (48) becomes

a (T c r
Up(r, £) = -/ F.(T)P, (- [T —— —]) dr, T >o0. (49)
rJo r c
The right-hand side is a Laplace convolution, so we take the Laplace transform with respect to T,
o a
/ Uy (r, ) e T dT = —F,(s)K (s; 1), (50)
0 r
where F,(s) = £L{f,} is the Laplace transform of f,,
o c r 2r
K(s;r) = / e 'p, (— [t + —]) dt = =—e"/%k,(sr/c) (51)
0 r c Tc

and we have used [30, 7.143.1]. Once F, has been determined using the boundary condition (see below), we invert the
Laplace transform, which means we multiply Eq. (50) by e*T and integrate over the Bromwich contour, Br. This gives

a
Uy(r, t) = nzci/ Fa(s)kn (s /c) &9/ ds, (52)
Br

which has the same form as Eq. (23). Alternatively, we could invert F, (s) giving f,(t), and then Eq. (48) provides a different
representation for u,(r, t), one whose properties have not been fully investigated.

4.1. Dirichlet boundary condition

For the Dirichlet boundary condition, use of u,(a, t) = d,(t) in Eq. (48) gives

/Otfn(r)Pn (g [t T4 g]) dr = d,(0), t >0, (53)

a Volterra integral equation of the first kind for f,. Implicit in this equation is the constraint d,,(0) = 0, which is consistent
with Eq. (27). Once f, has been found, u,, is given by Eq. (48).
As a check, we can solve Eq. (53) by taking its Laplace transform. Doing this gives

Fi($)K (s; a) = Dy(s), (54)

where D, = £{d,} and K is defined by Eq. (51). Solving for F,, followed by substitution in Eq. (52) gives precisely Eq. (28).
Let us go further. From Eqgs. (29), (51) and (54), we have

Du(s) _ (sa/o)"

Fu(s) = KG @) 6rsa/0) sDp(s) = (1 + Xn(s)) sDy(s), (55)
say, where
X, () = (sa/c)" — 6,(sa/c) — L)

On(sa/c)
for some function yx; (t). This function can be found by inverting X,:

Xa(®) = = 3 by exp(Byet /@), (56)
=1

where

- (,Bn,j)n _ ”eXp(_.Bn,j)
n.j

. _ , (57)
0} (Bnj) 2Bk (Bnj)
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and we have used Eq. (38). It turns out that, just like a, ;(r/a) in Eq. (36), b, ; grows exponentially with n (see the Appendix).

However, there is no dependence onr.
We have sD,(s) = £{d]} (recall that d,(0) = 0) and X, (s) = «£L{xx}. Hence, inverting Eq. (55),

t
7O = 4,0+ [ o e = man
0
Substituting in Eq. (49) gives

a T
Up(r, t) = ;/ fo(D)@p(r, T —1)dr
0

a T a T T
;f d;(n)@n(r,T—n)dn+;/ / dy () xn(t — 1) @Qu(r, T — 1) dndr
0 0 0

T T
g / d;(n){(fln(f, T—n)+ / xn(T — 1) @Qu(r, T — 1) d‘l,'} dn
0 n
T
= ;/ dy(La(r, T—mydn, T=t—(—a)/c>0, (58)
0
where @, (r, t) = P,(1+ ct/r) and

Ly(r,t) = @Q,(r, t) + / Xn(0)Qu(r,t —o)do.
0

Notice that @, depends on r but x, does not. Eq. (58) is an exact formula for the solution of the Dirichlet problem with zero
initial conditions.

