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1. Introduction

In the context of time-harmonic acoustics, a given incident wave interacts with one or more scatterers surrounded by a
lossless inviscid compressible fluid. This process is usually characterised by introducing three “cross-sections” related by

Osc + Oab = Oex- (1)

The scattering cross-section o gives a measure of how much energy is radiated away by the scatterers whereas the
absorption cross-section o,, gives how much energy is absorbed by the scatterers. Hence the extinction cross-section gex
describes how much energy has been extracted from the incident wave by the scattering process. (Precise definitions will
be given later.) When the scatterers are lossless (for example, sound-soft or sound-hard), o, = 0 and then oyc = 0.
Energy is a quadratic quantity: for linear waves of (small) amplitude A, energy is proportional to A%. Another quadratic
quantity is the acoustic radiation force: for linear time-harmonic waves, it is a steady second-order force, analogous to the
Stokes drift force in the context of surface water waves. The study of acoustic radiation forces has a long history, with detailed
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computations first made by King [ 1] for scattering by a small sphere. These forces have attracted more interest in recent times
because they can be used to levitate and manipulate small particles. For reviews, see [2,3].

The cross-sections and the radiation force can be expressed as certain integrals of first-order quantities over a sphere of
radius R, S, enclosing the scatterer; and they are independent of R. The usual strategy is to suppose that R is large and then
far-field estimates can be used, but this is not always straightforward. Here, we adopt a brute-force approach and simply
evaluate the integrals over Sg directly and exactly, having introduced standard expansions of the incident and scattered fields
using spherical wavefunctions, together with appropriate Wronskians. The final results are seen to be independent of R. They
are infinite series of products of coefficients from the spherical expansions. Some of these series can be expressed, exactly, in
terms of far-field quantities. Finally, we connect the coefficients in the wavefunction expansions using the T-matrix, leading
to a viable method for the computation of cross-sections and the radiation force.

The basic equations are introduced briefly in Section 2 and the R-independent integrals over Si are derived in Section 3.
These integrals are evaluated in Section 4 after introducing expansions in spherical wavefunctions; most of the details are
relegated to an Appendix.

Section 5 is concerned with the use of far-field quantities; various pitfalls and errors are described. It is well known that
o5 can be expressed exactly as an integral of the far-field pattern, and this formula is recovered. However doing the same
for other quadratic quantities is awkward, mainly because they involve the incident field. After some discussion of a paper
by Debye from 1909 (Section 5.3), T-matrix methods are described briefly in Section 6. The paper ends with a summary of
the results obtained, covering why they are useful and what they teach us about the computation of quadratic quantities in
acoustics.

2. Governing equations

The exact governing equations for a compressible inviscid fluid are

a7 ap
5 <8it’ +@-V) i)) = —gradp, = +div(pD) = 0. 2)

with p = p(p), where p(r, t), 9(r, t) and p(r, t) are the pressure, velocity and density, respectively, at position r and time t.
Introduce a small parameter ¢, and expand p, p and v [2, §IILF]:

P=pot+epi+e’ P+, p=pot+epr+e Pt V=eb e+,
The equation of state gives p = p(5) = p(po) + (p — po)P'(p0) + 5(p — po)*P"(po) + - - - This gives po = p(po), p1 = ¢

~2=

and P, = ¢*p; + 157P"(po) with ¢ = P'(pp). We assume that po, pp and c? are constants.
2.1. Linear theory

At first order, &', we obtain
v - ap ..
,00*1 +gradp; =0, P + poctdiv, = 0. 3)
ot ot
Eliminating ¥, gives the usual wave equation for p;; p; satisfies the same equation.

Taking the scalar product of Eq. (3); with v, making use of Eq. (3),, we obtain the acoustic energy equation,

& e
E + div (p1 01) =0 (4)
where € = 1 po(¥1 - 91) + 3P%/(poc?) is the acoustic energy density [4, §1.9], [5, Eq. (64.5)].

Let D be a fixed bounded volume with boundary S. Integrating Eq. (4) over D gives

i st—/ﬁﬂ)yndS:O, (5)
where we have used the divergence theorem and n is the unit normal on S pointing into D. This equation has the dimensions
of force x velocity, that is, power. It says that the rate of increase of energy in D is balanced by the acoustic power entering
through S.

Next, consider time-harmonic motions, and write

Pi(r, t) = Re{p(r) e *} = pgcos wt + p; sinwt, (6)

where pgr = Rep and p; = Im p are real. Similarly, ; = Re{ve™ !} and p; = Re{p e~!}.

For quadratic quantities (such as energy) involving products of time-harmonic functions, it is usual to consider time
averages over one period. Thus, for any function f(r, t), we define

_27r

1 T
<f>(r):T/ f(r,t)dt, T=—.
0

w
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Simple calculations give (d€/dt) = 0 and (131131) = % Re{p v}, where the overbar denotes complex conjugation. Hence the
time-averaged form of Eq. (4) is Re {div (p v)} = 0 and the time-averaged form of Eq. (5) is

Re/ﬁv-ndszo. (7)
S

For irrotational motion, we can introduce a velocity potential iy, with ¥, = grad ti; and p; = —po(dti1/dt). Furthermore,
for time-harmonic motions, we write

iy(r, t) = (c/k)Re {u(r)e ™"} = (c/k) (ug cos ot + uj sinwt)
where k = w/c, ug = Reu and u; = Imu are real, (V2 4 k?)u = 0, and u is dimensionless.
Some calculation gives (£) = (K) + (V) where

2 2
(K) = Poc” (gradu)-(gradu) and (V)= Dot uu; (8)
4k2 4

evidently, (K) is the linear approximation to the average acoustic kinetic energy density and (V) is the analogous potential
energy density. Also, as Re (p v) = c3(pp/k)Im (u grad u), Eq. (7) becomes

ad
Im / 145 =0 9)
s on
where du/dn = n - grad u is the normal derivative of u on S. The formula Eq. (9) will be used in Section 3.1.
2.2. Second-order theory

At second order, €2, Eq. (2); gives

v, . 0y - - -
POE‘FPIW + po (V1 - V) v = —grad p. (10)

Multiply Eq. (3); by v; and then add the result to Eq. (10); this gives
o o(py”) | a@"5") o

=——2 i=123. 11
po ot + ot + o 8Xj axi ( )

where r has components x; and we have denoted the components of v, by f)g").
It is easy to see that p, has the form py(r, t) = p3(r) + pS(r) cos 2wt + p5(r) sin 2wt, with similar expressions for p, and
¥,. We are interested in the steady component of p,, pg = <ﬁ2>. Extracting the steady component from Eq. (11), we obtain

p 9 <~(1)~<1>>
22— o — (DD 12
ox 0 0% ;Y (12)
d(viv; 2 0 ou ou
_ PO pe dVW) _ poc” o 9 (0u ou (13)
2 ax; 2k 0x; \ 9x; Ox;
2
poc” 0 = 2,
= ——— ((gradu) - (gradu) — k“uu) . 14
22 o ((gradu) - (grad ) ) (14)
We can write Eq. (12) as (3/0x;) (IT) = 0 where [T = p,8; + pgﬁ?”i}l) [6]. The quantity S; = — (IT;) is known as the

acoustic radiation stress tensor. From Eq. (13), we have

) _
PoC Jdu ou
Sj = —p38; — == Re ( —> :

212 ax; 0X;
Integrating Eq. (14) gives (after discarding a constant of integration)
0 pOCZ _ 5
= ((gradu) - (grad ) — k*ul) = (K) — (V),

see Eq. (8), and then

5 _ _
PoC _ 3 ou Ju ou Jou
Sij = —= radu) - (gradu) — k“uu) 6 — — — — —— ¢ . 15
I g {((g )- (gradi) )8 = 5 ox 9% 0x; (15)
As (3/0x;)S; = 0, an application of the divergence theorem in the region D gives
/ Sijnj ds =0. (16)
s

This formula will be used in Section 3.2.
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3. Scattering problems

Suppose that we have a scatterer B with boundary S. Surround the scatterer by a sphere of radius R, Sg, implying that we
have chosen an origin O in B. We use spherical polar coordinates, r, 6 and ¢, so that Sgisr = R.
For scattering problems, we write the total potential as

U = Uinc + Usc, (17)

where uj,(r) is the specified incident field, us.(r) is the unknown scattered field, and us. satisfies the Sommerfeld radiation
condition. Recall that the wavenumber k is real: the fluid is lossless.

3.1. Cross-sections

Let S = S U Sk with D being the region between S and Sg. Then Eq. (9) gives

_adu _ou
Im u—dS—Im/u—dS:O, (18)
sy OF s on
where the normal vector on S points out of B. Using Eq. (17), we have
_ou ___ du; __ oy au ___ou
u; = Uinc alrnc +USCT;M +uinc87:c+usc 37:: (19)

Substituting in the first integral in Eq. (18), the first term from Eq. (19) gives
au; 1 ou; ou
Im [ e —dS = - (u—u ““)ds—o
Sk ar 2i Js, ar ar

by Green’s theorem, assuming that u;, is a regular solution of the Helmholtz equation everywhere inside Sg. Substituting
the remaining terms from Eq. (19) in Eq. (18) gives

au au; 0 Ugc
Im | Ug — dS+Im Uge —= — Ujpe —— | dS — Im u—dS_O (20)
Sk ar Sk ar ar
using Imw = —Im w for any complex quantity w.

The first term on the left-hand side of Eq. (20) involves the scattered field only; it is closely related to the scattering
cross-section. We define

ou
O = kIm | Ts ; ds, (21)

SR

where the factor k has been inserted so that oy is dimensionless. Physically, oy is proportional to the radiated acoustic
power.

The third term on the left-hand side of Eq. (20) involves the total field on S; it is closely related to the absorption cross-
section. We define

3
Oy = —klm/a—” ds. (22)
s on

Physically, o, represents the acoustic power absorbed by the scatterers (if they are lossy).
Combining Eqs. (1) and (20), we define the extinction cross-section by

ar ar

Sometimes, the scattering cross-section is defined as being proportional to limg_, o oy; see, for example, [7, §2.A.4].
However, as we shall see below, o,. does not depend on R. This fact was known to Twersky [8, Eq. (6)] and de Hoop [9,
Eq. (4.7)], for example. Indeed, if we write Eq. (21) as

k ad ad
Osc = */ Usc e — Usc e ds,
2i Js, or or

we see that we can move the integration surface onto the scatterer itself,
u
o5 = kIm / Use —— (24)

The derivation uses Green’s theorem, and so it requires that u. satisfies the Helmholtz equation everywhere between S and
Sk, and that the wavenumber k is real (which it is, because the exterior medium is assumed to be lossless).

du; 3 Use
Oex = Osc + 0ap = —kIm (uTC — — Ujne ) ds. (23)
SR
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3.2. Radiation force

The steady acoustic radiation force acting on the (fixed) scatterer S is F with (real) components

F = /Sijnjds,
S

where S;; is defined by Eq. (15). Moreover, using Eq. (16) with & = S U Sg, we can move the surface of integration from S to
the sphere Sg enclosing S,

xv
F-=/ S; = ds.
i 50 UR

The fact that the integration surface can be moved is well known [10-12]. The underlying assumption is that the fluid is
lossless. For viscous fluids, the situation is more complicated [13].
Let Ag = (grad u) - (grad 1) — k*uu. Then, from Eq. (15),