Let us make another observation concerning the Volterra integral equation of the first kind for f;, Eq. (53). Make the
substitution f, (t) = g (t) with g,(0) = 0. After an integration by parts, we find that g, satisfies

t
ga(t) + 2/ g ()P, (1+ [t — t]c/a)dr = d,(t), t >0, (59)
0

a Volterra integral equation of the second kind. Such equations are attractive because they can always be solved by iteration.
Similar equations (with different right-hand sides) can be found in [4, Eq. (3.12)] and [31, Eq. (A.6)], and below as Eq. (61).
In terms of g,,, Eq. (49) gives

T
Uy (r.t) = ggn(T) n ‘:—5/ gu(0) P! (% [t T4 g]) dt, T=t—(r—ay/c>0. (60)
0

4.2. Pressure boundary condition

For the pressure boundary condition, we differentiate Eq. (48) with respect to t,

aaurn - ?fnm + (;_2 /on”(f)P'/“ (; [t-o+ g]) a

using P, (1) = 1. The boundary condition, du,/dt = q,(t) atr = a (see Eq. (41)), gives

fa(O) + g /Otfn(T)P,ﬁ(l + [t —t]/to)dT = gu(t), >0, (61)
where ty = a/c. Eq. (61) has the same form as Eq. (59). We can solve it by applying .£. From Eq. (51), we have

L{P,(1+ t/tg)} = (2/7)tee 0k (sto) = K(s; cto), (62)
whence

LIP(1+t/tg)} = to(sK — 1) (63)

and Eq. (61) gives sK(s; a)F,(s) = Q,(s). Substitution for F, in Eq. (52) leads back to Eq. (42).
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4.3. Neumann boundary condition

For the Neumann boundary condition, du,/dr = v,(t) onr = a, we differentiate Eq. (48) and obtain
ou u, a ac [T ay , /c a
O —3/ @ (t=r+2)p(F[e- o+ 2])dr
ar r rc 3 Jo c r c
Applying the boundary condition, we find that

)+ 5 f Fo(0)Hnlt = T) dT = —Cun(D), £ >0, (64)
0

where
Kn(t) = Po(1+t/to) + (1+t/to)Pp(1+ t /o).
Eq. (64)is a Volterra integral equation of the second kind for f,. Again, to solve it, we apply .£. Using Egs. (62), (63) and

/ 2 IK 2 -1 sto 1,/
LUP (14 t/ty)} = —lo5 - =l {(s+tg DK + (2/m)stoe™ K, (sto) } ,
0
we obtain
LIK ()} =K + to(sK — 1) — to {(s + tg DK + (2/7)stoe’™k;, (sto) }
= —to — (2/7)stie™ K, (sto),
and then Eq. (64) gives

(2/7)stge’ K. (sto)Fa(s) = cVi(s). (65)
Solving for F,, and substitution in Eq. (52) gives precisely Eq. (44).

5. Discussion

We have solved IBVPs for a sphere using the integral representation for u, (r, t), Eq.(48), containing Legendre polynomials
in a similarity variable, P,(ct/r). The density function in the integral representation, f,, solves a Volterra integral equation;
there is a different integral equation depending on the choice of boundary condition on the sphere. If these integral equations
are solved by Laplace transforms, we recover the equations that would have been obtained if the IBVPs had been treated by
the classical approach: Laplace transform in t combined with separation of variables. However, we could avoid using Laplace
transforms and solve the Volterra integral equation directly. For each IBVP, we obtained an integral equation of the second
kind, so convergent iterative schemes are available. Good numerical methods are also available [32]. We leave investigations
in this direction for future work.

Scattering by a sphere is a relatively simple problem. Recently, there has been increased activity on scattering by objects
of other shapes, using time-domain boundary integral equations; see the reviews by Ha-Duong [33] and Costabel [34] and
the book by Sayas [35]. Nevertheless, we anticipate that benchmark solutions for scattering by a sphere will continue to be
valuable.