2 dudu Jud
FZ:’OOC (AOCOSO——U—U——u—u>dS,

4k Js, 9z ar 9z or
c? , ou du\ ou ou du\ du
Fotif, =2 [ (Age*sing — (= £i0- ) = — (£ £ ) 22 ) ds.
4Kz Js, ox oy ) or ox oy ) or
In terms of spherical polar coordinates, we have
ou ou sinf du ou, 10du, 1 OJu 4
— =c0s0—— ——, gradu=—r+-—0+—— — ¢,
0z ar r 06 ar r 06 rsiné d¢
ou ou - ou cosé du i oJu
—4i—=e*(sing—+ — —+——|.
ax ay or r 06 rsinf d¢
Hence
P ds and EotiF, = P [ aLetas (25)
T T e Jo
with
Ju ou 1 du du 1 ou du 5
A=\t 5ot 5525 — kKuu)cosd
ar ar ' r290 00 = r2sin’0 3¢ I
n sinf [ du du n ou du (26)
r \dgor agor)’

qudu 1 9udu 1 duadm o, _\ .
Ar=|-——+=5——+———-—-— —k‘uu|sind
ar ar 12060 06  r2sin?@ d¢ d¢

cosf (oudu Judu i oudu  ou du
- ——t == )F— ——+t——]. (27)
r a0 ar 90 Jr rsinf \ d¢ or  d¢ or
Formulas of this kind can be found in [6,14,15]. In most of these papers, it is assumed that Sg is a large sphere and then

asymptotic estimates based on the assumption that kR >> 1 are used. This is awkward because certain quantities involving
Uinc diverge as kR — oo. For further discussion, see Section 5.1.

4. Use of spherical wavefunctions

In the vicinity of the sphere Sk, we can expand u;,. and usc as follows,

Uine(r) = Y D}l (kr) Y (F), (28)
use(r) = Y G ha(kr) V(7). (29)

where (using the notation from [16])

n=0 m=-—n
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jin is a spherical Bessel function, h, = h{ is a spherical Hankel function, Y™ is a spherical harmonic, # = r/r, and D" and C™"
are coefficients. We use unnormalised spherical harmonics
Y™ (#) = P" (cos6)e™,

where the associated Legendre functions P;" satisfy the orthogonality relation

1 2 (n+m)
Pm Pm = m nv i h m = —_— .
[] ()P (t)dt = h'S,, with R 1= m) (30)

It is more convenient to use Y™ instead of the normalised functions Y/" (with Y" = A™Y™ and A™ = (Znhﬁ)_l/z) because,

when calculating F, we shall encounter contiguous spherical harmonics, Yr'l’f]].

On Sk, we have dS = R? d2(#), where £2 is the unit sphere. The spherical harmonics are orthogonal,

/ YV dS2 = 2h™8 0 S (31)
2

4.1. Cross-sections

Starting with Eq. (21), direct calculation (put D] = 0 in Eq. (A.4)) gives

Osc = 27 Zhnm |C,’1”’2. (32)

Similarly, starting with Eq. (23) (put DI' = E" = 0 and F' = D} in Eq. (A.3)),
Oex = —27Im Y " ih7 G Dy = —27Re Y " (' Dt (33)
n,m m

4.2. Radiation force: F,

The axial component of F, F;, is given by Egs. (25) and (26). Expand the total potential as
U= Z w,’f(kr)f/f(e, ¢) with wy'(kr) = DI ju(kr) + C* hy(kr). (34)

Then, inspection of Eq. (26) suggests that the simplest term in A, gives the contribution

o T
I = f kK*utcos dS = 27 (kR)? Z Z w™ uTT/ P™"(cos ) P™(cos @) cos @ sin 6 df
0

SR n,m v=0

oo el o n 0 L 1
=2m(kR)* ) " wf wf;/ EPy(E)dt + 27 (kR Y > > " wlt wT/ tP™(t) PM(t) dt
v=1 -1 n=1 m=—n v=0 -1

where w]' = w]'(kR) and we have separated off the contribution from n = 0. The first integral is %(Sm. The second integral
can be evaluated using [ 16, Eq. (A.13)]

(2v 4+ DPY(t) = (v — m 4+ 1P 1 (t) + (v + m)P](¢)
and the orthogonality relation, Eq. (30):

1 hm
/_ (PIOPI(E)de = 5P {0 = m)Sym (1 m o D} (35)

Note that the term containing §, ,—1 is absent when |m| = n because P]' = 0 when |m| > v. Hence

. n+m)w wm
I, = 20 w® kR)? =
1 3 — (kR)Y wowy + (kR) Z Z 2n+ 1)(n—1—m)!

n=1 m=— 111)

n+m+1) n n+1
+ (kR)
ZZ (2n+3)2n+ 1)(n — m)!

7 (kR)? Z zm {wf Wi+ w,'?ﬂw*g?} , (36)

n,m
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where
om (n+m+ 1)
" 2n4+3)2n+ Dn—m)’
Similarly,
Ju ou
I —/S a1 gy C0s0dS = 4m(kR) Zz’“ [ wit wi |+ wm’w,‘;il]. (37)
R

The remaining terms in Eq. (26) make the following contributions.

1 (0uodu 1 OJuodu
b= | 5|0+t — cos 6 dS (38)
s T2\ 00 90 sin? 6 8(15 8¢>
=4x Z n(n+2)z; {wg1 wpl |+ wnggﬂrl} , (39)
sinf (dudu Judu
L= — + — ds (40)
se T 30 ar ' or a0
— 4n(kR) Y 2] {n (w;"w,rfﬂr’] + w,';z]w?) —(n+2) ( T w"+l)} (41)
n,m

These integrals are evaluated in the Appendix.
From Egs. (25) and (26), we have

_ poc npoc n
F, = el ( L—h+5+1L)= ZZ (o +am) (42)
where
o = ¢ (wm wit  + wy' wn“) —n(n + 2wy w meq — snwgwy! 1—|—5(n+2)w wnﬂ, (43)

wl' = wy(s) and s = kR. In fact, as we know that F, does not depend on R, Q) cannot depend on s; this provides a check on
subsequent calculations.
Recall that w}' is given by Eq. (34). Letting z, denote j, or h,, we have

(N4 2)zp41(5) = s{zn(s) — 2,1 (S)}, N2Za(S) = ${z,(S) + Znt1(5)}
whence
(n+2)w n+1 = S{Dn+1]n + Cn+1 hy — wrrlr1+/1}’ nw’r]n = S{W;T/ + Dnmjn+1 + Crrlnhn+1}- (44)

Using these in Eq. (43),

S_ZQn = wy wn+l + wy' wn+l ( n o+ Dpn1 + CzThn+1) (D;zn+1jn + Gt hn — w:rqn#)

— (" + D 1 + G hnH) witly +wy’ (Dn+1]” Coy1hn — n+1)
=wy wn+1 (Dnmj"+1 + Crt:nh"H) (Wﬂfﬂ + Cn+1h )
(D + C"hy) (Dnm+] inet + CthnH) (D™t + Cha 1) ( T in+ G Ry )
= Dm@(i Bnst = dns1bn ) + CPDT .y (Mujnst — hnstjn) + G CR 4 (Anbnst — hng1hn)

s (DG, + CiDL, +261CR )

using [17, 10.50.3]. As expected, Q;' does not depend on s. In addition, the terms involving products of spherical Bessel
functions cancel: there are no radiation forces without scattering.
Substitution in Eq. (42) gives

271poc

kz Z Zm Im (Dm n+1 +C Dn+l + zcmcnﬂ ) (45)
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4.3. Radiation force: F, and F,

Consider F, £ iF,, defined by Eqs. (25), (27) and (34). As F; and F, are real, we choose to calculate Fy — iF, without loss of
generality. The following results are found; see the Appendix for details. First,

Is = / Kutie™ sing dS = 4z (kR ) {X,T wittwm — Y w;”;f} , (46)
SR n,m
— du du —ig 2 m _ m+1/""m7 m_  .ms_  m—1/
o= | oo e sinds = 4x(kRY Y [xn W W — M ™ ] , (47)
Sk n,m
where
2)! !
e (n+m+2) and Y = (n+m) .
(2n+3)2n+ 1)(n — m)! (2n+3)2n+ 1)(n — m)!
Two further pieces are as follows:
1 (dudu 1 oduodu .
17Ef 7(—”—”+—2—”i’>e-"f’sin9ds (48)
s, T2 \ 00 060 sin® 6 d¢ 3¢
=4r Z n(n +2) {X,T withhwm — ym w?w,’}iﬂ} , (49)
n,m
cosf (oudu duodu i Juou ouodu _ip
Is = - ——+——)+— — — 4+ ——)te?ds (50)
Sk r a0 ar 30 Jr rsinf \d¢ or  0¢ or
= 4rkR > A7 {nw Wi — (n + 2w wi')
nm
—47kRY Yy {nwﬁw;";ll/ — +2)wnm/w;n+_11}' (51)
n,m
From Eqgs. (25) and (27), we have
2 2
. PoC T PoC
Fo—ify= oo (<l — I+ b +15) = == 25— > " {arar — i) (52)

n,m

where

1 m 17 "mr 1 m 17 —m 1 " ms
&' =" (Wil wil + with W) = n(n + 2w wil — (il — (n 4 2wl wi),

m = s (wiwps + witwi o) — n(n+ 2) wlwr +s((n4 2wl wit — nwitwitl).

Making use of Eqs. (34) and (44),

s = wittwm + wt Wi — (DT + C hy — witH w4 Dy + CF Rt}

n+1 n+1 n+1 n+1 n+1
m+17¢""mr nm mn Tmrypm+1 m+1 m+1/
- wn+1 {w;(m + Dnm]ﬂ+1 + Crilﬂ hl’H—]} + wyT,{Dn+1 Jn+ Cn+] hl’l - wn+] }
.m0y m+1 - m+1 nm m
=w,; wi — (Dn+] Jn+ G ha) (DR jng1 + G hygq)

= C DI (nhns1 — Jnsthn) + CF DI Ggr B — i)
+ G Gt (nga by — By 1hy)

n+1
= —is2{cr'Dr + Crop + 2GmCr ) (53)
Similarly
= {GIDy + D + 26 G (59)

Substitution in Eq. (52) then gives Fy and Fy:
2
. .TT PoC _— = —
F — iF, = 1‘;7‘; 3" {CrIDE + G 4+ 2CpC )
n,m

LT C2 —— ——
+iT0 S v fem oy + o+ 2crer) (55)
n,m

k
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4.4. Radiation force: summary and discussion

Our expressions for the components of the radiation force F are exact, they are applicable to scatterers of any shape, and
for arbitrary incident fields (provided uj, is a regular wavefunction between S and Sg). Similar formulas can be found in
[18, Egs. (11)-(13)], [15, p. 28] and [19, p. 666]. Unfortunately, the derivations in these papers contain errors; we return to
these in Section 5.2.