Appendix. Some asymptotics

Recall the definition of the reverse Bessel polynomial, Eq. (29),
On(2) = (2/m) 2" kn(2) = (22/7) % 2" € K1 2(2),
where K, is a modified Bessel function. Let 8 denote any zero of 8,,: 8,(8) = k,(B) = 0. It is known that all zeros satisfy

Rep < 0.
We are interested in estimating
9 n
a,(p) = ﬂ and b, = ,’3 (A1)
p" O, (B) 0,(B)

asn — oo, where p > 1; see Eqs. (37) and (57). It is known that, asymptotically, the zeros of 6, lie on a certain convex arc,
symmetric about the real axis, meeting the imaginary axis at in and crossing the real axis at —n¢y with ¢y 2~ 0.66:

) 1
B~ nte”™ asn — oo forsome ¢ with ¢y < |¢| < 1and |arg¢| < 571. (A.2)

Thus, both n and | 8] are large. The number ¢ is defined by

o= ,/tg — 1 where t is the positive real root of cothty = tp. (A.3)

These results are due to Olver [36, p. 354]; for the convex arc, rotate any of the following figures clockwise by 7 /2:
[36, Fig. 15], [37, Fig. 9.6], [2, Fig. 10.21.6]. For a plot of the zeros of 01y and 641, see [13, Fig. 5]. For an early tabulation
of Bn.m,n < 7, see 38, Table I].
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Use of standard asymptotic methods

Suppose ¢ in Eq. (A.2) is real. In this special case, we can use integral representations combined with Laplace’s method
[39, §5.1], [40, Chapter 3, §7]. From [37, 9.6.23], we have the integral representation

VT (z/2)" [ —zE (£2 v—1/2
rorip ), € E-D T

valid for Rev > —% and Rez > 0.As k,(2) = /7 /(22) Kny1/2(2),

K,(z) =

kn(z) = % (Z{l—?)n foo e ® (82 —1)" d&, Rez>0,
: 1

Then, using the definition 6, (z) = (2/m) z""'e? k,(z) and the substitution & =t + 1,

2n+1 e}
On(z) = f e “t"2+t)"dt, Rez> 0.
2" n! Jo
Differentiating,
2n+1 i+ oo
0/ (z) = + On(z) — —/ e "2 4 t)"dt, Rez > 0.
z 2" n! 0

These integral representations are valid for Rez > 0 whereas we want to evaluate 6,(z) and 6/(z) when Rez < 0. To
effect the analytic continuation into this half of the z-plane, we rotate the contour of integration in the complex t-plane
[40, Chapter 4, §1]. Once the contour is on the negative real t-axis, we obtain

22n+1 o0
0,(2) = (—1)”“[ e t"(2 —t)*dt, Rez <O
2" n! 0
and
2n 1 ZZn+l o)
0)(z) = + On(2) — (—1)"/ e t"™1 (2 —t)"dt, Rez <O.
z 2" n! 0

Suppose that 8 = —n¢ with ¢ real and positive. Then
13211+1
2" n!

Splitting the range of integration at t = 2, write the integral as

2 [e%e)
/ e™® ¢ dr + (—1)"/ e ¢ d¢
0 2

0,(B) =

(—=1)"H! /oo e ™t {t(2 — )} t dt. (A4)
0

where
hi(t) = —¢t+logt +log(2 —t) and hy(t) = —¢t + logt + log(t — 2).
We estimate the integrals for large n using Laplace’s method. We have
Ri@t) =hy) = ¢+t '+ (@ —-2)""
Thus th(t) =0att =t (j=1,2), where

0@ =¢"¢+1-v¢2+1) and @) =¢'(¢+1+c2+1).

Note that 0 < t1(¢) < 1and t,(¢) > 2 forall ¢ > 0. Then Laplace’s method shows that the integral in Eq. (A.4) is
asymptotically proportional to

exp{nmax[h(ty), hp(t;)]} asn — oo.
Some calculation gives
hi(t) =1log(2/¢) =1 —¢ +n(5) and hy(tz) =10g(2/¢) —1—¢ —n(&)
where
n(©) = (1+ &) +log{¢/[1+ (1461 (AS5)