5. Use of far-field approximations

Let us introduce the far-field pattern, f(#), defined by
Use(r) ~ (ikr) 1 ¥ f(#) asT — oo. (56)
When ug is expanded as Eq. (29), we obtain
fB) =) (=i Cr V(). (57)
n,m
Formally, this formula is obtained by inserting the asymptotic approximation [17, 10.52.4],
hp(w) ~ (—1)*(iw) e asw — oo, (58)

into Eq. (29). However, although Eq. (57) is correct, we wrote “formally” because the approximation Eq. (58) is not uniform
in n: it holds for fixed n. This difficulty was noted explicitly by Miiller [20, p. 241]. For full justification, we follow Colton and
Kress [21, Theorem 2.16]. First, as us satisfies the Sommerfeld radiation condition, f(#) is well defined [21, Theorem 2.6] and
it has an expansion f(+) = Zn,m FMy"(#) for certain coefficients F\". We want to show that F"* = (—i)"CJ". Using Eq. (31),
we obtain

27 hM"FM = / FEYPE)dR = [ lim {ikre ¥ ug(r)} Y(F)d2
2

Q r—0o0

= lim {ikr e’”‘r/ usc(r)f/y(i‘)dfz} = lim {ikr e (27 A} C"ha(kr)}
Q r—00

=27 hCY lim {ikr e hy(kr)} = 27 (—i)"C),
r—>o0

giving the desired result.
From Egs. (57) and (32), we obtain a well-known formula for the scattering cross-section,

/ @) de =27 )t crf* = o (59)
2

n,m

The formula Eq. (33) for the extinction cross-section, oe, involves the incident field through the coefficients D]'; we return
to this complication in Section 5.1.

Next consider F, given by Eq. (45). One piece of this formula involves products of the coefficients C}*; this piece can be
expressed in terms of f. Specifically, following the calculation of I, see Eq. (36), we find

f ) cosod2 = an Y zr {ic,'fc;;l + iC,TC,;"H}
2 n,m
=87y zim (G, ) .
nm

Indeed, formally, this result can be obtained by using Eq. (36) with u = us, together with Egs. (56) and (58).
Similarly, following the calculation of I, see Eq. (46),

f F(#)
2

and it is exactly this quantity that appears in the formula for F, — iF,, Eq. (55).

2 b . — p—
e singd2 = —4riy {Xfc,qncfjf + y?c,;”cg;ﬂ} :
nm
5.1. Direct calculations avoiding wavefunction expansions

The formula Eq. (59) giving the scattering cross-section in terms of the far-field pattern suggests a direct evaluation, using
the definitions Eqs. (21) and (56). The error in Eq. (56) is O((kr)™2) as kr — oo so that, assuming kR > 1, Eq. (21) gives

efikR . eikR
Osc = kIm/ ( — f(f) + 0((1<R)-2)) (—f(i') + O((/<R)-2)> R2dQ(f);
o \ —ikR R
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taking the limit R — oo gives Eq. (59), as expected. Similar calculations can be made for terms involving products of us. with
itself in the formulas for the radiation force; these formulas come by substituting u = ug. + Ui, in A; and A, defined by
Egs. (26) and (27), respectively. Clearly, simple calculations succeed because us. decays as R~! on Sg whereas dS = R? d§2:
the powers of R balance.

The situation is less clear when cross terms are considered, involving products of uj, and us. The simplest example of
this occurs with the extinction cross-section, defined by Eq. (23), which we write as

OUinc au
Oex = llm kR? Im/ (usc 'r“c Uinc asc) ds. (60)
If we insert the far-field approximation for us, Eq. (56), we obtain, tentatively,
1 OUjnc A
Oex = lim kRIm/ T — TUpne ) €¥Rf(F) dS2(F). (61)
R—o00 Q 1] ar

At first sight, we may worry about the existence of the limit in Eq. (61) for an arbitrary regular incident wave (although we
know that o itself does not depend on R so that the limit in Eq. (60) certainly exists), and we may worry that we should
include the next term in Eq. (56), the term that decays as (kr)~2 (which can be calculated in terms of certain derivatives of
f,see[22, Corollary 3.8], for example).

It turns out that these anxieties do not cause further difficulties: the limit in Eq. (61) does exist, and the limit can be
computed for quite general incident waves; and the omitted term from Eq. (56) leads to a zero contribution in the limit.
Similar results can be proved for the computation of the radiation force. For more details, see [23].

5.2. Further remarks

The simplifications following from the introduction of the far-field approximation of the scattered field have encouraged
some authors to introduce analogous approximations for the incident field. To examine this possibility, suppose that uj, is a
regular solution of the Helmholtz equation everywhere: we do not permit (singular) sources outside S because these would
prevent moving the integration surface from S to Si. Three examples are of interest:

1. For an incident plane wave, uj,(r) = exp (ik - r) where k is a constant vector with |k| = k. Of course, plane waves do
not decay as r — oc: indeed, |uj,c| = 1 everywhere.
2. For an axisymmetric Bessel beam,

uinc(r) = exp (ikr cos 6 cos B)Jo(kr sin 6 sin B),

1/2 in all directions # = r/r

where f is a real parameter and J, is a Bessel function. We see that u;,. decays as (kr)~
except along the axis (6 = 0, ).
3. The incident field could be generated using a plane-wave representation (Herglotz wavefunction, angular spectral

representation),

line(r) = / 4(8) e d () (62)
2

where g is a chosen density function, defined on the unit sphere £2.