We note that 1(Zy) = 0 where ¢, ~ 0.66 is defined by Eq. (A.3). This is relevant because there is a zero of 6, close to —n¢.
(For further discussion of , see [40, p. 375].)
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We have hy(t;) — hy(ty) = 2n(¢). As 7' (¢) = ¢~ 1(1 + ¢2)V/2, we see that hi(t;) > hy(ty) for ¢ > &, whence the
dominant contribution comes from h;(t;) for such ¢. Then, from Eq. (A.4),

n
(B) _ =B)" (E) o140 gm@) _ ™ —nle—n©))

B 2mnl \¢ e"n!
Using Stirling’s formula, n" ~ e" n!, and ignoring algebraic factors, we obtain
ﬂn
by = —— > e asn — oo, (A6)
0,(B)

In particular, b, grows approximately as e™0 when 8 >~ —nZ.
Turning now to a,(p), a similar calculation gives

On(Bp) _ (Bp)™!

o0
(—1)”“[ e P2 — ) dt
0

grpm  2nn!
n
~ 8PN (2 N ntieo) quien) o qonlto-nieo)
2tn! \<¢p
whence
an(p) ~ €0 withg(p, ) = —(p — )¢ +n(¢p) —n(g), (A7)

with n defined by Eq. (A.5). For example, when p = 2 and ¢ = ¢q, ¢(2, o) = 1n(2Z0) — o =~ 0.30. We also note that ¢(p, ¢)
is an increasing function of p.

When ¢ is not real, we can no longer use Laplace’s method. Instead, we can use the method of steepest descent
[39, Chapter 7]. This applies to contour integrals of the form fc f(z) e™@ dz; the contribution from a simple saddle point
zo (where h'(z9) = 0) is found to be proportional to exp{nh(zy)} [39, Eq. (7.2.10)] (ignoring multiplicative factors that are
algebraic in n).

Use of known asymptotic approximations

From Eq. (A.1), we have

_ K,(Bp) 7 e . 1
— alp—1B — — —
an(p) =¥ P /p K 6) and b, = /2 KB withv =n+ 5 (A.8)

As S grows with n according to Eq. (A.2), we require the asymptotics of K, (vz) for large v. These are given by [2, 10.41.4]

or [37,9.7.8] but only when Re z > 0 whereas we want asymptotics for Rez < 0. Therefore we first continue K,, analytically,
using [2, 10.34.2] or [37,9.6.31]:

K,(vze™) = e K, (ve) — wil, (V7). (A.9)

Thus we also need the asymptotics of the other modified Bessel function I,,(vz), as given in [2, 10.41.3] or [37, 9.7.7]. Hence
1

2v (1 + 4-2)1/4

where 7(¢) is defined by Eq. (A5) and | arg ¢| < 37.
Similarly, differentiating Eq. (A.9) with respect to ¢ gives

K (vee™) = —e "MK/ (ve) + il (v2)
1 2\1/4 )
~ l;% (e—‘”ﬂe—”’l(() +ievn(§)) asv — 00, (A.11)
v

after use of [2, 10.41.5 & 6] or [37,9.7.9 & 10].
Assuming that e™7 is the dominant exponential in Egs. (A.10) and (A.11), we obtain the estimate

—p e (0,

(1+ (pO)HVAA + ¢34
from Eq. (A.8) using 8 ~ —n¢ and v ~ n. This result agrees precisely with Eq. (A.7). Similarly, we find agreement with

K,(vze™) ~ (e7"™e 1@ —je @) asv — oo, (A.10)

an(p) ~ (A12)

Eq. (A.6).
Greengard et al. [13] have given a rough argument for the exponential growth of a,(p). Field and Lau [41] have made
a more detailed study but their argument is incomplete: they obtain growth as e™ with ¥ (p, ¢) = —(p — 1)¢ + n(¢p)

(see [41, Eqs. (23) & (24)]), which differs from ¢ (p, ¢) in Eq. (A.7) by the term 1 (¢). This difference vanishes when ¢ = ¢o.
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