When ujy, is defined by Eq. (62), its far-field behaviour depends crucially on the properties of q. If g is smooth and bounded,
then
ikr efikr

~\ € ~
Uinc(r) ~ 2q(F) —— — 27 q(—T) ——,
ikr ikr

This result is sometimes known as the Jones lemma [24], [25, Appendix XII]. However, if q is not smooth and bounded, then
uinc Need not behave as in Eq. (63). For more examples and a detailed study, see [26].
We conclude that Eq. (63) is not always true (despite claims to the contrary [27, p. 154]). When Eq. (63) is true, it shows
that uj,c behaves in the far field as the sum of an outgoing spherical wave and an incoming spherical wave.
A plausible strategy for effecting the split in Eq. (63) proceeds by substituting 2j, = h, +h, = hm h(z)
Eq.(28),

Uinc(r) = ZD’" (RD(kr) + B(kr)) Y(F)

asr — oo, for all directions . (63)

in the expansion

- ZDmh“ (kr)Y"(F) + Y DR h2 (k)Y (F).

nm

Although this seems to break u;, into the sum of an outgoing spherical wave (first sum) and an incoming spherical wave
(second sum), the second equality may be false: splitting the sum into two may result in two divergent series. To see this
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clearly, consider an incident plane wave,

Uine = % = > "(2n + 1)i"jn(kr)Py(cos 0). (64)

n=0

For fixed kr, the terms in the series decay rapidly because (2n + 1)j,(kr) ~ (kr)"/(2n — 1)!'asn — oo [17, 10.52.1]; the
Legendre polynomials P, satisfy P,(1) = 1, P,(—1) = (—1)" and P,(cos 8) = O(n~"/?)as n — oo for 6 bounded away from 0
and 7. On the other hand, both hg) and hﬁf) grow rapidly with n [17, 10.52.2].

The error described above is often compounded by assuming further that kr >> 1, so that hsql)(kr) and h%z)(kr) are replaced
by their large-kr approximations (see Eq. (58)) or, equivalently, j,(kr) is replaced by (kr)~! sin (kr — %nn) [17,10.52.3]; see,
for example, [18, Eq. (4)], [15, p. 34], [19, p. 666] and (for an analogous two-dimensional problem) [28, Eq. (20)]. Using this
approximation for j, in Eq. (64) leads to

. 1S n

Uine = elkreos? ~ o Z(Zn +1)i"sin (kr — Tﬂ)Pn(cosé); (65)
n=

apart from the fact that the series is divergent, the factor (kr)~! leads to the erroneous conclusion that uj,c — 0asr — oo

(as stated in [15, Appendix C], for example).

5.3. Debye (1909)

Itis of interest to examine Debye’s famous 1909 paper [29] in which he calculated the electromagnetic radiation force due
to a plane wave interacting with a sphere. His calculations are reminiscent of those in Section 4.2; compare [29, Eq. (57)] with
Eq. (42). Then, whereas we used Wronskians to simply further, going from Eq. (42) to Eq. (45), Debye uses the large-argument
asymptotic approximations for j,(kr) and h,(kr), giving [29, Eq. (58)], which still depends on kr. Perhaps fortunately, this is
not the end of the calculation because he has to combine [29, Eq. (58)] with [29, Eq. (58')]; the sum of these two equations
does not depend on kr.

6. Use of the T-matrix

At this stage we have said very little about the scatterer S: its shape, size and constitution have not played an explicit
role. However, in order to use the exact formulas presented above, we have to be able to compute the coefficients C; in the
expansion Eq. (29) given the coefficients D] in the expansion Eq. (28). As the (first-order) scattering problem is linear, the
relation between these coefficients is linear. It can be encoded in Waterman'’s T-matrix,

=" Tmepr, (66)
v,

recall that we are using unnormalised spherical harmonics, which explains the notation T for the entries in the T-matrix.

Much is known about the T-matrix, including how to compute it efficiently for many kinds of scatterers. In particular, for
homogeneous spherical scatterers, T is diagonal, so that we can write (' = RI'D, where R’ depends on the details of the
sphere (size, boundary condition, internal composition); see, for example, [ 15, Eq. (5)]. For more information and references,
see [ 16, Chapter 7].

When Eq. (66) is substituted in Eqs. (32) and (33), we obtain
ow =21y Y HIDEDL Y T T, (67)

nm v, v
G =—7 Y Y DD (hmu + hgﬂ,:,m) . (68)
nm v,u

For lossless scatterers, the identity osc = oex combined with the arbitrary nature of the incident field leads to a relation that
must be satisfied by the T-matrix; see [ 16, Theorem 7.4], where the restriction to lossless scatterers was overlooked.

The far-field pattern can be expressed in terms of the T-matrix: substitute Eq. (66) in Eq. (57).

Clearly, T-matrix methods can be used to compute radiation forces by substituting Eq. (66) in Eq. (45), for example.
However, although these methods have been used for computing electromagnetic radiation forces [30], we are aware of
only one recent study in which T-matrix methods have been used to compute acoustic radiation forces on non-spherical
scatterers [31].
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7. Summary and conclusions

It is known that cross-sections and radiation forces can be expressed as integrals over a sphere of radius R, Sg, and that
the values of these integrals do not depend on R. It is natural then to let R — o0 so that the integrals can be related to
far-field quantities such as the far-field pattern, Eq. (56). This familiar strategy works straightforwardly for the scattering
cross-section oy (see Eqs. (21) and (59)), but this is an exceptional case: if the integrand involves the incident wave ujy,
extracting the limiting behaviour as R — oo is difficult, in general; these difficulties are sketched in Section 5, with more
details available elsewhere [23,26].

An alternative strategy is to evaluate the integrals over Sk directly, keeping R finite. One expands the incident field
using regular spherical wavefunctions (Eq. (28) with coefficients D]') and the scattered field using outgoing spherical
wavefunctions (Eq. (29) with coefficients (] ), and then integrates with respect to the angular variables. This finite-R strategy
is simple, in principle. The calculations are outlined in Section 4: inevitably, they are complicated but the final results are
explicit and exact; they are also seen to be independent of R, which provides a check on the calculations themselves. The
resulting formulas for the cross-sections (Egs. (32) and (33)) and the components of the radiation force (Egs. (45) and (55))
are useful because they do not assume a specific incident field (we just need the coefficients D}') and they do not assume
anything about the constitution of the scatterer (such as its shape, boundary conditions or internal properties); one has to
be able to find all the C]" given all the D}, a task that could be done using a T-matrix method (Section 6) or by any other
convenient numerical method.

From a mathematical point of view, the main merit of the finite-R strategy adopted here is that it is rigorous: within the
derivations, there are no divergent integrals and no divergent series. Given a desire to compute sensible physical quantities
such as cross-sections and radiation forces, our goal was to do that using convergent processes: this goal was achieved herein.

Appendix. Some integrals

Suppose that

Ulr)= Z wl(kr)YM(#),  wh(kr) = DMja(kr) + CMhy(kr), (A1)
nm

V(r)= Y on(kr)Yr(#),  vp(kr) = Fyja(kr) + Eptha(kr), (A2)
n,m

in the vicinity of a sphere r = R. Then [ 16, Lemma 6.5]
—ov U 27i e m m
/ (Uar - Var) ds = %1 > hi (2CFER + CF] + DIED). (A3)
r=R n,m

The proof makes use of the orthogonality of }7,;", Eq. (31), and the Wronskian for spherical Bessel functions [17, 10.50.1]. The
special case U = V gives

_ U ) __
kim [ U2 ds =2 hm(cm Re {DC™ ) A4
/ or ﬂ§n|nl+{nn} (A4)
Next, consider I3, defined by Eq. (38). Substituting Eq. (34),

o T
I3 =27 Z Z w FT/ P™(cos §)P™ (cos ) cos @ sin’ 6 do
0

n,m v=0
0 b4
+ 27 ZZw?Wf m?P"(cos §)P™"(cos §) cot 6§ d6. (A5)
n,m v=0 0
Note that the terms with n = m = 0 are absent. The second integral in Eq. (A.5) is
1
t

mZ/_1 S PI(OPT(E) de (A6)

whereas the first integral in Eq. (A.5) is

1
| wa-errenoa= [

1 -1

1
(1 = | () - P} e
1

1
:/ {(1—e)P™ (1)} (tPM(t)) dt—f (1 —2)P™(t)P™(t)dt (A7)

1 -1

1
—/ {(1 = 2)PM(6)Y P (t)dt

1
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_ (n+ 1)(n+m)
2n+1

—m+1
f POl de + D / PR (OO de

1 1
=n(n+ 1)/ tP,’,"(t)PT(t)dt—mZ/ ] ttzPT(t)Pf’(t)dt (A.8)
-1 -1+

2(n+ 1)(n + m)! 2n(n+ 14+ m)!

Tt nn—1—my " 2n s DEnt 3)m —my

where we have used the differential equation satisfied by P'(t),

{(1=2W @Y + {n(n+ 1) —m?/(1 — *)h(t) = 0, (A.9)
and the formula [ 16, Eq. (A.14)]

(2n+ 1)1 = PI(t) = (n+ 1)(n + m)PI,(£) — n(n — m + 1P (0). (A.10)

The second integral in Eq. (A.8) cancels with the second integral in Eq. (A.5), which is Eq. (A.6). Then, using Eq. (35), the sum
of the two integrals in Eq. (A.5) is
2n(n+2)(n+m+ 1)! 2(n— 1)(n+ 1)(n+ m)! 5
Cnt2n+3)n—m) " ent2n—1)n—1—m) "
Hence Eq. (A.5) reduces to Eq. (39).
From Eq. (40), we obtain

o0 o
= 2k S Y (w,’fwTV + wmﬁ) / P™ (cos §)P™(cos 8) sin® @ d6.
0

n,m v=0

The integral is

1 2(n + 1(n+ m)! 2n(n+ 1+ m)!
5v,n+l;

2\pm/ m _ —
1(1 — R (OP(B)de = en+12n—1n—1-—m) "' 2n+1)2n+ 3)n — m)!

the same integral appeared in Eq. (A.7). Hence

_ (n+ 1)(n+ m)!
= —4m (kR) Z Z (w wily ] )(2n+1)(2n—1)(n—1—m)!

n=1m=-n

- n(n+ 1+ m)!
+4n(kR)Z(w wit'y + wy w! )(2n+1)(2n+3)(n—m)!’

n,m

and this reduces to Eq. (41).
From the definition Eq. (46)

T b
= (kR) ZZw wv/ elm=n—1)¢ d¢/ P™(cos #)P*(cos #)sin® 6 d§
-7 0

nm v,u

= 27 (kR) Zwo / t2P (t)dt
+ 27 (kR) Zzzw wml/ /]_tZPm Pml

n=1 m=-—n v=0

after separating off the contribution from n = 0. The integrals can be evaluated using Eq. (30) and (2v+1)4/1 — t2 PT‘l(t) =

P (t) — P" (t)[16, Eq. (A.20)]. Thus
! 1 2
1—t2P (¢t 5 —P,_4(t)dt = —=6,1,
/¢ S(eyde 2v+]/<+1 oyde =25,
hm
[1 v 1-— fzpm(t Pm 1 dt 21}+ 1 [ (PT+1( )_PT_l(t))P;T(t)dt = 2 l] {Sn,u+1 _Sn.v—l} . (A]])
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Hence
4 o 7 47 (n 4+ m)!
I = kR + (kRY? 0
5=~ (RPug ;! ;m;w Ynt Gn = T)2n 1 1) = m)!
47 (n +m)!
— (kRY? Mgl '
(kR) Z Z Un et o0 1 3)2n + 1)(n — m)!

n=1m=-n

The first term and the second sum can be combined. In the first sum, replace n by n + 1 and m by m + 1. Hence we obtain
Eq. (46). Similar arguments apply to Is, see Eq. (47).
From the definition Eq. (48),

L = Z Z w,Twa/‘ elm=1n=19 qg /0 P™(cos 8)P"'(cos6)sin* 6 do
—IT

nm v,u

T b4
+ ZZw wh mu/ elm=—n—1¢ dd)/o P"(cos 6)P*(cos @) d6.

nm v,u

The contributions from n = m = 0 and from v = u = 0 are absent. Hence

o n oo o
h=2y > anmwg’*lfo P™(cos 8)P™(cos H)sin* 6 O

n=1 m=—n v=1

+Z”Z Z Zw Wit 1/ m(m — 1)P™(cos 6)P™(cos 0) d6.

n=1 m=—n v=1

The second integral is

L dt
T, = m(m — 1)/_]13,1 (t)P” 1(t)ﬁ (A.12)

whereas the first integral is
1 1
LE/ (1—t2)3/2P,T/(t)PT_]/(t)dt:/ {(1 =P (O} V1 — 2 PP V() de
-1 -1
1 , 1
/ [(1 = 2Pm(6)) (\/1—t2PL"‘1(t)> dt—i—[ tv/1— 2P (6P (6) dt
-1 -1
1 1
—f {a —tz)Pr'l’”(t)}/\/l —tZP;’H(t)dw/ (1 — t2)P™(£)P™(t) de
-1

~1 J1—¢2

using +/1 — £2P™ V(1) = (\/1 — tzPlﬁ"‘l(t)) + (1 — £2)712P™1(¢). Now use the differential equation Eq. (A.9) and [16,
Eq. (A.12)]

(1 —)P™M(t) = —(n —m+ 1)(n+ m)ty/1 — 2 PIY(¢) + m(t? — 1)PI(t) + mPI(¢). (A13)

Thus

1 2
7 =/ {n(n+1)—]rft2}P}f(t)\/1—t2Pf1(t)dt

1

1
—/ {(n—m—i—1)(n+m)tP,’.,"_l(t)+m\/1—tzP,'.,"(t)—

1

1
={n(n+ 1) — m} / V1 —t2PM(e)P™ (t)de
-1

Pr(t){ Pl d
1_tzn()} (t)dt

1 1 dt
PP () dt — m(m — 1)/ PM(6)P™ (L) )
n v 1 n /1 — t2
The last term cancels with Eq. (A.12). The first integral can be evaluated using Eq. (A.11) and the second integral can be
evaluated using Eq. (35). Hence

—(n+m)(n—m+1)/

-1
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hm
I=hi+L={nn+1)— m}ZUi‘l— 1 {8nvs1 — Snva}
hm
-3 jr ] {0 =m+2)8n041 + (v +m— 1)1}
hm
= 3i 1 {(n* = 1)8yn-1 — n(n + 2)8, i1}
and
o0 n o0 n
—  4n(n®> —1)(n + m)! —— 4an(n+2)(n+m)

I, = m, m—1 _ m,, m—1 )
7 ;m?n Yn U1 o0 120 + 1)(n — m)! ;m;n Yn Yt o0 4 3)2n + 1)(n — m)!

In the first sum, replace n by n 4+ 1 and m by m + 1. Hence we obtain Eq. (49).
Finally, consider Ig, defined by Eq. (50). We have
T
Is = kRZZwm ’”/ im=p=1)¢ d¢/ P"'(cos 0)P*(cos §) cos @ sin® @ dO

nm v,u

+I<RZZw,’{”w7£‘/ ei(m”’“’m’dqﬁ/ P™(cos §)P"'(cos #) cos # sin” 6 do

nm v,u -

g

—kRZZw’” “/f elm=n— Wd(l)/ mPI"(cos 8)P*(cos6)d6

nm v,u
+ERY Y wiw "/ '(’“’“’”“’dqﬁ/ 1 P™(cos 6)P*(cos 0) do. (A.14)

0
nm v,u

The first and third lines combine as

oo n oo
27 kR Z Z Z wywm1 7

n=1 m=—n v=0

where

] N I de
7= f A =R ) =m0} PIT0) —eeg

1 1
—(n+m)n—m+ 1)/ tP,T”(t)PT”(t)dt—m/ V1 —e2P™(t)P™ () dt
-1

hm
= 5 i;_ 1 {(n + 1)y n-1+ n8v,n+l} )

using Egs. (A.13), (35) and (A.11). Similarly, the second and fourth lines in Eq. (A.14) combine as

27kRY i w™ wm=T 7,

nm v=1

where

1
Jzz/ {e(1 = 2PV () + (m — P 1(6)} P(t) de

1 V1 —t2
1 1
:/ tP(E)P(t)dt + (m — 1)/ V1 =2 PP () de
— -1
hm
= ﬁ {(n = Déyp-1+(n+ 2)5v,n+1} )

using [ 16, Eq. (A.11)]
t(1 — )P(£) + pPH(t) = tv/1 — 2 PEFI(E) + (1 — £2)PA(e),

with u = m — 1 together with Eqs. (35) and (A.11). Thus
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], 4 (n+ 1)(n + m)!
_"RZ Z U S I an T — !

n=1m=-n
4n(n + m)!
— kR m,,m- Cm—1/
;m;”w "1 (20 + 3)(2n + 1)(n — m)!

o1 4 (n — 1)(n + m)!
+kRn2;n;nw Y1 Gn = 1)2n+ 1)(n — m)

m/_ m—1 4m(n+ 2)(n + m)!
+kRZw Yntl o £ 3)2n + 1) —m)!

As before, replace nbyn—+ 1and mby m + 1 in the first and third sums, giving Eq. (51).
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